MAT4460 - Fall 2026 - Solutions - Week 37

A denotes a C*-algebra and I the unit of A (= A if A is unital).

Exercise 9

Let A,B € A,,.

a) Assume that f,g € C(sp(A)) are real-valued. Then we have
f(A) < g(4) < [ <gonsp(A).

Solution This follows readily from the observation that

sp(9(A) — £(4)) =sp((g — f)(4)) = (9 — £)(sp(4)).
b) We have —||A|| I < A < ||A||I.
Solution Let id : sp(A) — R be defined by id(\) = A. Since A < ||A]| for all X € sp(A), we
have that id < || Al 14,(a) on sp(A). Hence, the continuous functional calculus and a) gives that

A =id(A) < [|A[[ 1) (A) = [|A[I T .

The proof that —||A|| I < A is similar.
¢) Let X € A. Then X*X < I & ||X] < 1.

Solution Set A := X*X € A", so A is self-adjoint and sp(A) C [0,00). Note also that we then
have ||A|| = r(A) = sup(sp(A)). As usual, let id : sp(A) — R be defined by id(A) = . Using a)
we get
X*X <Te A<T & id < I on sp(A)

< A <1 forall A € sp(A)

& sup(sp(A)) <1 & [[A] <1

sXX|<1e|X|?<1

e[ X <1

d) Assume 0 < A < B. Then |A|| < ||B].

Solution. From b) we know that B < ||B||I. Hence A < ||B|| I, so (with id defined as above),
we get id < || B|| 1g,(a) on sp(A). Since ||Al| € sp(A) (as A > 0), plugging in A = ||A]| in this
inequality gives that [|A| < || B|.

d) Let A, B € A". Then we have sp(AB) C [0,00). Moreover, AB € A" & AB = BA.
Solution. We first show that sp(AB) C [0, c0):
We first observe that (using a previous exercise)

sp(AB) U {0} = sp(AY2AY2B) U {0} = sp(AY/?BAY2) U {0}
Next, since A!/2 is selfadjoint and B > 0, we get that AY/2BAY2 > (. These two observations
give that sp(AB) U {0} C [0, 00), and the claim above clearly follows.
Next, we show that AB € AT <= AB = BA:

Since we know that sp(AB) C [0, 00), it is clear that AB € A" if and only if AB is selfadjoint.
As (AB)* = B*A* = BA, this is equivalent to AB = BA, as asserted above.



Exercise 10
a) Let P € A be a projection. Then sp(P) C {0,1}:

Solution. As usual, let id : sp(A) — R be given by id(A) = A. Since P? = P = P*, the
continuous functional calculus gives that (id()\))? = id(\) = id()), , i.e., A2 = XA = A, for every
A € sp(A). This implies that A € {0,1} for every A € sp(A), showing the assertion.

b) Let A € Ag, be such that sp(A) C [0,e] U[1 — ¢,1] for some ¢ € (0,1/4). Then there exists a
projection P € A such that ||[A — P|| <e:

Solution. Let g : [0,1] — [0,1] be any continuous function which is equal to 0 on [0, ¢] and
equal to 1 on [1 —¢,1]. Let f denote the restriction of g to sp(A4). Then f is a real-valued,
continuous function on sp(A) which satisfies that f(A)? = f()\) on sp(A). Hence P := f(A) is a
projection in A, and we have ||A — P|| = sup{|A — f(A\)| : A € sp(A)} < ¢, as desired.

c¢) Assume A is unital. Then A contains no other projections than 0 and I if and only if the
spectrum of every self-adjoint element of A is connected.

Solution. Assume first that A contains a projection P such that 0 # P # I. Then
sp(P) €{0,1}, sp(P) # {0} and sp(P) # {1}, i.e., sp(P) = {0, 1}, which is disconnected.

On the other hand, assume that A contains a self-adjoint element A such that sp(A) is
disconnected, i.e., there exists a nonempty, proper subset X of sp(A) which is open and closed.

