MAT4460 - Fall 2026 - Exercises - Week 43 (19.10-23.10)

Exercise 34.
Let H be a Hilbert space and {T,},ca be an increasing net of self-adjoint operators in B(H).

a) Assume that sup,ep || To| < co. Show that {7, : @ € A} has a least upper bound 7" in
B(H )sa, which satisfies that T = lim, T,, (in the SOT).

b) Show that the conclusion in a) also holds if we assume that {7}, : « € A} has an upper bound
in B(H )sa. (This result is called Vigier’s theorem).

Exercise 35

Let H be a Hilbert space. With some work, it can be deduced from Alaoglu’s theorem that the
(closed) unit ball B(H); is WOT-compact. A more direct way to prove this (somewhat similar
to the one used to prove Alaoglu’s theorem) goes as follows.

a) For §,m € H, set D¢,y :={A € C: |\ < [[§][[|n][}. Check that (T'€,n) € D(¢,) for every
T e B(H)l

b) Equip each D(¢ ,y with the relative topology it inherits from the standard topology on C, and
equip the product space A := [[(¢ yvemxn D(¢,y) with the product topology. Consider the map
¢ :B(H); — A given by

¢(T) = {<T§7 77) }(£,n)€H><H
for each T' € B(H);. Let © denote the range of ¢, i.e., @ = ¢(B(H)1). Show that Q is compact.

c¢) Consider now ¢ as a map from B(H); onto €2, and equip B(H); with the relative
WOT-topology. Show that ¢ is then a homeomorphism. Deduce that B(H); is WOT-compact.

d) Let M be a von Neumann algebra on H. Show that the unit ball M; is WOT-compact.

Exercise 36

Let H be a Hilbert space. We used the following facts in the proof of Kaplansky’s density
theorem.

a) Check that B(H); is SOT-closed. Deduce that if B is a SOT-closed x-subalgebra of B(H ),
then By s := BN B(H)1 NB(H)s, is SOT-closed.

b) Let A be a x-subalgebra of B(H). Set B = A% and ¢ = XH'”, so A C C C B. Check that

oT

——SOT S
Al,sa = Cl,sa = Bl,sa .

SOT —-S0T

Note. In class, we proved that Cq sa =(C )1 - Thus, using the above equalities, we get

Al sa SOT _ B1,sa, i.e., the second part of Kaplansky’s density theorem holds.

Exercise 37

Let A be a C*-algebra and assume 7 is a nonzero representation of A on a Hilbert space H.

Show that 7 is irreducible if and only if 7(.A) SOT B(H).



Exercise 38.

Let A be a C*-algebra and let 7, p be two unitarily equivalent representations of A (i.e., m =~ p).
Check that 7 is irreducible if and only if p is irreducible. (Thus it makes sense to say that the
equivalence class [7] of © w.r.t. unitary equivalence is irreducible if 7 irreducible.)

Exercise 39.

Let A be an abelian C*-algebra and recall that A denotes the set of all characters of A (i.e., all
nonzero homomorphisms of A into C). We note that C can be identified (as a C*-algebra) with
B(C) via the #-isomorphism X — £, where £)(v) = Ay for A\, € C.

a) Let ¢ € A and define Ly: A— B(C) by Ly(A) = £ga) for all A € A. Check that Ly is a
nonzero irreducible representation of A on C. (It is usual to identify ¢ with Ly, i.e., to think of
¢ as an irreducible representation of A4 on C).

b) Conversely, let m be a nonzero irreducible representation of A. Show that 7 is unitarily
equivalent to L for some ¢ € A. Then deduce that the map ¢ — [Lg] gives a bijection between
A and the set {[r] : 7 is a nonzero irreducible representation of A}.

c) Let again ¢ € A and consider ¢ as a state on A. Check that the associated
GNS-representation m is unitarily equivalent to Lg. Deduce that my is irreducible and

[mp] = [Lyg)-

Exercise 40.

Let A be a C*-algebra. Recall that A := {[] : 7 is a nonzero irreducible representation of A}.
Let J be a (two-sided) closed ideal of A and 7 be a nonzero irreducible representation of A on a
Hilbert space H.

a) Assume that 7(7) # {0} and let 77 : J — B(H) denote the representation of 7 on H
obtained by restriction, i.e., 77 is given by

wg7(B):=m(B) forall Be J.

Show that w7 is irreducible, and that 77 ~ ps if T ~ p.
b) Assume that m(J) = {0}. Check that the map 7 :.4/J — B(H) given by

A+ ) =m(4)

for every A € A is a well-defined nonzero irreducible representation of A/ J on H. Check also
that 7 ~ p if T ~ p.

¢) Show that the map [x] — [#] is a bijection from {[z] € A : 7(J) = {0}} to -Z/~\7

Comment. It will follow from an exercise in the compulsory assignment that the map [7] — [77]

is a bijection from {[x] € A: 7(J) # {0}} to J. Hence, using b), we will then be able to
conclude that the set A may be thought of as the disjoint union of J and AlT.



