MAT4460 - Fall 2026 - Solutions - Week 41 (05.10-09.10)

If Ais a C*-algebra and ¢ is a positive linear functional on A, then (H,, 7y, ;) denotes the
GNS-triple associated to A. We also recall that N := {C € A: p(C*C) = 0}.
Exercise 23

Let A # {0} be C*-algebra and m = @ cg(4)7, denote the universal representation of LA on the
Hilbert space H = @ cg(4)H, (where S(A) denotes the state space of A). Set B :=m(A) ~ A
and let 1 be a positive linear functional on B.

Then there exists a vector n € H such that
Y(B) = (Bn,n) forall B € B.

Solution. We may assume that ¢ # 0. Let ¢ : A — C be given by ¢(A) = ﬁ w(mw(A)) for

|
each A € A. Since 7 is injective one easily checks that ¢ is a state on A. Let then
n = {Ny}pes(4) be the vector in H given for each p € S(A) by

v 0 otherwise.

B {WHW & if =0,

Let B € A. Then B = 7(A) for some A € A. Thus, B = @%S(A)mp(A)’ and
Bn = {ch(A)ngo}@gs(_A). Hence,

(Bnn) = Y (mp(A)np,ng) = 91 {m6(A)€s, o) = 0] $(A) = v(m(A)) = »(B),

p€ES(A)
as desired.

Exercise 24

Let A be a C*-algebra and ¢ be a positive linear functional on A. Assume that « is a
x-automorphism of A (that is, a x-isomorphism of A into itself), which satisfies that
e(a(A)) = ¢(A) for all A € A.

Then the linear map Vg : AJN — A/N defined by
Vo(A4+N)=a(A)+ N
extends to a unitary operator V on H, satisfying that
To(a(A) = Vr (A)V”
for all A € A. (This shows that 7,0 v >~ 7, .)

Solution. Using the a-invariance of ¢, one computes easily that Vj is isometric on A/N. So Vp
extends to an isometry V on H,. Similarly, using that ¢ is clearly also o~ Linvariant, we get
that there exists an isometry W on H.,, satisfying that W(A+N) = a7 (4) + N on A/N. It is
straightforward to see that VW = WV = Iy . Hence V is unitary, with V* = W.



We check the final assertion. Let A, B € A. Then

(VA (V) (B +N) = (Vrp(4) (o ' (B) +N)
=V(Aa ' (B)+N)=a(Ada Y (B)+N
= a(A) B+ N =m,(a(A))(B+N)

Since A/N is dense in Hy, this implies that Vi, (A)V* = 7,(A).

Exercise 25

Let H be a Hilbert space, A be a x-subalgebra of B(H) and P be a projection in B(H), i.e.,
P = Pg for some closed subspace K of H.

a) Assume that P € AEl Then PAP is a x-subalgebra of B(H), which is a C*-subalgebra if A is
a C*-subalgebra:

Solution. It is straightforward to verify that PAP is a x-subalgebra of B(H) (in fact of A).
Assume that A is a C*-subalgebra of B(H). To show that PAP is a C*-subalgebra of B(H) (in
fact of A), it suffices to show that it closed (w.r.t. operator norm). Let B € B(H) and let {A,,}
be a sequence in A such that |PA,P — B|| — 0 as n — co. Then B € A (since PA, P € A for
every n) and we have

PA,P=P(PA,P)P — PBP as n — .

Thus we get that B = PBP € PAP, as desired.
b) If T € B(H), let Tx € B(K) be the compression of T to K, which is defined by

T := PT¢ forall € € K.

