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Preface

These notes provide an introduction to differential geometry aimed at first
year graduate students. Only submanifolds of finite-dimensional Fuclidean
spaces are considered, and the emphasis is on surfaces. Except in the final
chapter on hyperbolic geometry, the only Riemannian metric considered on
a submanifold of R™ is the one induced from the usual scalar product on R™.

Parts of the text have been influenced by the book [I] of Ch. Bér, whereas
the version of Gauss-Bonnet’s theorem proved here is taken from B. Jahren’s
book [6], with no assumption on the orientability of the surface.

Readers are assumed to have a basic knowledge of multivariable calcu-
lus and linear algebra. Readers not already familiar with basic point-set
topology should study this subject concurrently.

The author is grateful to Halvard Fausk, John Rognes, and Arvid Sigve-
land for providing lists of corrections and suggestions for improvements to
earlier versions of this text.
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Chapter 1

Manifolds

In this chapter we introduce submanifolds of Euclidean spaces (just referred
to as manifolds) and fundamental notions such as tangent spaces, smooth
maps, and vector fields.

1.1 Basic notions

For sets A and B, we write A C B to express that A is a subset of B, i.e.
that every element of A is also an element of B. This does not rule out that
A=B.

Given two points = (z!,...,2") and y = (y',...,y") in R", their
Euclidean scalar product (or inner product) is

n
(w,y) = a'y'.
=1

The Euclidean norm of x is defined by

n

Izl = V{w,2) =) (")

=1

We denote by BJ'(x) the Euclidean ball in R™ of radius > 0 and centre z,
ie.
Bl(z) ={y e R"[[ly —z| < r}.

The unit ball is B"” := B}'(0). A subset U C R" is called open if for every
x € U there exists an r > 0 such that BJ'(z) C U.

Example 1.1.1 Each ball B]*(z) is an open subset of R".

1



2 CHAPTER 1. MANIFOLDS

If A and B are subsets of R™ such that A C B then A is called an
open subset of B provided there exists an open subset U C R such that
A =BnNU. In that case, we say A is open in B. If in addition x € A then
A is called a neighbourhood of z in B.

Given subsets A € R™ and B C R™, amap F' : A — B is called a
homeomorphism if F is bijective and both F and its inverse map F~! :
B — A are continuous.

If U C R™ is open and k is a non-negative integer, a function F' : U — R"
is said to be of class C* or k times continuously differentiable if all
partial derivatives of F of order < k exist and are continuous. (In particular,
F is of class C? if and only if it is continuous.) If F is of class C* for all k > 0
then F' is said to be of class C°°, smooth, or infinitely differentiable.

Given subsets A C R™ and B C R", amap F' : A — B is said to be
smooth if for every point x € A there exist a neighbourhood U of z in R™
and a map F : U — R™ that is smooth in the sense already defined, and
such that ' = F on ANU. If in addition F is bijective and F~': B — A
is smooth as well then F is called a diffeomorphism. The subsets A and
B are called diffeomorphic if there exists a diffeomorphism A — B. Note
that every smooth map A — B is continuous.

Example 1.1.2 The function f : R — R given by f(z) = 2* is a homeomor-
phism that is smooth, but the inverse map f~!(y) = /Y is not differentiable
at 0, hence f is not a diffeomorphism.

Example 1.1.3 Let
B" = {z € B"| ]| < 1}
be the open unit ball in R™ and consider the maps
pr £y re &, pr

given by
x
Gly) = ——2

F(r) = ——, _—,
@ V1= |z V1t yl?

Then F and G are smooth, and a simple computation shows that they are
inverse maps, hence diffeomorphisms.

Example 1.1.4 If A C B C R” then the inclusion map A — B is smooth.

Proposition 1.1.1 Suppose

A5 B Y ¢
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are smooth maps, where A C R™, B C R", and C' C RP. Then the composite
map GoF : A — C is smooth.

Proof. If A and B are open in R™ and R", respectively, then the rules
of differentiation from calculus easily imply that G o F' is smooth. For the
general case, let x € A. Choose a neighbourhood U of z in R™ and a
smooth map F : U — R" that agrees with F on AN U. Also, choose a
neighbourhood V of F(z) in R” and a smooth map G : V — RP that agrees
with G on BN V. Because F is continuous, the preimage Uy := F1V is
open in U, hence U is also open in R (since U is open in R™). Moreover,
x € Uy. Now,

GoF :Uj— RP

is a smooth map that agrees with G o F' on A N Uy. O

1.2 Manifolds

If k£ is a non-negative integer, a subset M C R" is called a k—dimensional
manifold (or just k—manifold) if every point in M has a neighbourhood
V in M that is diffeomorphic to an open subset U of R*. A diffeomorphism
¢ :V — U is called a chart on M, and the inverse map F := ¢! : U — V is
called a local parametrization of M. For any p € V', the map F'is called a
local parametrization of M at p. If p = F(u) then the components u!, ..., u*
of u are called the coordinates of p with respect to the parametrization F'.
The image V = F(U) is called a coordinate domain. If V' = M then F is
called a global parametrization . The integer £ is called the dimension
of M and is denoted by dim M. If M has dimension n — 1 then it is called
a hypersurface in R". A 1-manifold is also called a regular curve, and
a 2—manifold is called a regular surface.

The above definition of a manifold is taken from the classical text [4].
For the definition of an abstract manifold (not necessarily a subset of any
Euclidean space), see [14] [9].

If M and N are manifolds and M C N then M is called a submanifold
of N, and the codimension of M in N is

codimyM = dim N — dim M.

A smooth map f : M — N is called a smooth embedding if f(M) is a
manifold and the map

M — f(M), p~ f(p)
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is a diffeomorphism.
Example 1.2.1 For n > 0 the n—sphere S is defined by
"= {w e R™ o] = 1}.
We will show that S™ is an n—manifold. The open half-space
H:={(° ' ...,2") € R"|zy > 0}

intersects S™ in the open hemisphere V := S™ N H. Forgetting the first
coordinate yields a smooth map

H-RY (2222 (21, 2"
that restricts to a smooth map
¢:V — B".
The map ¢ is in fact bijective with inverse map
¢ (y) = (V1= Ilyl vty

Since ¢! is smooth as well, it follows that ¢ is a diffeomorphism and there-
fore a chart on S™. To produce more charts, observe that any orthogonal
(n+1) x (n+ 1) matrix A defines a diffeomorphism

R 5 Rz Az
that restricts to a diffeomorphism T4 : S™ — S™. Let
Vai={zeS"|Az €V},
which is an open subset of S™. Then the composite map
poTy:Vy— B"

is a diffeomorphism. As A varies, the sets V4 will cover all of S™, proving
that S™ is an n—manifold. O

Proposition 1.2.1 If M C R™ and N C R"™ are manifolds, then the prod-
uct M x N C R™" s also a manifold, and

dim (M x N) =dim M + dim N.
Proof. See Problem O

Example 1.2.2 The product S* x S* € RZxR? = R* is called the 2-torus,
or just the torus.
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1.3 Regular values

If U C R™is an open set and F' : U — R"™ a smooth map then 0;F : U — R"
will denote the ith partial derivative of F. In other words, if (u!,...,u™)
are the standard coordinates on R™ then

_OF

OF = o0

The differential (or derivative) of F' at a point u € R™ is the linear map
dF, : R™ — R" satisfying

dF,(a) = %in% F(u+ tat) — F(u)
—>

for all a € R™. If a = (a',...,a™) then
dFy(a) =) d'0;F(u).
i=1

Therefore, if F has components F,... F" then the matrix of dF, with re-
spect to the standard bases for R™ and R" is the Jacobian matrix (0;F(u)).
We now recall two theorems from calculus.

Theorem 1.3.1 (Chain rule, I) Let U C R™ and V C R™ be open sets.
If

vLSvSRre
are smooth maps then the differential of the composite map Go F : U — RP
at a point u € U 1s given by

d(Go F), = dGF(u) odF,. |

Theorem 1.3.2 (Inverse function theorem, I) Let FF : U — V be a
smooth map between open subsets U C R™ and V C R™. Ifp € U 1s
a point where the differential dF, is an isomorphism then F' maps some
neighbourhood of p in U diffeomorphically onto a neighbourhood of F(p)
V. O

Given an open set 2 C R™ and a smooth map H : 2 — R™, a point
p € Q) is called a regular point for H if the differential dH, : R" — R™ is
surjective; otherwise p is called a singular point. A point ¢ € R™ is called
a regular value for H if every point in H~!(c) is a regular point for H;
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otherwise c is called a singular value. Note that if ¢ does not lie in the
image of H then it is a regular value. Sard’s theorem (see [9]) says that the
set of singular values of H has measure zero. From this it follows that the
set of regular values is dense in R™.

