EXERCISE SESSION 4

ALICE HEDENLUND

EXERCISE 22.2

(a) Let p: X — Y be a continuous map. Show that if there is a continuous map f :Y — X such that po f
equals the identity map of Y, then p is a quotient map.

(b) If A C X, a retraction of X onto A is a continuous map r : X — A such that r(a) = a for each a € A.
Show that a retraction is a quotient map.

(a) Recall that a surjective map p : X — Y is called a quotient map if a subset in U in Y is open if
and only if p~!(U) is open in X. The existence of the right inverse f guarantees that p is surjective,
and the fact that p is continuous implies that p~!(U) is open if U is open. To see that the converse
also holds, let V be a set in Y such that p~*(V) is open in X. Since f is continuous we know that
f 7' (V) = (po f)~1 (V) =V is open.

(b) Let ¢ : A — X be the inclusion of A in X; this is a continuous map when A is given the subspace
topology. By definition, a retraction is a continuous map such that r o is the identity on A, so it must
be a quotient map by (a).

EXERCISE 22.3
Let 7 : R x R — R be the projection onto the first coordinate. Let A be the subspace of R x R given as
A={(z,y) eRxR|z>0o0ry=0}.

Let g : A — R be obtained by restricting 7;. Show that ¢ is a quotient map which is neither open nor closed.

To show that ¢ : A — R is a quotient map we can use the result of the prvious exercise. Consider the map
f R — Agiven by f(x) = (x,0). We have (¢qo f)(x) = z for all z € R, and both f and ¢ are continuous
maps since they can be described by restricting the target or source of continuous maps, respectively.

To show that ¢ is not open we can consider the open set U = AN B((0,3),1) in A. The image of this set
under ¢ is [0, 1) which is not open in R.

To show that ¢ is not closed we can consider the set F' = {(z,z71) | # > 0} which is closed in A, but
whose image (0, 00) is not closed in R.

EXERCISE 23.6

Let A C X. Show that if C is a connected subspace of X that intersects both A and X \ A, then C
intersects Bd(A).

(Closures are taken in X.) We recall that the boundary of A is defined as the intersection
Bd(A)=ANX\A.

Note that C N A and C' N (X \ A) are non-empty disjoint sets whose union is C. By Lemma 23.1 and the
fact that C' is connected we know that the two sets above cannot form a separation of C, so in particular we
must have

CNAN(CN(X\AN#D or (CNANCN(X\A)£0.
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Since the closure of an intersection is contained in the intersection of the closures, this implies that
CNAN(X\A)#D or CNANX\A#D.
Both of these are contained in C N AN X \ 4, so we finally conclude that

C'NBA(A) £0.

EXERCISE 23.10
Let {X4}acs be an indexed family of connected spaces; let X be the product space
X=]] Xa-
acJ

Let a = (aq)acs be a fixed point of X.

(a) Given any finite subset K of J, let X denote the subspace of X consisting of all the points x = (z,)
such that x, = a, for all « € K. Show that X is connected.

(b) Show that the union Y of the spaces X is connected.

(¢) Show that X equals the closure of Y'; conclude that X is connected.

(a) Note that X is the product space

X, ifae K
XK:HYO(7 Ya{ if Ks
o€ {aa} ifo g

so it is connected by Theorem 23.6 in [Mun00].

(b) We note that a € X for all K, so the union is connected by Theorem 23.3.

(¢) Let x be a point of X and consider a basis open neighborhood U of x. By definition of the product
topology we know that U is on the form

U=1]]Ua
aceJ

where U, = X, for all but finitely many indices. Write K for the set of « such that U, # X,. Note
that we have x € Xk, NU, so in particular U intersects the union of all the Xx. Hence x belongs to
the closure of all of these.

EXERCISE 23.11

Let p: X — Y be a quotient map. Show that if each set p~!({y}) is connected and if Y is connected,
then X is connected.

Assume contradictory that X is not connected. Then we can find disjoint open sets U and V in X covering
X. Since p~!({y}) is connected for every y € Y, we know that p~!({y}) is contained entirely in either U or
V. Let us contruct the following disjoint sets in Y:

U'={yeY|p'({y}) cU}
Vi={yeY|p'({y}) cV}.

We claim that U’ and V' are open sets. To show this we use the fact that p is a quotient map. Indeed,
since p is a quotient map U’ is open in X if and only if p~*(U’) = U is open, which is true by defintion.
Similarly for V’. Hence U’ and V' form a separation of Y, which is a contradiction since Y was assumed to
be connected.



EXERCISE 24.2

Let f:S! — R be a continuous map. Show there exists a point ¢ € S* such that f(c) = f(—c).

Consider the continuous function g : S' — R defined by

g(x) = f(z) = f(-=).
Note that we in particular have g(—x) = —g(z), so by the intermediate value theorem there is some ¢ € S!

such that g(¢) = 0, which is of course equivalent to f(c) = f(—c).
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