EXERCISE SESSION 12

ALICE HEDENLUND

EXERCISE 45.1

If X,, is metrizable with metric d,,, then

D(x,y) = Sup{ai(xiayi)/i}
is a metric for the product space X =[] X,, . Show that X is totally bounded under D if each X, is totally
bounded under d,. Conclude without using the Tychonoff theorem that a countable product of compact
metrizable spaces is compact.

If the X,, are compact, then they are complete and totally bounded under d,, by [Mun00, Theorem 54.1].
We want to prove that X is totally bounded and complete under D, since this would imply that X is
compact, again by [Mun00, Theorem 54.1].

Total boundedness: Let us fix ¢ > 0. There is some N such that en > 1 for all n > N. For
1 < n < N, since X,, is totally bounded under d,, we know that we can find a finite set F}, of points
in X, such that

X, = U By, (z, ne) .
zelF,
For n > N we pick any point z, in X,,. Let us set

F= ﬁan H{zn}.

n>N

This is a finite set of points in X and we claim that

X = U Bp(x,€) .

xeF
Indeed, if y is some arbitrary point in X and consider the e-ball

Bp(y,e) = {x € X | D(x,y) < ¢}
={xeX| Sgp{ﬁn(xn,yn)/n} <e}

In particular this tells us that
dn (23, yi) < ne,
and by construction F'is a set which contains such an x.

Completeness: Let (x;)5°, be a Cauchy sequence in (X, D). We start by claiming that (m,(x;))2;
is a Cauchy sequence in (X,,,d,). Indeed, let us fix e > 0. Since (x;)2, is a Cauchy sequence in
(X, d) there is some I,, such that

D(Xi, Xj) < E/TL
for i,j > I,,. Then we have

dn(ﬂ—n(xi)aﬂ—n(xj)) S nD(Xiaxj) <e€

for 4,j > I, which shows that the sequence is Cauchy in (X,,dy). Since (X,,d,) is complete, we

know that (X,,,d,) is complete, so that (m,(z;))$2; converges to some point ¥, in X,. Then the
sequence (x;)$2, converges to the point y := (y,,)22, by Exercise 19.6.
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EXERCISE 46.4

Consider the sequence of continuous functions f, : R — R defined by

In which of the three topologies of Theorem 46.7 does this sequence converge? Answer the same question
for the sequence given in Exercise 9 of §21.

We start with the sequence above.

Uniform convergence: We do not have uniform convergence. For example, let ¢ = 1/2. If we had
uniform convergence we would be able to find an integer N such that
lz| 1
n < 2
for n > N and all € R. However, picking n = N, we can just pick x > N/2 to get a contradiction.
Compact convergence: We have compact convergence. Indeed, let C' be a compact subspace of R.
Since compact subspaces in R are bounded, we know that |z| < M for some integer M for = € C.
Given € > 0, we can choose N to be some integer larger than M/e. Then
m <€
n
foralln > N and z € C.
Pointwise convergence: Pointwise convergence follows from compact convergence.

Now we consider the sequence of functions f,, : R — R appearing in Exercise 21.9, namely
1
) = — .
I = @1
The goal of that exercise was proving that this sequence converges pointwise, but not uniformly, so the only
new case is compact convergence.

Uniform convergence: We do not have uniform convergence. See Exercise 21.9.
Compact convergence: We do not have compact convergence. Indeed, consider the compact set

K ={0}U{l/n|neZ:},
and pick € = 1/2. If we had compact convergence we would be able to find N such that

1 1
- = l<nilz—(1/n)?
3z — (1/n)]2 + 1 <3 <n’[z —(1/n)]
for alln > N and = € K. But pick n = N and = 1/N. This would then tell us that

1<0

which is a contradiction.
Pointwise convergence: We have pointwise convergence. See Exercise 21.9.



EXERCISE 46.6

Show that in the compact-open topology, C(X,Y") is Hausdorff if Y is Hausdorff, and regular if YV is
regular.

Hausdorff.: Let f # g be two continuous functions X — Y, where Y is assumed to be Hausdorff. Then
we have f(x) # g(x) for at least some x € X, and since Y is Hausdorff we find disjoint neighborhoods
U and V of f(z) and g(x), respectively. Then the subbasis elements S({z},U) and S({z},V) are
disjoint open sets containing f and g, respectively, which shows that C(X,Y") is Hausdorff.