Theorem 1.3.3 If Q) is an open set in R™ and c is a reqular value for H :
Q — R™ then the preimage S := H~'(c) is a manifold of dimension n —m.

Proof. Let p € S and let K be the kernel of the differential

dHy, :R" — R™

of H at p. Then K has dimension n — m. Choose a linear map
A:R" > R™

that restricts to an isomorphism K — R™ ™ and define

O: Q>R xR, 1z~ (Az, H(x)).
The differential of ¢ at p is then given by
d®,(v) = (Av,dH,(v)).

It follows that the kernel of d®, is 0, hence d®, is a linear isomorphism.
By the inverse function theorem, ® maps some neighbourhood U of p in 2
diffeomorphically onto an open subset V of R"~" x R™. By definition of ®
we have

B(SNU) = (R"™ x {c})NV.

Then A maps S N U diffeomorphically onto the open subset of R*™™ con-
sisting of all y € R"~" for which (y,c) € V. This shows that S is a manifold
of dimension n — m. d

Example 1.3.1 (Sphere) Let
H:R" =R, z—|z|?>

The gradient of H at = is VH, = 2x, which vanishes only for =z = 0.
Therefore, 0 € R™ is the only singular point of H, and 0 € R is the only
singular value. Theorem now confirms that the (n — 1)-sphere

STt =H7Y(1)
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is an (n — 1)—manifold.

Example 1.3.2 (Special linear group) Let M, ,(R) be the set of all
n X n real matrices. We will show that the special linear group

SL(R) := {A € Myyn(R)| det(A) = 1}

is a manifold of dimension (n? —1). After fixing some ordering of the entries
of n X n matrices, we can identify M, x,(R) with R"*. The determinant

H: Mpn(R) > R, A det(A)

is a polynomial function and therefore smooth. For any n x n matrix A and
real number ¢ we have

det(tA) = t" det(A).
Differentiating this equation with respect to ¢ and applying the chain rule

we get

d
t=1

If det(A) # 0 then A is therefore a regular point for H. By Theorem [1.3.3]
the preimage

det(tA) = ndet(A).

SL,(R) = H (1)

is an (n? — 1)-manifold.

1.4 Tangent spaces

Let M C R™ be a k—manifold and p € M. A vector v € R" is called a
tangent vector of M at p if there exist an ¢ > 0 and a smooth curve
v : (—€,€) — M such that

7(0) =p, ' (0) =v,

where 7/ is the calculus derivative of v (or more precisely, the derivative of
toy:(—e€) = R" where ¢ : M — R" is the inclusion map). The set T, M
of all tangent vectors to M at p is called the tangent space of M at p.

Proposition 1.4.1 If F' : U — M is a local parametrization of the k—
manifold M then for anyu € U, the differential dF,, maps R* isomorphically
onto the tangent space T, M.
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Proof. Let M C R™, V := F(U), and p := F(u). Let ¢ := F~1:V — U.
We show that
e the differential dF, : R¥ — R™ is injective, and
e the image of dF, is equal to the tangent space T,,M.

(i) We first show that dF, is injective. By assumption, there exist a
neighbourhood W of p in R” and a smooth map ® : W — RF that agrees
with ¢ on VN W. Then Uy := F~'W is a neighbourhood of v in R¥, and
® o F' = Id on Up. By the chain rule we have d®, o dF,, = Idgx, which shows
that dF, is injective.

(ii) Let v € T,M. We will show that v € im(dF,). Choose a curve
v : (—€,€) = M such that y(0) = p and 7/(0) = v. After perhaps shrinking
€ we may assume that 7 takes values in V. Then v = F o (¢ 0+), so by the
chain rule we have

7'(0) = dFu((¢ 07)'(0)) € im(dF,).

This shows that T,M C im(dF,). To prove the reverse inclusion, let a € R*.
Choose € > 0 such that

u+tacU for|t| <e.
Define v : (—¢,€) — M by
~v(t) = F(u + ta).
Then v(0) = p and dFy,(a) =+/(0) e T,M. O

Corollary 1.4.1 If M C R"™ is a k—-manifold then for any p € M, the
tangent space T,M is a k—dimensional linear subspace of R™. O

We now extend the notion of differentials to maps between manifolds.

Proposition 1.4.2 If F': M — N is a smooth map between manifolds then
for any p € M there is a unique map

de : TpM — TF(p)N
such that for any curve 7 : (—e, €) — M with v(0) = p one has
dFy(+'(0)) = (F 0 7)'(0).

Moreover, dF), is linear.



1.4. TANGENT SPACES 9

Proof. Uniqueness is obvious. To prove existence, suppose M C R™
and N C R”. Choose a neighbourhood W of p in R™ and a smooth map
F : W — R" that agrees with F on M N W. We define dF, to be the
restriction of the differential dﬁ'p :R™ — R" to T,M. Then dF), is linear.
Now let v : (—€,€) — M be a smooth curve with v(0) = p. After perhaps
shrinking € we may assume that v takes values in M NW. By the chain rule,

dF,(7'(0)) = (F 0 7)'(0) = (F o 7)(0),
proving that dF), has the desired properties. d
The map dF), is called the differential or tangent map of I at p.

Example 1.4.1 Let
Idy M —- M, p—op

be the identity map. Then for any p € M, the differential d(Idys), is the
identity map on the tangent space T),M, i.e. for all v € T,M one has

d(Idar)p(v) = v.

Proposition 1.4.3 (Chain rule, IT) If M E N & P are smooth maps
between manifolds and p € M, q = F(p) then

dGgodF, =d(Go F),.
Proof. If v : (—e¢,e) — M is a smooth curve with v(0) = p then

d(G o F)p(v'(0)) = (G o F ov)'(0)
= dGy((F ©7)'(0))
= (dGq o dF,)(7/(0)). O

Corollary 1.4.2 If F: M — N is a diffeomorphism then for every p € M
the differential dF}, is an isomorphism.

Proof. Let G := F~' : N — M. Let p € M and q := F(p). Since
G o F = 1Idyy, the chain rule yields

dGy o dF, = d(G o F), = d(Idar), = Iz, a1,

and similarly dFj, o dG, = Idr, . Hence, dF), is an isomorphism. O



10 CHAPTER 1. MANIFOLDS

Theorem 1.4.1 (Inverse function theorem, II) Let H : M — N be a
smooth map between manifolds. If p € M is a point where the differen-
tial dHy, is an isomorphism then H maps some neighbourhood of p in M
diffeomorphically onto a neighbourhood of H(p) in N.

Proof. Since dH), is an isomorphism, the manifolds M and N must have
the same dimension, say n := dim M = dim N. Let ¢ := H(p). Choose local
parametrizations F : U — M at pand G : V — N at ¢, so that U and V'
are open subsets of R”. Let u := F~!(p) and v := G~!(g). Since G(V) is
open in N and H o F is continuous, the preimage Uy := (H o F)~Y(G(V))
is open in U. Restricting F' to Uy we obtain a local parametrization

Fy:=Fly, : Uy — M.
Applying the chain rule to the composite map
H: =G 'oHoFy:Uy—V
we get
dH, = d(G™Y), 0 dH, 0 d(Fp).,.

Thus, dH, is a composite of three isomorphism, hence an isomorphism. By
Theorem H maps some open subset U; C Uy diffeomorphically onto
an open subset V3 C V. But then F(U;) is a neighbourhood of p in M that
is mapped diffeomorphically by H onto the neighbourhood G(V;) of ¢ in
N. O

A smooth map ¢ : M — M’ between manifolds is called a local dif-
feomorphism if every point in M has a neighbourhood V' in M such that
¢(V) is open in M’ and ¢|y : V — ¢(V) is a diffeomorphism.

Proposition 1.4.4 For any smooth map ¢ : M — M’ between manifolds
the following are equivalent.

(i) ¢ is a local diffeomorphism.

(ii) For every p € M the differential dp, : T,M — Ty, M' is an isomor-
phism.

Proof. This follows from Corollary and the inverse function theo-
rem, Theorem (1.4.1 O
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Proposition 1.4.5 Let Q C R"™ be an open set and F : 0 — R™ a smooth
map. If c € R™ is a reqular value for F and S = F~1(c), p € S, then

T,S = ker(dF)).
Proof. If v : (—e€,€) — X is a smooth curve with (0) = p then Fo~y = ¢,
hence
0= (Fo7)(0) = dF,(v'(0)).
This shows that T,,S C ker(dF},). But this is an inclusion between vector

spaces of the same dimension (namely n—m), so the two vector spaces must
be equal. O

Note that if m = 1, so that F' is a real-valued function on €2, then the
differential of F' at a point u € §2 is given by

dF,(a) = (VF,,a),

where V F), is the gradient of F' at u. In this case, the tangent space of S at
a point p € S is the orthogonal complement of VF}, in R".