Then the map PTP — Ty from PB(H)P to B(K) is a x-isomorphism:

Solution. We first make an observation. Assume that PT' P = 0. Then for any £, € K, we
have

(T¢,m) = (T'PE, Pn) = (PTP¢,n) = 0.
Thus, T maps K into K+, which implies that Tx& = PT¢ = 0 for every € € K, i.e., Tx = 0.
Using this observation, it follows readily that if PI'P = PSP, then Tx = Sk, i.e., the above
map, say P, is well-defined. It is then straightforward to check that ® is a *-homomorphism
from PB(H)P into B(K). If Tk = 0, then for all { € H, we have PTP{ = Tk (P¢) =0, i.e.,
PTP = 0. Thus, ® is injective. Finally, if S € B(K), and we define T' € B(H) by T = JgSP,
where Jg : K — H denotes the inclusion map, then S = Tk, so II is also surjective.

c¢) Assume that K is A-invariant. We then have PT = TP for all T € A, i.e., P € A, so
PAP = AP = PA in this case. Set Ax :={Tx : T € A} C B(K).

Then Ak is a x-subalgebra of B(K), and the map
PTPw— Tk

from PAP to A is a *-isomorphism:

'Sorry, this (obviously necessary) assumption was missing in the text!



Solution. It is almost obvious PAP = AP = PA is a x-subalgebra of B(H). Letting

®: PB(H)P — B(K) denote the map from b), we get, using that ® is a x-isomorphism, that
Ag = ®(PAP) is a x-subalgebra of B(K), and the map PTP — Tx = ®(PTP) is a
x-isomorphism from PAP to Ag.

Exercise 26

Let A be a C*-algebra. Recall that if S is a subset of a Hilbert space H, then we use the
notation [S] := span(S).

a) Assume that {H;};c; is a family of Hilbert spaces and ; is a representation of A on H; for
each j € J. Set H = @;c; Hj and let m = Dy 7;.
For each k € J, set

Hy = {{&} € H|& =0 forall j € J\ {k} }.

Then the following facts hold:

(i) For each k € J, H}, is m-invariant, and the restriction m), of m to Hj, is unitarily equivalent
to Tk

(it) Each Hj, is a closed subspace of H, and H}, L H| for all k,l € J such that k # 1.
(iii) H = [Uge, HE).

Solution.

(ii) For each k € J, let P, : H — H denote the map given by Py ({{;}) = {£}}, where

¢ = & for j =k,
7710 for je J\ {k}.

Then one easily verifies that each Py is an orthogonal projection in B(H) such that Hj, is the
range of Py, hence is a closed subspace of H. It is almost obvious that P, P, = 0, hence that
Hj, | Hj, whenever k,l € J are such that k # [.

(i) Let k € J. For each A € A one checks readily that m(A) commutes with Py. It follows that
H| = Py(H) is m-invariant. Moreover, let Uy : Hy — H, be defined for each n € Hj, by
Uik(n) = {&;}, where §, =n and & = 0 for all j € J\ {k}. It is straightforward to check that Uy
is a unitary operator satisfying that Ugmi(A) = 7, (A)Uy, for all A € A. Hence ), o~ .

(iii) Let £ = {¢;} € H and let e > 0. Since [[£]|* = Y,/ [|€5]]* < oo, we can choose F' C J, F

finite, such that
>l < et

JEJ\F

Set {p = > rer P € Span( Urer H,Q) Then we have

1/2
le—erll=( 3 llgl?) " <e.

JEI\F

It follows that £ € [UkeJ H,i,}, as desired.



b) Let 7 be a representation of A on some Hilbert space H, and assume that there exists a
family {H;},cs of m-invariant closed subspaces of H satisfying

Hy, L H; for all k,1 € J such that k # [, and H = [U Hj}.
jEJ
For each j € J, let mj : A — B(H;) denote the restriction of 7 to Hj.

Then m is unitary equivalent to ®jey ;.

Solution. We have to show that there exists a unitary operator U : H — €D ; H; such that
Urn(A)U* = (Bjesm;)(A) forall Ae A.

For each j € J, let P; : H — H denote the orthogonal projection of H on Hj. Since the ranges
of these projections are pairwise orthogonal (by assumption), we have PjP, = 0 whenever j # k,
so we get that for each finite F' C J, the operator Pp :=}_,cp P; is an orthogonal projection in
B(H).