Regular: Let S(C,U) be a subbasis element in C(X,Y’), where Y is assumed to be regular. We will
use the characterisation of regularity as in [Mun00, Lemma 31.1]. We know that we can find an open
set V is Y such that V C U. We claim that

S(C,v)ycsc,U),
which directly implies that C(X,Y) is regular. To show the claim let f € S(C, V). This means that
any subbasis element S(K, W) containing f intersects S(C, V). In other words: if K is a compact
subspace of X and W is an open set of Y such that f(K) C W, then we can find some continuous
map g : X — Y such that

g(K)CW and g¢(C)CV.
We want to show that this implies that f(C) C U. Indeed, assume contradictory that it was not so.

Then we could find some x € C such that f(z) ¢ U. Since V C U this would mean that f(z) ¢ V.
With this in mind let us set

K={z} and W=Y\V.
By the above discussion we can then find a continuous map g : X — Y such that
g(z) ¢V and g(C)CV.

But = was an element of C' so this tells us that g(z) € V and g(z) ¢ V, which is the wanted
contradiction.



EXERCISE 46.7

Show that if Y is locally compact Hausdorff, then composition of maps
c:C(X,)Y)xC(Y,Z) = C(X,Z)

is continuous, provided the compact-open topology is used throughout.

Consider a subbasis element S(C, U) containing the composition ¢(f,g) = gof : X — Z, where f : X =Y
and g : Y — Z are continuous maps. We note that f(C) is a compact set contained in the open set g1 (U)
of Y. We are going to need the following lemma.

Lemma 1. Let Y be locally compact Hausdorff. If K is a compact subspace of Y and W is an open set
containing K, then there is an open set V' containing K such that V' is compact and V C W.

Proof. Let us apply [Mun00, Theorem 29.2] for every point in K. That is, for all z € K there is a neighbor-
hood V, of = such that V, is compact and V, C W. Then the collection {V.} forms an open cover of K,

and since K is compact we know that there is a finite subcover. That is, we can find points z1,...,z, in K
such that "
V= U Ve, DK.
i=1
We note that V C W and that V is compact since it is a finite union of compact sets. O

By the above lemma we find an open V' containing the compact set f(C) such that V C ¢g=}(U) and V
is compact. In conclusion, we have found an open set S(C,V) containing f and another open set S(V,U)
containg g, such that
c(S(C, V) x S(V,U)) Cc S(C,U)
which shows that ¢ is continuous.



EXERCISE 46.8
Let C'(X,Y) denote the set C(X,Y’) in some topology T, Show that if the evaluation map
e X xC(X,Y) Y

is continuous, then T contains the compact-open topology.

Consider the induced map E : C'(X,Y) — C(X,Y’) which is continuous by [Mun00, Theorem 46.11]. Note
that the induced map is given by

(Ef)(z) =e(x, f) = f(z) = E=id:C'(X,Y)—C(X,Y).
By Exercise 18.3 we conclude that 7T is finer than the compact-open topology.



EXERCISE 46.9

Theorem 2. Ifp: A — B is a quotient map and X is locally compact Hausdorff, thenix xXp: X xA — X xB
1S a quotient map.

Proof. (a) Let Y be the quotient space induced by ix X p ; let ¢: X x A — Y be the quotient map. Show
there is a bijective continuous map f :Y — X x B such that foqg=1ix X p.
(b) Let g= f~1. Let G: B— C(X,Y) and Q : A — C(X,Y) be the maps induced by g and g, respectively.
Show that @ = G o p.
(¢) Show that @ is continuous; conclude that G is continuous, so that g is continuous.
|

(1) This is [Mun00, Corollary 22.3]. We note that in order to show that ix xp: X x A - X x Bisa
quotient map we need to show that the inverse of f is continuous, as well.
(2) The maps G: B — C(X,Y) and @ : B — C(X,Y) are defined as
(G()(@) = g(z.b) and (Q(B))(x) = qla,b).
We note that since f oq =1ix x p it follows that ¢ = g o (ix X p), so that we have
(G op)(a))(z) = (G(p(a))(x)
= g(z,p(a))
= q(z,a)
= (Q(a))(x).
(3) Since ¢ is continuous it follows that @ is continuous by [Mun00, Theorem 46.11]. The map G is then

continuous since we have Q = G op where p is a quotient map. Since X is locally compact Hausdorff
we can use [Mun00, Theorem 46.11] again to conclude that g is continuous.
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