Example 1.4.2 Let
F:R" SR, u—|ul?

The tangent space to the sphere S?~! = F~1(1) at a point u is the orthog-
onal complement of the gradient VF, = 2u, i.e.

T,5" ' = {a € R"| (u,a) = 0}.
Example 1.4.3 We will compute the tangent space to the special linear
group SL,,(R) at the identity matrix I. Let
F =det : Mpxn(R) — R.
For any real number t and A € M,,«,(R) one has
det(I +tA) =1+tr(A) - t+---+det(A)-t".
Therefore,

dF;(A) = % det(I + tA) = tr(A),
0

from which we conclude that the tangent space to SL,(R) at I consists of
the trace-free matrices, i.e.

TrSLy(R) = {A € Myyn(R) | tr(A) = 0}.
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1.5 Vector fields and normal fields

Let M C R™ be a k—manifold. A vector field on M is a map X : M — R"
such that
X(p) e T,M forall pe M.

One often writes X, instead of X (p). A frame on an open set V' C M is
a k—tuple (X1,..., X)) of vector fields on V such that (Xi(p),...,Xx(p))
is a basis for the tangent space T),M for every p € V. The frame is called
continuous (or smooth) if each X; is continuous (or smooth). By a local
frame on M we mean a frame on some open subset of M.

Example 1.5.1 Any local parametrization F': U — M gives rise to coor-
dinate vector fields Xi,..., X on V := F(U) satisfying

XloF:@F

Thus, if u € U and p = F(u) then X;(p) = 0;F(u). Each vector field X; is
smooth, since it is the composition of the two smooth maps

F71

v L u 28 g,

If p = F(u) then the derivative dF, maps the standard basis for R¥ to the
basis (X1(p), ..., Xk(p)) for T,M, hence (X1,...,X}) is a smooth frame on
V, called a coordinate frame.

Example 1.5.2 Any skew-symmetric n X n real matrix A gives rise to a
smooth vector field X on the sphere S”~! defined as follows. Let
X 8" SR, p— Ap.
Because AT = —A we have
(Ap,p) = —(p, Ap) = —(Ap,p),

so (Ap,p) = 0. Therefore, X (p) € 7,51, so X is a vector field on S"~1.

A normal field on a manifold M C R"™ is a map

N:M —R"

such that N(p) is perpendicular to T,M for every p € M. If in addition
IN(p)|| = 1 for every p then N is called a unit normal field. One often
writes N, instead of N(p).
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Example 1.5.3 Let S C R3? be a regular surface. If X, X, are the co-
ordinate vector fields corresponding to a local parametrization F : U — S
then, for every p € F(U), the cross product X;(p) x Xa(p) is non-zero and
perpendicular to the tangent space 7,,S. Therefore, we can define a smooth
unit normal field N on F(U) by

X1(p)
| X1(p)

2(p)
2(p)II’

x X

N(p) =
(p) X
Example 1.5.4 Let Q C R™ be an open set and F' : 2 — R a smooth
function. Suppose ¢ € R is a regular value for F', so that the preimage

S := F71(c) is an (n — 1)-manifold. Then the gradient of F restricts to a
smooth normal field N on 9, i.e.

N:8 =R prs VE,.

1.6 Orientations

Let V be a k—dimensional real vector space, £k > 0. Two ordered bases
(ug,...,ux) and (vy,...,vx) for V are equivalent if the linear isomorphism
V' — V mapping each u; to v; has positive determinant. This is an equiv-
alence relation on the set of ordered bases for V. An orientation of V
is a choice of equivalence class of ordered bases. Note that V has exactly
two orientations. Given an orientation p of V', the pair (V, u) is called an
oriented vector space. An ordered basis « for V is positively oriented
if & € pu, otherwise it is negatively oriented.

An orientation of a zero-dimensional vector space is defined to be a choice
of sign +1.

An orientation of a k—manifold M is a choice of orientation of each
tangent space T,M, p € M, such that the following continuity condition
holds. For every p € M there should exist a neighbourhood W of p in M
and continuous vector fields Xi,..., X, on W such that (Xi(q),..., Xx(q))
is a positively oriented basis for the tangent space T, M for every ¢ € W. If
M is oriented, then a frame (X1,..., X)) on an open set V' C M is called
positively oriented if, for every p € V, the k—tuple (Xi(p),..., Xk(p)) is
a positively oriented basis for 1), M.

The standard orientation for R” is specified by the standard ordered
basis (e1,...,ex). This orients every open subset U C R¥, since T,U = RF
for every p € U.
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A diffeomorphism F : M — M’ between oriented manifolds is called
orientation preserving if for every p € M the differential dF), : T,M —
TppyM " maps positively oriented ordered bases to positively oriented ones.
In particular, this notion applies to local parametrizations of an oriented
manifold.

Lemma 1.6.1 Let M be an oriented manifold and p € M. Then there
exists a positively oriented smooth frame on some neighbourhood of p in M.

Proof. By assumption, there exists a positively oriented continuous frame
(Y1,...,Y)) on some neighbourhood V} of p in M. Choose any smooth frame
(X1,...,X)) (for instance a coordinate frame) on some neighbourhood V;
of pin M. Then V := V3N V; is also a neighbourhood of p. Given q € V,
each tangent vector Yj(¢) can be expressed as a linear combination of the
basis (X1(q), ..., Xk(q)) for T,M. This gives rise to a k x k matrix (a}) of
real-valued functions on V such that

Y, =) dX;.
i

The matrix (a?(q)) is invertible for every ¢ € V', being the transition matrix
of two bases for T,M. By the result of Problem each function aé is
continuous, hence the determinant

det((a})) : V — R — {0}

is continuous. Therefore, the sign of this determinant must be constant in
some neighbourhood V! C V of p in M. By replacing X7 by — X7 if necessary,
we may arrange that the sign is positive in V’. But then (Xi,...,Xy) is a
positively oriented smooth frame on V', and the lemma is proved. d

Proposition 1.6.1 For n > 1, a hypersurface S C R™ is orientable if and
only if it has a smooth unit normal vector field.

For n = 1 the proposition is trivial. As for n = 2, one can show that
every l-manifold is orientable.

Proof. For simplicity, we will write out the proof only for n = 3. The
general case is similar, see Problem [T.13]

(i) Suppose S is oriented. We define a normal vector field N on S as
follows. For every p € S let N(p) € R? be the unique unit normal vector to
the tangent space 7},S such that

det(C1,C2, N(p)) >0 (1.1)
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for some (hence every) positively oriented ordered basis ({1, (2) for 7,,S. We
show that IV is smooth. Given p € M, Lemma [1.6.1]| ensures that we can
find a positively oriented smooth frame (X7, X5) on some neighbourhood V/
of pin M. We can now define a smooth unit normal field N’ on V' by

N’ — X1 x Xo
X x Xl

Then
det(Xl,Xg,N') = <X1 X XQ,N/> = ||X1 X X2|| > O,

which shows that N’ = N on V. Hence, N is smooth.

(ii) Conversely, suppose N is a smooth unit normal vector field on S.
We define an orientation of S by decreeing an ordered basis ({1, (2) for 7,5
to be positively oriented if the condition holds. We now verify that the
continuity condition for an orientation is satisfied. If X7, Xy are coordinate
vector fields on a connected open set V' C S then

det(X1(p), X2(p), N(p)) #0 forallpe V.

Because V is connected, the sign must be the same for all p. By perhaps
interchanging Xi, Xo we can arrange that

det(Xl,Xg,N) >0 onV.

But this means that (X;(p), X2(p)) is a positively oriented basis for T},S for
every V. This shows that the continuity condition is satisfied. O

Example 1.6.1 Let Q C R™ be an open set and f : 2 — R a smooth
function. If ¢ € R is a regular value for f, then by Theorem the
preimage S := f~!(c) is a hypersurface in R™. For every p € S the gradient
V fp is non-zero and normal to the tangent space 7,5, so we can define a
smooth unit normal field NV on S by

Vip
N, = :
TV

This shows that S is orientable.

