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§ 1 8 C o n t i n u o u s func t ions

B a s i c i d e a : f loc) i s a c o n t i n u o u s func t ion i f i

" w h e n a m o y e s a - little,- f i x ) mo-ves only a - little"

How t o t u r n t h i s t o a f o rma l D e f :

V : lopen) neighborhood

offixscontroll
ingt

⇒ I F i l o p e n ) neighborhood of a controlling

s i t . y e t ⇒ f l y ) E V

M o r e s t reaml ined :

D e f ( X , T x ) , ( Y , T y ) top. s p . , f : X → Y map

f i s continuous i f H V C Y open ( V c . T y /

f - ' ( V ) = { s e e × : f i x , E V } - X i s open (f-'to)ET×)

R e m V E T y i s a n o p e n neigh. of f l o c ) fo r

a n y x E f - ' ( O ) i s finding i t a s a b ove

f o r e a c h x E f - ' ( V ) m e a n s f - ' ( V ) i s open

P ro p . B basis f o r t h e top. o f Y

f : X → T i s c o n t . G t U E B i f - ' ( D ) e x i s open

F o r m e t r i c spaces : " E - 8 - def in i t i on o f continuity"
(X ,d× ) ,

( Y , d y ) m e t s p , f i s c o n t . i f

V. x e x ,
8 s o 7 - E > o : dx lx .sc ' ) c c ⇒ dffcx), fox 's )c8

reduce t o t h e a b o v e d e f . f o r maps o f top. sp. by
B - E Bdo, ( g . S ) : y e t , s > o }
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( X - T x ) , C Y, T y ) top. s p . ,
f i x → Y map

D e f . ← E X ; f i s contiguous a t ¥ f

t o i lopen) neighborhood of f i x ) :

I F i l o p e n ) neighborhood of a s i t . ( y e t ⇒ f l y ) E V ]
T h ' m 1 8 . 1 s a m e setting a s a b o v e

T h e following a r e equ iva len t
1 . f i s c o n t i n u o u s

2 . V A c X : f -( A t ) c fcAT
3 . V B C Y c l o s e d : f - ' ( B ) closed i n X

4 . V R E X '

. f i s r o u t . a t 2

Proof I ⇒ 2 i d e a i K E E m e a n s " o x i s approx'ed

by points y c - A
"

futility fcy) approximate f i x )

Formally i w a n t K E A- ⇒ f c k ) E #
any ne ighonf fx i n t e r s e c t s f - ( A )

t a k e a n o p e n neigh. V o f f e z ,

= ) f -
'

( V ) open s e t i n X , c o n t a i n s x

f i c o n t

I I . a
f - ' ( V ) i n t e r s e c t s A i . e . 7 -y e f -

'
( V ) , A

⇒ fey, i s i n O n FCA)

2 ⇒ 3 "closed" m e a n s "closed u n d e r approximation"

F i x a closed B C Y
,

s e t A = f - ' ( B ) . W a n t A - A t

2 . gives f-( E ) C f l a t ,
w h i l e FCA ) C B

⇒ f ( t ) c 1 5 = 1 3 s o I c f - ' ( B ) = A
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3 ⇐ 1 Consequence o f X i f - l ( B ) = f - ' ( 4 1 1 3 )
Y

× t f€ fµ§
4 # 1 Unpacking d e f . o f open s e t s , neighborhood,--- DE

s o m e formal r u l e s (Th'm 18.2 )

× I s Y , Y & Z con t i nuous maps"
"

⇒ g o f i x → 2 i s c o n t i n u o u s

2 . (Va)ae I collection o f open s e t s o f X

f i X → Y map .

V a r e s t r i c t i o n f l y , : O , → Y c o n t i n u o u s

↳ f i s c o n t i n u o u s

P r o o f . I '

. (goof)-' ( V ) = f - ' (g-' ( O ) ) ; i f u open

\ ¥ e u b y continuityo f gOpen
by continuity o f f

Z . w e check continuity a t s c f o r a l l K E X

Suppose x E V x

T T : open neighborhood o f e i n X

⇒ V n o , i open neighborhood o f K i n V x

w i open neighborhood o f K i n V x

⇒ W i open neighborhood o f e i n X

t h e s e a l low u s t o s a y

f i s c o a t . a t x G → f l e x i s c o n t . a t x 1 3
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Def. ( X . T x )
, t . T T ) top. sp. A homeom-orphism f r om

X t o Y i s a map f : X → Y

' t . f i s bijective f gives a n identification
2 . f i s c o n t i n u o u s o f X & Y a s top. sp.
3 . f " i s c o n t i n u o u s

}
w e s a y X and Y a r e home-omorphic i f s u c h f

e x i s t s .

A n imbedding f o r embedding) of × i n t o Y i s a n

injective map f i x → Y t h a t i s a homeo. a s

a map X → f-( X )
[ w i t h induced topology

Examples
• s ' = { C k , g ) c - 1122 i x2ty2='t} a n d

E = { ( x . y ) c - 1122 : 1 2×2+5= 1 } a r e homeo.

s ' @ @ E
o f i I R → 1122

,
x ↳ K , o ) i s a n embedding


