
MAT4500: Mandatory Assignment, Fall 2008

Deadline: You must turn in your paper before Friday, October 31, 2008, 2.30
p.m. at ”Ekspedisjonskontoret”, Matematisk institutt (7th floor NHA), or in the
specially designated box next to the elevators on the 7th floor. Remember to use
the official front page available at

http://www.math.uio.no/academics/obligforsideMI.pdf

If you due to illness or other circumstances want to extend the deadline, you
must apply for an extension to studieinfo@math.uio.no Remember that illness
has to be documented by a medical doctor! See

http://www.uio.no/studier/emner/matnat/math/MAT4500/h08/obliger.xml

for more information about the rules for mandatory assignments

Instructions: The assignment is compulsory, and students who do not get their
paper accepted, will not get access to the final exam. To get the assignment
accepted, you need a score of at least 60%. In the evaluation, credit will be given
for a clear and well-organized presentation. All questions (points a), b) etc.)
have equal weight. Students who do not get their original paper accepted, but
who have made serious and documented attempts to solve the problems, will get
one chance of turning in an improved version.

In solving the problems you may collaborate with others and use tools of all
kinds. However, the paper you turn in should be written by you (by hand or
computer) and should reflect your understanding of the material. If we are not
convinced that you understand your own paper, we may ask you to give an oral
presentation.

Problem: In this assignment N = {1, 2, 3, 4, . . .} is the set of all natural num-
bers, Z = {. . . ,−3,−2,−1, 0, 1, 2, 3 . . .} is the set of all integers, and P =
{2, 3, 5, 7, 11, . . .} is the set of all primes. We shall be interested in subsets
of N of the form

Oa,b = {a + nb ∈ N |n ∈ Z}

where a, b ∈ N. Such sets are called arithmetic progressions. Observe that you
get all the numbers in Oa,b by starting at a and taking steps of size b in both
directions (but you have to stop before you get to the negative numbers as Oa,b

is a subset of N).

a) Show that Oa,bc ⊂ Oa,b ∩ Oa,c. Use this to prove that the family of all
sets Oa,b forms a basis for a topology T on N.

b) Show that the sets Oa,b are closed (as well as open) in T .

c) Show that A = {2, 3, 4, . . .} is not a closed set.
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d) Show that A =
⋃

p∈P O0,p. Explain why this proves that there are infinitely
many primes.

e) Show that {Op−1,p | p ∈ P} is an open covering of N. Use this to show that
the topological space (N, T ) is not compact.

f) Show that (N, T ) is a regular space and conclude that it is metrizable.

g) A topological space is called totally disconnected if the component of each
point a is {a}. Show that if a Hausdorff space (X,S) has a basis of
clopen sets (i.e. sets that are both open and closed), then (X,S) is totally
disconnected. Use this to prove that (N, T ) is totally disconnected.

Recall that a, b ∈ N are relatively prime if there is no number c ∈ N, c > 1,
which divides both a and b.

h) Show that the family {Oa,b | a, b ∈ N are relatively prime} is the basis for
a topology D on N.

i) Here is a little lemma that has nothing to do with topology: Show that
if b and d relatively prime, then Oa,b ∩ Oc,d 6= ∅. You may use without
proof that if b and d are relatively prime, then any number r ∈ Z can be
written as a linear combination r = sb + td with s, t ∈ Z.

j) Show that (N,D) is Hausdorff, but not regular. (Hint: Try to separate
the point 1 and the closed set C = {2, 4, 6, . . .} with disjoint open sets
U and V such that 1 ∈ U , C ⊂ V . Show that there is an even number
e ∈ N such that 1 ∈ O1,e ⊂ U , and let Oe,b be a basis element inside V .
Prove that O1,e ∩Oe,b 6= ∅, and explain why this shows that (N,D) is not
regular.)

k) Show that (N,D) is connected. (Hint: Assume for contradiction that
(U, V ) is a separation of (N,D), and let Oa,b and Oc,d be basis sets inside
U and V , respectively. Show that if B is a multiple of b and D is a multiple
of d, then B ∈ U and D ∈ V . Explain that this is impossible and conclude
that (N,D) is connected.)
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