Example 1.6.2 (Mgbius strip) Topologically, the Mobius strip (without
boundary) is obtained from the rectangle [0, 1] x (—1,1) by identifying each
point (0,t) with (1, —t), where —1 < t < 1, see Figure

As a manifold, the M&bius strip can be conveniently defined by

M :={(z*tz)|2€ C, t € R, |z| = 1}.
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Figure 1.1: The Mobius strip

Identifying C = R? we have that
McCxC=R%.

One can show that M is a non-orientable regular surface, see Problems [I.15]

and [L.16]

1.7 The tangent bundle

The material in this section will not be used later in this text and may
therefore be skipped on first reading.

Let H : U — V be a smooth map between open subsets U C R™ and
V C R"™. We can collect the differentials dH,, for all p € U to form a single
map

dH :U xR™ =V xR", (p,v)— (H(p),dHp(v)),
which is called the global differential of H. If v = (v!,...,v™) then

m
dH(p,v) = (H(p),» v'0;H(p)), (1.2)
i=1
from which we see that dH is smooth.

We would like to generalize the notion of global differential to smooth
maps between manifolds. To this end we introduce the tangent bundle of
a manifold. If M C R™ is a k—manifold, the tangent bundle T'M is defined
by

TM :={(p,v) e M xR™|veT,M}.
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The map
iy TM — M, (p,v)—p

is called the projection map of the bundle. It is clearly smooth.

Lemma 1.7.1 If V is an open subset of M then TV is an open subset of
TM.

Proof. For any p € V one has T,V = T,M. Therefore, TV = (mp)~1V.
Since the projection map 7,7 is continuous, the tangent bundle TV is an
open subset of T'M. O

We will prove in a moment that the tangent bundle is a manifold, but
before doing so, we extend the notation of global differential to smooth maps
F : M — N between manifolds by

dF :TM — TN, dF(p,v):= (F(p),dF,(v)).

The fact that dF' is smooth follows immediately from the smoothness of the
maps (1.2). We can now state the chain rule in a particularly simple form.

Theorem 1.7.1 (Chain rule, IIT) If
MENSP
are smooth maps between manifolds then
d(Go F)=dGodF.

Proof. This is just a reformulation of Theorem [1.4.3 O

Note that the global differential of the identity map Idy; : M — M is
the identity map T'M — T M. Therefore, if F': M — N is a diffeomorphism
then dF : TM — TN is also a diffeomorphism.

Proposition 1.7.1 If M C R™ is a k—manifold then the tangent bundle
TM C R™ x R™ is a 2k—manifold.

Proof. If p € M then, because M is a manifold, there exist a diffeomor-
phism F : U — V from an open subset of R¥ onto a neighbourhood of p in
M. As observed above, the global differential dF' : TU — TV is a diffeo-
morphism. Since TU = U x R¥, and TV is an open subset of M, the map
dF is a local parametrization of T'M. a
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With the notion of tangent bundle at hand, we can give a new description
of vector fields. To any vector field X on a manifold M we can associate

the map - B
X:M—TM, X(p)=(p,X(p)).

Then we clearly have B
my o X = Idyy. (1.3)

Conversely, any map X : M — T M satisfying is given by a vector field
on M. Moreover, X is smooth if and only if X is smooth.

The following proposition provides an application of the concept of tan-
gent bundle.

Proposition 1.7.2 Let F : M — N be a diffeomorphism and X a smooth
vector field on M. Then there exists a unique smooth vector field Y on N
such that, for allp € M,

dFy(Xp) = Yrgp)-

This vector field Y is called the pushforward of X by F and is usually
denoted by F.X.
Proof. Uniqueness is obvious. To prove existence, define

Y =dFoXoF!

and let Y be the corresponding vector field. O
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Problems

1.1 Prove that R™ — {0} is diffeomorphic to the product S"~! x R for every
positive integer n.

1.2 Let M C R™ be a non-empty k—manifold. Show that the dimension &
is uniquely determined by M as a subset of R™.

1.3 Let U C R™ be an open set and F' : U — R" a smooth map. Let
I'e C R™ x R™ be the graph of F, i.e.

Ip:={(u,F(u)|ueU}.
Prove that I'r is an m-—manifold.

1.4 Let E C R™ be a k—dimensional affine subspace, i.e. E = p+ V for
some p € R™ and k—dimensional linear subspace V C R". Here,

p+V:={p+v|lveV}
Prove the following.

(a) If vq,..., v is a basis for V' then the map
k .
R - F, (a:l,...,gck) n—>p+2:z:lvi
i=1

is a diffeomorphism, hence F is a k—manifold.
(b) T,E =V forall g € E.

1.5 For i = 1,2 let A; C R™ and B; C R™ be arbitrary subsets, and
let F; : A; — B; be a smooth map. The product A; X Ay is a subset of
R™ x R™2  which we identify with R™ 2 and similarly for By x Bs.
Show that the map

F1 X Fg : A1 X A2 — Bl X Bg, (al,ag) —> (Fl(al),Fg(az))

is smooth. Moreover, if both F; and F5 are diffeomorphisms, then F; x Fo
is also a diffeomorphism.

1.6 Use the result of Problem [I.5] to prove Proposition [I.2.1

1.7 Let L C R? be the union of the non-negative parts of the coordinate
axes, i.e.

L= ([0,00) x {0}) U ({0} x [0,00)).
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Prove that L is not a manifold.
1.8 Given an integer n > 2, let
L :={(z,y) € R" x R"| z,y are linearly dependent}.
(a) Show that L' := L—{(0,0)} is a manifold and determine its dimension.

(b) Show that L is not a manifold.

1.9 Let © C R™ be an open set and ¢ : Q — R a smooth map. Fix p € Q
and let k := rank(dgy) be the rank of dg, (i.e. the dimension of its image).
Show that there is a neighbourhood W C 2 of p such that for all x € W
one has

rank(dg,) > rank(dgp).

1.10 (Lagrange multipliers) Let  C R™ be an open set, and let g : Q — R*
be a smooth map with components ¢',...,¢*. Let S := ¢g~'(0). Prove the
following.

(a) Given p € €, the gradients Vg'(p),..., Vg*(p) are linearly independent
if and only if p is a regular point for g.

(b) Suppose f : 2 — R is a smooth function such that f|s has a local
maximum or minimum at a point p € S. If Vg'(p),..., Vg¥(p) are linearly
independent then there are real numbers Aq, ..., A\; such that

k
Vip) =D AiVd'(p).
i=1

Hint: Use the result of Problem to show that there is a neighbourhood
W C R"™ such that S N'W is a manifold of dimension n — k. Observe that
dfp vanishes on 7}, and deduce that df,, factors through dgy, i.e. there is a
linear map A : R¥ — R such that dfy = Aodgy.

1.11 Let M C R"™ be a k—manifold. Suppose (X1,...,Xy) and (Y1,...,Y%)
are continuous frames on an open set V' C M. Let (a}) be the k x k matrix
of real-valued functions on V such that

7

Show that each function aé- is continuous, and aé- is smooth if both frames
are smooth.
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1.12 Forwvy,...,v,—1 € R?, where n > 2, the generalized cross product
v1 X -+ X Up_1 1S the unique element of R™ such that for every v,, € R™ one
has

det(vy,...,v,) = (V1 X -+ X Up_1,Vp),

where the left hand side is the determinant of the n x n matrix with columns
V1, ...,U,. Verify the following properties of this product.

(a) vy X -+ X vy is perpendicular to v; for i =1,...,n — 1.
(b) vy X --+ xwvy,—1 =0if and only if vy,...,v,—1 are linearly dependent.
(¢) |lv1 x -+ X vp_1]| = 1if {v;}i=1,..n—1 is an orthonormal (indexed) set.

1.13 Extend the proof of Proposition [1.6.1] given for n = 3 to the general
case n > 1. Moreover, explain why there is a one-to-one correspondence
between the set of orientations of S and the set of smooth unit normal fields
on S.

Hint: It may be convenient to use the generalized cross product from
Problem

1.14 Let H be the open right half-plane in the complex plane, i.e.
H :={z € C|Re(z) > 0}.
Let 2 C C be the complement of the non-positive part of the real axis, i.e.
1 :={z € C|Re(z) > 0 or Im(z) # 0}.

Show that the map
H—Q, z22

is a diffeomorphism.

1.15 The aim of this problem is to show that the Mobius strip M, defined
as
M :={(z*tz)|z € C, t € R, |2| = 1},

is a regular surface in C? = R*.

(a) Let ST be the open right hemicircle in S* C C, i.e.
Si :={z € S'|Re(2) > 0}.

Show that the map

F:SixR—= M, (2t (2% t2)
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is a local parametrization.
Hint: Let  be as in Problem Use the result of that problem to
construct a smooth map
G:Q—-CxR

such that G o F = 1d.