Then the indicator function f = 1;?(‘4) of X in sp(A) is a continuous function on sp(A). As
f-f=f=1Ff, P:=f(A) is a projection in A, and we have that sp(P) = f(sp(A)) = {0, 1}, so
0£P#I

Exercise 11
a) Describe an approximate unit {e, }nen for Co(R).

Solution. For each n € N, pick any function e, € Cyp(R) that takes its values in [0, 1], is equal
to 1 on [—n,n], and is equal to 0 outside [—(n + 1),n + 1].
Then {ep }nen is an approximate unit for Cy(R):

It is obvious that {e,} is an increasing sequence of non-negative functions in Cyp(R), all having
sup-norm equal to 1. So let f € Cp(R). We have to show that lim,,—~ || f — fen|lcc = 0.

Let € > 0. We can then pick a compact subset K C R such that |f(z)| < e for allz € R\ K.
Consider n € N. For z € R, note that

0 if || <n,
(f = fen)@) = { F@) 1= en@)) <ol <nt1,
f(zx) if |z >n+1.

Thus, ||f — fenlloo = sup {|f(z)| : [z] > n}.
Now choose N € N such that K C [-N, N|. Then for any n > N we have K C [—n,n], so
x ¢ K whenever |z| > n. Thus we get that

If = fenlloo <sup {|f(z)| :x e R\ K} <¢

for all n > N. It follows that ||f — fen|loco — 0, as desired.

b) Let H be an infinite dimensional Hilbert space, and let {u;};ec; be an orthonormal basis for
H. Set F :={F C J: F is finite}, and let F be directed by inclusion. For each F' € F, let
Pr : H — H denote the orthogonal projection onto Span{u; : j € F'}.

Then the net { Pr}rer is an approximate unit for K(H):



Solution. It is obvious that this net satisfies the first two properties of an approximate unit.
We have therefore only to show that, for every K € K(H), we have

lim||K — PpK| =lim||K — KPr|| =0

Let K € K(H) and € > 0. We can then find a bounded finite-rank operator Ky on H such that
[ — Kol < 5.
Since Ky has finite rank, there exist! &1,...,&, € H and n1,...,7, € H \ {0} such that

n

Ky(x) = Z<33a77k>§k for all x € H.
k=1

Thus for all z € H we get

n

(50 — PrEo)(@)| = | Y_{a,m) (& — Pr(&))|

k=1

<> )l 16k — Pr(&)l
k=1

< S el Il ik — Pr(o)]

k=1

(3 el g = Pr(&l) .

k=1

Now, for every £ € H, we have that
lim € ~ Pre] = 0.
So we can find Fjy € F such that for all F' € F satisfying Fy C F we have

3]
1€x — Pr(&)ll < 3 el

for every k =1,...,n. Then, for any F' as above, we get

n
£ e
|50 = PeKo) @)l < (D el s ) llell = < [l
2 Il 3

for all z € H, hence || Ko — PpKol| < §.
Thus, for any F' € F satisfying Fy C F', we obtain that
|K = PpK|| < |[K — Kol + [|[ Ko — PpEKo|| + || PrKo — PrK]||
< ||K — Kol| + || Ko — PrEoll + || Prl | Ko — K]|

& g
<2\ Ko - K| + [ Ko — PrKol| <25+ 5 =¢.

This shows that limp || — PrK|| = 0.

By using that the adjoint operation is isometric it follows easily that we also have
limp |K — KPp| =0 for all K € K(H).

'If you have not seen this fact before, you should prove it; if Ko # 0, you can start by picking an o.n.b. for the
range of K.



Exercise 12

Assume A is separable (i.e., contains a countable norm-dense subset). Then there exists a
sequence in A which is an approximate unit for A:

Solution. Let {A, : n € N} be a dense subset of A, and let {E,}oeca be an approximate unit
for A. Pick a1 € A. Then pick recursively «; for each & € N, k > 2, such that oy > ai_1 and
| EayAn — Anll < 1/k, |ApEq, — Anl| < 1/k for n =1,..., k. Then it is routine to verify (using
an ¢/3-argument) that {E,, }ren is an approximate unit for A.