We note that -, ; Pj = Iy (in the SOT), i.e., limp Ppé = § for all § € H:

To prove this, let £ € H and € > 0 be given. The assumption H = {U]EJ Hj} gives that there

exists a finite Fy C J and n € Pg,(H) such that || — n|| < £/2. Then, for any finite /' C J such
that Fy C F, we have Prn =7, so we get that

1€ = Préll = 1€ = n+ Prn — Préll < 1€ —nll + [1Pr(n = &Il < 2§ —nll <e.

This shows that Pré — &, as desired.
Thus, for each & € H, using Pythgagoras’ identity, we get that
{PEHI = DIl =tim > || P&l = lim || Prg]|* = €]
jeJ jEF

It follows that the map U : H — ¢, H; defined by U¢ = {P;{} for all £ € H is well-defined,
linear and isometric. From part (iii) of a), we see that the range of U contains a dense subspace
of @Pjc; Hj. So this range, being closed, is equal to B¢ ; H;. We can therefore conclude that U
is unitary. Moreover, for all A € A and { € H, using that each P; commutes with 7(A) (as H; is
m-invariant), we get that

Un(A)§ = {Pm(A)s} = {m(A)P;&} = {m;(A) P;¢}
= [(@jes m) (AP} = [(@jes m)(A]UE,
so U satisfies the desired property.

Exercise 27
Let A be C*-algebra and m be a representation of A on a Hilbert space H.

Recall that HS := [w(A)H], and that, because HS® is r-invariant, we obtain a representation

7% 1= gess of A on H™ by restriction.

Let {E,} be an approximate unit for A.

a) m5(Ey) — Igess (in the SOT), i.e., 1%°(Eq)§ — & for every § € H:

4



Solution. Consider first A € A and n € H. Since E,A —, A (in operator norm) and 7 is
continuous, we get that

7 (Ea) m(A)n = 7(BaA)y —a (A,

By linearity, it follows that 7®%(E,){ —, £ for all £ € Span(w(A)H).

Now consider ¢ € H*, and let ¢ > 0. Pick n € Span(w(A)H) sucht that || —n|| < /3, and
choose ag such that ||7°°%(E,)n —n| < /3 for all a 2 ayp.

Using that ||7(Ey)|| < ||Ea|l <1 for all «, and the triangle inequality, we get
17 (Ea) € = (Il < 7 (Ea) ¢ = 7 (Ea) 0| + [ (Ea) 1 =l + [In = ]|

< 2|ln =l + 7 (Ea)n —nll < 2¢/3+¢/3=¢

for all @ 2 . Thus, 7°(E,) ( —4 ¢. This shows the assertion.
b) 7 is non-degenerate if and only if w(Ey) —o Ly (in the SOT):

Solution. If 7 is non-degenerate, i.e., H:*® = H, then 7°° = 7, and the above assertion gives
that 7(Ey) — Iy (in the SOT). Conversely, if 7(E,) — Ig (in the SOT), then for every £ € H,
we have

§ = lim7(Ey)¢ € [n(A)] C [n(A)H] = H,
hence H = H>*.
¢) Does m(E,) converge in the SOT of B(H) if m is degenerate?

Solution. Yes, it does. Let P denote the orthogonal projection of H on HS®. Then we have
that 7(Ey) — P (in the SOT):

Indeed, let £ € H. Then we may write
£=(+¢,
where ¢ € H® and ¢’ € (H®*)t = {nec H : n(A)n =0 for all A € A}. Thus, using a), we get
liénﬂ(Ea)ﬁ = lim T(Ea)C + lim m(Eq)¢ = (40 = P¢.
d) Use b) to deduce that & € [w(A)E] for every & € H whenever  is non-degenerate.

Solution. This follows immediately from the proof of b) given above.