(b) Given g € S' C C, show that the map
C? = C* (v,w) — (¢*v, qw)

maps M diffeomorphically onto M. Combine this with (i) to conclude that
M is a regular surface.

1.16 Prove that the Mobius strip, as defined in Example is non-
orientable.

1.17 Let ¢ : M — M’ be a local diffeomorphism between n—manifolds, and
let Y’ be smooth vector field on M’. Show that there is a unique smooth
vector field Y = ¢*(Y’) on M such that for all p € M one has

dp(Yp) = Y-

1.18 Prove that the tangent bundle of the circle S! is diffeomorphic to
St x R.



Chapter 2

Lengths and distances

In this chapter we begin the study of the geometry of manifolds. Every
tangent space of a manifold M C R™ inherits a scalar product from R"”, and
this allows us to define the notion of an isometry between two manifolds as
well as the length of a smooth curve in M.

2.1 The first fundamental form

Let M C R" be a manifold. For every point p € M, the tangent space 1), M
inherits a Euclidean scalar product g, from the standard scalar product on
R™, i.e.

gp(v’ w) = <U’ w>

for v,w € T,M. The rule that assigns to each p € M the scalar product g,
is called the first fundamental form of M. One often writes I, instead
of gp.

The manifold M equipped with its first fundamental form is an example
of a Riemannian manifold. We will say more about this in Section [9.1

Suppose F' : U — M is a local parametrization and (Xi,...,X,) the
corresponding coordinate frame on V := F(U). For every p € V the vectors
Xi(p),...,Xn(p) form a basis for the tangent space T,M. Therefore, the
scalar product g, is completely determined by the positive definite, symmet-
ric matrix (g;;(p)) given by

9ij () = (Xi(p), X;(p))-

(For a proof that the matrix is positive definite, see Problem[2.1]) In concrete
calculations we will usually work with the corresponding functions g;; :=

23
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gij © F on the parameter domain U. For u € U we have X;(F(u)) = 0;F(u),
hence

9ij(u) = gij(F(u)) = (9 F(u), 0; F (u)).

From this we see that each function g;; : U — R is a smooth, hence g;; =
Gij © F~1:V — R is smooth, too.

Example 2.1.1 Let E be a k—dimensional affine subspace of R". Then E
has a global parametrization of the form

k
F:RF S E, (xl,...,xk)+—>p+2xivi,
=1

where p,v1,...,v € R® and vy, ...,v; are linearly independent, see Prob-
lem [[.4l Then
O;iF =vi,  Gij = (v, v;).

Example 2.1.2 Let M := R2. Polar coordinates provide a local parametriza-
tion
F:(0,00) x (0,27) = R?,  F(r,0) = (rcosf,rsinb).

We calculate

(97F
or

= (cosb,sin0), F_ (—rsind,rcosb),

30 =

where we have written %—f instead of %—f(r, 0) etc. for simplicity. This yields

. OF ||

g11 = H@r =1,

. N oF OF
=i = (G55 ) =0
_ oF >

go2 = Ha@ =7

Therefore,
- 1 0
(9i5) = ( 0 2 ) :

Example 2.1.3 We now consider the cylinder

S ={(z,y,2) e R¥| 22 +¢9? =1}
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This surface has a local parametrization
F:(0,2r) xR— S, F(0,h) = (cosb,sinb,h).

In this case,

OF : OF
30 = (—sin#,cos6,0), o (0,0,1),

@ =5 1)

In other words, for every u € U the differential dF,, maps the standard
orthonormal basis for R? onto an orthonormal basis for Tr(w)S, hence dF, :
R?2 — Trw)S is a linear isometry.

so that

Example 2.1.4 Spherical coordinates provide a local parametrization

F- (_g, g) x (0,27) — S F(0,¢) = (cosfcos ¢, cos @ sin ¢, sin 0).

We calculate

g—? = (—sinf cos ¢, — sin O sin ¢, cos 0),
gs: = (—cosfsin ¢, cos b cos ¢, 0),

from which we obtain

(Gij)

1 0
0 cos?@ |-

2.2 Isometries

A smooth map ¢ : M — M’ between manifolds of the same dimension is
called a local isometry if for every p € M the differential d¢, : T,M —
Ty M "is a linear isometry, i.e. for all v,w € T,M one has

{dgp(v), dgp(w)) = (v, w).

This implies that ¢ is a local diffeomorphism, because a linear isometry is
always injective and we assume that M, M’ have the same dimension.

A bijective local isometry is called an isometry . Clearly, every isometry
is a diffeomorphism.
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Example 2.2.1 The local parametrization F' in Example is a local
isometry.

Example 2.2.2 We will construct a local isometry Q — S, where S is the
cone
S :={(x,y,2) eR3|2® +¢y* =22 2 >0}

and Q C R? is the complement of the non-negative part of the z—axis, i.e.
Q:={(z,y) eR*|z < 0ory #0}.
As a stepping stone we use the open subset U C R? defined by
U:={(s,0) eR?|s >0, 0<6<2r}.
Fix a constant a > 0. We define a smooth map F' : U — S by
F(s,0) := (scos(af), ssin(ab), s).
We calculate

OF .
5 = = (cos(ad),sin(ah), 1),
oF

— = (—assin(af), as cos(ab), 0).

0
2 2
oF|F_, jOF 9P\ _ |oF | _
Js os’ 00/ o0 |
Since the matrix ((0;F,0;F)) is positive definite at every point (s,8) € U,

the map F' is a local diffeomorphism (see Problem . On the other hand,
for the map ¢ : U — Q given by

@(s,0) := (ascosf,assinb)

This yields

we find 96 96
e = (acosf,asinb), 90 = (—assinf, ascosf)
and )
00|z (90 00
Js ’ s’

For a = v/2 we therefore have
(O:;F,0;F) = (0;0,0;¢)

at every point (s,6) € U, hence Fo¢~!:Q — S is a local isometry.
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2.3 Parametrized curves

By a parametrized curve in a manifold M we mean a smooth map v : [ —
M where I C R is an interval. The image (1) is called the trace of the curve.
Such a curve v is called regular if 7/(t) # 0 for all t € I. If J is another
interval and u : J — [ a diffeomorphism then the curve you : J — M is
called a reparametrization of v. We say the reparametrization is forward
if w is increasing and backward if u is decreasing. The speed of v at a
point ¢ € I is the scalar ||7/(¢)||. If ||/ (¢)|| = 1 for all ¢ then we say ~ has
unit speed .

Lemma 2.3.1 Every regqular curve v : I — M has a unit speed forward
reparametrization.

Proof. Choose sg € I and define f : I — R by

16)5= [ Il ar

Then
f'(s) =11 (s)l >0,
so f is strictly increasing, and the image J := f(I) is an interval. The

inverse function

wi=f 1 J—1T

satisfies
W (t) = 1 B 1
fu@) Y (w@)I
By the chain rule,
7 (u(t))
(You)'(t) =u'(t) 7' (ult)) = 77—
[l (w(®))]]
Hence, the reparametrized curve v o u has unit speed. d

The length of a smooth curve ~ : [a,b] — M is defined by

b
L] = / I/ (0)] dt.

Lemma 2.3.2 Every reparametrization of v has the same length as .
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Proof. Let u : [d',V] — [a,b] be a diffeomorphism. Then either u/(t) is
either always positive or always negative, so
u' = elu]
for some constant € = +1. By the chain rule,

(vou)'(t) = u'(t) (u(t)),

so we get
b/
Lhyoul = [ W] I @®) di
b/
—c [ )
u(b’) .
—c[ s
u(a’)
b
= [V @ls
= L[] O
Problems

2.1 Let M be a manifold and U C RF an open subset. Let F : U — M be
a smooth map. For a fixed z € U let A = (a;;) be the symmetric matrix

Ajj = <81F(CL‘), @F(x))
Prove the following.
(a) For all v,w € R¥,

(v, Aw) = (dFy(v),dF,(w)).

(b) All eigenvalues of A are non-negative.

(c) A is positive definite (i.e. all eigenvalues are positive) if and only if the
differential dF) is injective.

2.2 Show that the map

¢:R: = St xSt (s,t) — ((cost,sint), (cost,sint))
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is a local isometry.

2.3 Let ¢ : M — M’ be a smooth map between manifolds of the same
dimension. Show that ¢ is a local isometry if and only if ¢ preserves the
length of curves in the following sense: For every smooth curve « : [a,b] — M
one has

Llp on] = L.
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Chapter 3

Classical surface theory

In 1827, Carl Friedrich Gauss published the paper [3] where he introduced
what is now called ’Gauss curvature’, a real-valued function defined on any
regular surface in R3. His Theorema Egregium (remarkable theorem) states
that Gauss curvature is preserved by local isometries.

In this chapter we define Gauss curvature and study it for two special
classes of surfaces, namely ruled surfaces and surfaces of revolution. A
modern proof of the Theorema Egregium will be given in Chapters [4] and

This chapter owes much to the exposition in [IJ.

3.1 Gauss curvature

Let S C R? be a regular surface. The Gauss curvature K : S — R
is defined as follows. Given p € S, choose a smooth unit normal field N
defined in a neighbourhood W of p in §. We now look at the differential of
N as amap W — S2. Because

Ty S* = N(p)*© =T,5,

the differential
ANy : TpS = TS

is in fact an endomorphism of 7},S (i.e. a linear map of 7},S into itself). The
Gauss curvature at p is defined to be the determinant of this endomorphism,
ie.

K(p) = det(dNp).
Then K(p) is independent of the choice of N, because
det(d(—N),) = det(—dN,) = det(dN,).

31
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The linear map
Wy, = —dN,, : T,S = TS

is called the Weingarten map. Clearly,
det(W,) = det(dN,) = K(p).
The bilinear map
I, : T,S x T,S = R, (u,v) = (Wpy(u),v)

is called the second fundamental form relative to the normal field N.

Our next goal is to describe the second fundamental form and the Gauss
curvature in terms of a local parametrization F : U — S, where U C R?
is an open set. Let X7, X5 be the corresponding coordinate vector fields on
V := F(U), and let N be a smooth unit normal field on V. For p € V, the
second fundamental form I, is completely determined by the 2 x 2 matrix
(hij(p)) given by

his () = I,(Xi(p), X, (p)).

In calculations we will often work with the corresponding functions izij =
hijo F on U. For u € U, p = F(u) we find

hij(u) = y(9,F (u), 0;F (w)) = (Wy(iF (u)), 8, F ().
Let R
N:=NoF:U — R
Proposition 3.1.1 hy; = (3;0;F, N).
Proof. For any u € U, the partial derivative J;F' (u) lies in the tangent
space Tp(,)S whereas N(u) is perpendicular to it, hence (0;F,N) = 0.
Differentiating this equality we get

0= 0;(0;F, N) = (0;0;F, N) + (9;F, 9;N).
Let p := F(u). The chain rule gives
(O:N)(u) = Bi(N o F)(u) = dN(8iF (u)) = =Wp(9;F(u)).
Putting this together we get
(0i0;F (u), N(u)) = (9 F (w), Wp(9:F (w))) = hij(u). O

Since 0102 F = 0901 F, the proposition shows that ing = iLQl, and simi-
larly
hi2 = has.
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Corollary 3.1.1 For every p € S, the Weingarten map Wy, : T,,S — T,S is
self-adjoint, i.e. for all v,w € T,S one has

(Wp(v), w) = (v, Wp(w)).

Proof. After choosing a local parametrization of .S around p, the corollary
follows because hia = ho; and Xi(p), X2(p) form a basis for 7,,5. O

The eigenvalues r1, ko of W), are called the principal curvatures of S
at p. We observe that

K(p) = det(W,) = KiK.

The components of the first and second fundamental forms make up two
symmetric 2 X 2 matrices G = (g;5) and H = (h;j). We now express the
Gauss curvature K of S in terms of the determinants of these matrices.

det(H)

Th 3.1.1 K = .
eorem det(C)

More precisely, this equation holds on V' = F(U), where F': U — S is
the local parametrization used to define G and H.
Proof. Given p € V, let e; = X;(p). Then (e, ez) is a basis for 7,5, and
9i5(p) = (ei, €5).

Let A = (a;j) be the matrix of the Weingarten map W), with respect to this
basis, so that
Wpej = Zaijei.
i

Then
hij(p) = (Wpeirej) = (> arier, e5) = > gjk(p)ari-
k ks

Writing G instead of G(p) and similarly for H, we recognize the last sum as
the (ji) entry of the matrix product GA. This means that the transpose of
His
HT = GA,
hence
det(H) = det(H”) = det(G) det(A).

Recalling that K (p) = det(A) and det(G) # 0, this proves the theorem. O
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In calculations one often works with K := K o F': U — R. In terms of
the matrices

G = (gy), H = (hij)
the theorem can be rephrased as

det(H)
det(G)

K= (3.1)

Since one often chooses
~ 81F X 82F

N=_—-_""_
||81F X 82F||

the following lemma may be useful.
Lemma 3.1.1 det(G) = |0 F x 9o F||%.
Proof. The cross product on R? satisfies
lux ol* = [|ul*[v]|* = (u,v)
for all u,v € R3. This yields
|61F x 02 F||* = |01 F|*|02F||* — (1 F, 85 F)?
= G11g22 — (G12)*

=det(G). O

3.2 Some geometric properties of Gauss curvature

Proposition 3.2.1 Let S C R? be a regular surface. Suppose p € S and
r > 0 s a constant such that

o ||lz|| <7 forallze S,

e [lpll =r.

Then )
K(p) > —=.
p) 2 5
Proof. Let N be a smooth unit normal field defined in a neighbourhood
W of pin S. Let v € T,,S and choose a smooth curve 7 : (—¢,€) — W such
that

7(0) =p, +'(0) =w.
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We consider the function
1 2
7t = SO
The first two derivatives are

(@) = (Y(t),~(1)),
S = (@), 7)) + 1Y (@)1

Because f has a maximum at ¢t = 0, we have
(i) 0= f'(0) = (v, p),
(i) 0> f"(0) = (+"(0),p) + [lv]*.

Since (i) holds for all v € T,,S, we have p L T,S, so we may assume that

N(p) = —p/r. Now observe that
0= (y'(t), N(v(t)))
for all ¢, so
0= %(7’(15),]\7(7(?5)» = (7"(1), N(v(£))) + (7 (1), AN, 1) (' (1)))-

For ¢t = 0 we get

(v, Wy(w)) = (0 (0), N (o) = = ("(0), ) 2 o,

where the inequality follows from (ii) above. If v is in fact an eigenvector of
W, say Wp(v) = kv, then

1
Kl[v]|> = (v, Wy(v) > ;HUH27
so k > 1/r. Now let k1, k2 be the eigenvalues of W,. Then

1
K(p)zlilligzﬁ. O

Corollary 3.2.1 If S C R? is a compact, non-empty reqular surface then
there is a point p € S such that K(p) > 0.
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Proof. Let p be a point on S where the function
SR, z|z|?

has a maximum, and let = ||p||. Since S is a surface, it cannot consist of
the origin alone, hence r > 0. Therefore,

1

The following theorem describes a surface locally as the graph of a func-
tion.

Theorem 3.2.1 Let S C R3 be a regqular surface, p € S, and &1, &9,&3 an
orthonormal basis for R such that &1,& € 1,S.

(1) There exists a local parametrization of S around p of the form
Fu',v®) = p+u'& + v’ + f(u',u?)és,
where f: U — R is a smooth function satisfying

£(0,0)=0; 9;£(0,0)=0 fori=1,2.

(ii) If F is any local parametrization as in (i) then the Gauss curvature of
S at p agrees with the determinant of the Hessian matriz of f at the
origin, i.e.

K(p) = det(é?iajf(o, 0))

Proof. (i) Let m : R® — R? be the linear map defined by

3
v (Z a’&) = (a',d?)
i=1

for a® € R. Let
$:8 =R% z— 7w(x—Dp).

At any point z € S the differential of ¢ is the restriction of , i.e.
doy(v) = w(v)

for v € T,S. Therefore, d¢, maps the basis £1,&> for T),S to the basis
(1,0),(0,1) for R?, so d¢, : T,S — R? is an isomorphism. By the inverse
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function theorem, Theorem ¢ maps some neighbourhood V of p in S
diffeomorphically onto a neighbourhood U of (0,0) in R2. Let

F=¢"t:U—=V

For any point (u',u?) € U we can express F(u', u?) — p in terms of the basis
&1, &, &3 for R3. This gives rise to real-valued functions f!, f2, 3 on U such
that

Flul ) —p=3" Filul u)é:
Applying 7 to both sides of this equation we get
fiut,u?) =t i=1,2.
Writing f := f3 we then have
Fu',v?) = p+u'& +u’& + f(u',u?)es.
Since F'(0,0) = p we have f(0,0) = 0. The partial derivatives of F are
OiF =& +0if - &.

Because the vectors &1, &2 and 0;F(0, 0) lie in the tangent space T}, whereas
&3 does not, we must have 0;f(0,0) = 0.

(i) Let G = (§i;) be the matrix of the first fundamental form. Since
9;F(0,0) = & we see that G is the identity matrix. Choose a smooth unit
normal field NV defined in some neighbourhood of p in S such that N(p) = &3,
and let H = (h;;) be the matrix of the second fundamental form relative
to N. The second order partial derivatives of F' are

0;0;F = 0;0; f - &3,

hence

Thus, H(0,0) is the Hessian matrix of f at the origin, so

~ det(H(0,0))

K= @ 0.0))

= det(&lajf(0,0)) U

The theorem provides a geometric interpretation of Gauss curvature, at
least at points where it is non-zero. If S is a regular surface, a point p € S
is called elliptic if K(p) > 0 and hyperbolic if K(p) < 0. Near p, the
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Figure 3.1: Surfaces with Gauss curvature K < 0 (left) and K > 0 (right).

surface can be approximated by an elliptic paraboloid if K(p) > 0 and an
hyperbolic paraboloid (or saddle surface) if K(p) < 0.

If E is any affine plane in R? then R? — E has two connected components.
A subset A C R? is said to lie completely on one side of E if A is
contained in one of the connected components of R? — E. From the last
theorem we obtain the following corollary.

Corollary 3.2.2 (i) If K(p) > 0 then p has a neighbourhood V in S such
that V' — {p} lies completely on one side of the affine tangent plane
p+1,S.

(ii) If K(p) < 0 then any neighbourhood of p in S contains points from both
sides of p+T,S. O

3.3 Ruled surfaces

A regular surface S C R? is called a ruled surface if around every point in
S there is a local parametrization of the form

F:IxJ—=S, (ts)—c(t)+ sv(t),
where I, J are open intervals and
c: I >R v:I-R?
are smooth functions such that v(¢) # 0 for all ¢.

Example 3.3.1 If C C R? is a regular curve then the product S := C xR C
R3 is a regular surface called a generalized cylinder. If v : I — C is a
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local parametrization then
F:IxR—=S, (ts)— (v (t),~*(t),s)
is a local parametrization of S. In this case, one can take

C(t) = (71(t)772(t)70)7 v(t) = (0707 1)'

Example 3.3.2 Let C C R? be a regular curve contained in an affine
plane E, and let p € R? — E. Then

S:={(1-s)a+spls<1,acC}

is a regular surface called a generalized cone. If ¢ : I — C is a local
parametrization then

F:Ix(—00,1)= S, (t,s)— (1—s)c(t)+sp
is a local parametrization of S (see Problem [3.2)). Rewriting F'(¢,s) as
F(t,s) = c(t) +s - (p — c(t))
and taking v(t) = p — c(t) we see that S is a ruled surface.

Example 3.3.3 The hyperbolic paraboloid
S :={(x,y,2) e R¥| 2z = zy}
has a global parametrization
F:RxR—=R3 (t5)— (ts,ts).

Rewriting
F(t,s) = (¢,0,0) + s(0,1,¢)

we conclude that S is a ruled surface.
Proposition 3.3.1 Any ruled surface S C R® has Gauss curvature K < 0.

Proof. We will apply Theorem to a local parametrization of S of
the form

F(t,s) = c(t) + sv(t).
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We observe that 0202 F = 0, so by Proposition we have hgs = 0.

Therefore,
o hi1 hao
= )

hence det H = —h?, < 0. Because the matrix G = (g;;) has positive deter-
minant, Theorem yields

K- det(H)

= < 0. O
det(@) ="

3.4 Surfaces of revolution

Let C C R? be a regular curve contained in the right half-plane, i.e. every
point in C has the form (z, z) with > 0. If we regard C as a curve in the
zz-plane in R? and rotate it around the z-axis, it sweeps out a surface of
revolution. A precise definition is

S:={(zcosb,xsinb,z)|(x,z) € C, § € R}.
Lemma 3.4.1 If S is a surface of revolution as above then the map
f:Cx8— S, ((x2),(a,b)— (az, bz, 2)
is a diffeomorphism. Therefore, S is a regular surface.

Proof. The map f is clearly bijective, and its inverse

f‘%ww):((m’“’)’( : : >>

VuZ + 02 VuZ + 02

is also smooth. O

For (p,z) € C x S!, the curve f({p} x S') is called a parallel of S, and
the curve f(C x {z}) is called a meridian of S.

Example 3.4.1 For 0 < b < a we consider the circle
C:={(z,2)] (x — a)® + 2% = b*}.
The corresponding surface of revolution is a torus, diffeomorphic to S x S1.

Let again S be an arbitrary surface of revolution and v : I — C' a local
parametrization, where I is an open interval. Let 7, h be the components of
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7, so that v(t) = (r(t), h(t)). It follows from Lemma that for any open
interval J of length at most 27 the map

F:IxJ—=S, (t0)— (r(t)cosf,r(t)sind, h(t)) (3.2)

is a local parametrization. We will now use this to calculate the Gauss
curvature of S. We find

OF . SN e i
5= (7(t) cos 0, 7(t) sin 0, h(t)),
OF ' (3.3)
50 = (—r(t)sind,r(t) cosh,0),
which yields
g ="rO)7+ht)? §12=0, gaa=r(t)* (3.4)
Furthermore,
OF 8F . ; . :
B 89 = (—=r(t)h(t) cosO, —r(t)h(t) sin O, r(t)r(t)),
det(G HaF OF I _ (0 + h(t)?).

We now take

g % X %—g _ (—h(t) cos 0, —h(t) sin6,7(t))
= B 9 — . ’
15 > S5l P(t)2 + h(t)?

In order to compute the components Bij of the second fundamental form we
first calculate the second order partial derivatives of F'.

2 ..
%f; = (#(t) cos @, 7(t) sin 0, h(t)),
2
gtal; = (—7(t)sinf,7(t) cosh,0),
0*F

57 = (—r(t)cos@,—r(t)sinb,0).
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The components fzij turn out to be independent of 8, so we drop %, 0 from
notation. We get

- —ith 4 7h
11 = ——F/7—
V72 4+ h?
hia =0,
- rh
hoy = ————,
V2 4+ h?
and . .. .
~ h(rh — 7h
det (1) = T = )
72 + h?

Combining this with (3.1]) we obtain

det(H) _ h(ih —ih)

K= St O
det(G)  r(72 + h2)?

(3.5)

This formula simplifies a lot if we assume that the parametrized curve v has
unit speed.

Proposition 3.4.1 Let C be a reqular curve in the open right half-plane
and S the corresponding surface of revolution. Let ~(t) = (r(t),h(t)) be a
local parametrization of C. If v has unit speed, i.e. if 72+ h? = 1, then
for any local parametrization F' of S as in the Gauss curvature of S
satisfies

R(t,0) = -0

Proof. Differentiating the equation 72+ h? =1 we get 2(77 + hh) = 0.
Substituting for Ah in (3.5) we find that

B c1 7 _..'2 S _..‘2 .
i 7(hh) — ih _ 7(—r#) — ith _ g
r r r

The last proposition can be used to classify surfaces of revolution with
constant Gauss curvature. We will carry out this classification for K < 0,
leaving the analogous cases K = 0 and K > 0 to the reader, see Problem [3.7]
We prove the result in two parts: First existence, then uniqueness.
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Proposition 3.4.2 Let c,w be positive real numbers. If C' is the plane curve
parametrized by one of the functions v(t) = (r(t),h(t)) listed in (I)-(III)
below, then the corresponding surface of revolution S has constant Gauss

curvature K = —w?.

(I) r(t) = csinh(wt), h(t) = /0 \/1 — c2w? cosh?(wz) dz,

(II) r(t) = ccosh(wt), h(t) = /t \/1 — 2w? sinh?(wz) dz,
0

t
(III) T(t) = ewt7 h(t) = / md% where tg = —loiw.
to

In (I) the functions are defined for all t > 0 for which cwcosh(wt) < 1,
whereas in (II) they are defined when —1 < cwsinh(wt) < 1. In (III) the
functions are defined for t < tg.

Proof. In each case it is easily verified that 72 +h? =1and 7 = w?r. O

The surface of revolution obtained from the curve in case (III) is called
the pseudosphere.

vx?7

Figure 3.2: The surfaces of revolution described in Theorem [3.4.2] (I)-(I1I),
where ¢ = 1/4 in the leftmost surface, and ¢ = 1/2 in the middle one. The
rightmost surface is the pseudosphere.

Proposition 3.4.3 Let C be a connected regular curve in the open right
half-plane such that the corresponding surface of revolution S has constant
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Gauss curvature K < 0. Then there is a transformation 1 : R> — R? of the
form

w(m7 y7 z) = (x7 y? €z —"_ ZO)’

where € = £1 and zy € R, such that ¥(S) is an open subset of one of the
surfaces of revolution obtained in Proposition|3.4.9

Proof. Suppose K = —w?, where w > 0. By Corollary S cannot be
compact, hence C is not compact. One can show that every connected 1-
manifold is diffeomorphic to either S or R. It follows that C' is diffeomorphic
to R, so by Lemma it admits a global parametrization v : I — C of
unit speed for some open interval I. Let v(t) = (r(t), h(t)) as before. By
Proposition we must have

Pi(t) = wir(t).

From the theory of ordinary differential equations we know that there exist
real numbers a, b such that

r(t) = acosh(wt) + bsinh(wt).

We now distinguish between three cases.

Case 1: a2 < V2. Let
a2
C .= b 1-— b72

Then ¢® = b> — a®. Let t; be the unique real number such that
sinh(wt;) = a,
c
Because coshz > 0 and cosh? 2 —sinh? = 1 for all real numbers z, we have

b
cosh(wty) = -

Applying the addition formula for sinh x we find that
r(t) = esinh(w(t + t1)).
We may clearly assume t; = 0. Then

r(t) = esinh(wt), 7(t) = cw cosh(wt).
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We may also assume ¢ > 0 (otherwise we consider instead the reparametrized
curve y(—t)). Since we require r(¢) > 0, we need ¢t > 0. By assumption,
72 + h? = 1, hence

h(t) = 6\/1 — 2w? cosh?(wt)

for some constant ¢ = +1, and

¢
h(t) = ho + 6/ \/1 — 2w? cosh?(wz) dx
0

for some real number hg.
Case 2: a? > b%. This is analogous to Case 1. Let

/ b2
c:=a 1—?.

Then ¢? = a®? — b%. Let t; be the unique real number such that
sinh(wty) = 9
c
Then cosh(wt;) = a/c. From the addition formula for cosh we see that
r(t) = ccosh(w(t + t1)).
We require r > 0, so ¢ > 0. We may assume that t; = 0, so that
r(t) = ccosh(wt), 7(t) = cwsinh(wt).

As in Case 1, this yields

t
h(t) = ho + e/ \/l — 2w? sinh?(wz) da
0

for some € = £1 and hy € R.
Case 3: a? = b, or equivalently, a = +b. After perhaps replacing 7(t)
with v(—t), we can arrange that a = b. Then

7(t) = a(cosh(wt) + sinh(wt)) = ae“".

Since r > 0, we must have a > 0. After replacing y(t) by v(t — w™!loga)
we have
r(t) = e, 7(t) = we .
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Then

h(t) = eV/1 — w2e2t

for some constant € = 41. For the formula for i (t) to be well-defined, we

need t < ty, where ty = —lof)w. In addition, « is to be defined on an open

interval, so we actually need t < tg. For such ¢t we have

t
h(t) = ho + 6/ V1 —w?e? dx,
to

for some hg € R. O

Problems
3.1 Let
S :={(z,y,2) €R¥|azyz =1 and z,y, 2 > 0}.
(a) Show that S is a regular surface.
(b) Calculate the Gauss curvature of S.

3.2 Verify that every generalized cone as in Example [3.3.2] is a regular
surface.

3.3 Let F(t,s) = c(t) + sv(t) be a local parametrization of a ruled surface.
Show that

K(F(t,s)) <0<=¢(t),v(t),0(t) are linearly independent.

3.4 Show that the hyperbolic paraboloid of Example has K < 0.

3.5 Show that every generalized cylinder and every generalized cone has
K =0.

3.6 Let S be the torus of Example [3.4.1l Find all points p € S where
K (p) > 0 and all points where K (p) < 0.

3.7 Classify surfaces of revolution with constant Gauss curvature K > 0
or K =0, i.e. state and prove the analogues of Propositions [3.4.2 and
in these cases.

3.8 (For readers familiar with covering spaces) Let S C R? be non-empty,
compact, connected, orientable regular surface with K > 0. Show that S is
diffeomorphic to S2.
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Hint: Choose a smooth unit normal field N : S — S2. Verify that N is
a covering map. Recall that S? is simply connected.
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Chapter 4

The covariant derivative

To any pair X,Y of smooth vector fields on a manifold M C R™ we will
introduce two new smooth vector fields on M, the Lie bracket [X,Y] and
the covariant derivative VxY. The latter provides a way to differentiate Y
with respect to X, and its definition involves the scalar product on R”. The
covariant derivative will be used to define the Riemannian curvature tensor
in Chapter ] A main result of the present chapter says that the covariant
derivative is intrinsic in the sense that it can be expressed in terms of the
first fundamental form. This fact will be essential for the proof of Theorema,
Egregium.

The Lie bracket [X, Y] agrees with VxY — Vy X, but its definition does
not refer to the scalar product on R".

4.1 Directional derivatives

For any vector field X on a manifold M and smooth function h: M — R™,
the directional derivative

8xh:M—>Rn

is defined by
(Oxh)(p) := (dhp)(Xp).

Proposition 4.1.1 If X is a smooth vector field on the manifold M and
h: M — R™ is smooth then the directional derivative Oxh is also smooth.

Proof. Suppose M C R™. Given p € M, we can find a neighbourhood
W of p in R™ and smooth functions

X:W=SR™ h:W-oR?

49



50 CHAPTER 4. THE COVARIANT DERIVATIVE

such that on M N W we have X = X and h = h. Let X have components
(X!, ...,X™). For any point ¢ € M N W we have

Ixh(q) = dhe(X,) = d?lq(j(q) = ZXl(Q) - Oih(q).
Since the functions X* and 9;h are smooth, we conclude that dxh is smooth
on MNW. O

Lemma 4.1.1 Let X and Y be vector fields on a manifold M. For any
smooth functions f: M — R and g,h : M — R" the following hold.

(i) Ox(g+h) = Oxg + Oxh.
(it) Ox(fh) = (Ox f)h + fOxh.
(iii) Oxsyh = Oxh + dyh.
(iv) dxh = fOxh.

Proof. Parts (i) and (ii) are left as exercises for the reader. Parts (iii)
and (iv) follow from the linearity of the differential dh, at any point p € M.
For instance,

(Orxh)(p) = dhy(f ()X (p)) = f(p) - dhp(X (p)) = (fOxh)(p). D

Lemma 4.1.2 Let M be a k—manifold. For any smooth map h : M —
R™ and local parametrization F : U — M with coordinate vector fields
X1,..., X the following hold for any i, 7.

(i) (Ox,h) o F = 0j(ho F).
(ii) (9x,0x,h) o F = 8,0;(h o F).
(iit) (0x,X;) o F = 0;0;F.
Proof. (i) For v € U and p = F(u) we have
(0x,0)(p) = dhy(Xi(p)) = dhp(9iF (u)) = Bi(h o F)(w),

where the last equality follows from the chain rule.
(ii) Applying (i) twice we get

(0x,0x;h) o F = 0;((0x,h) o F') = 0;0j(h o F).
(iii) Take h = X; in (i). O
Corollary 4.1.1 0x,X; = 8Xin.
Proof. This follows from part (iii) of the lemma because 0;0; F = 0;0;F .
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4.2 The Lie bracket

Given smooth vector fields X, Y on a manifold M, the directional derivative
OxY will in general not be a vector field on M. However, the Lie bracket

[X,Y] = 0xY — &y X (4.1)

turns out to be a vector field. This is a consequence of the following propo-
sition, which tells us how to compute the Lie bracket in local coordinates.

Proposition 4.2.1 Let X,Y be smooth vector fields on a k—manifold M.
If Xq,..., Xy are coordinate vector fields on an open subset V' of M and

Xly =) d'Xi, Yly=> VX, (4.2)
i J

for (smooth) real-valued functions a', b on V, then

[X, Y”V = Z(a’&xllﬂ — biaxia,j)Xj.
ij

Proof. We calculate

OxY)ly =Y _a'ox, (VX)) = ((a'0x,V)X; + a'b/ Ox, X;).
Applying Corollary to OxY — Oy X, the terms involving directional

derivatives of the coordinate vector fields cancel out, and we obtain the
formula in the lemma. O

Example 4.2.1 By Corollary one has
(X, X;]=0
whenever Xi,..., X} are coordinate vector fields on an open set in M.

Proposition 4.2.2 For any smooth vector fields X, Y on a manifold M and
smooth function f: M — R one has

Axy)f = Oxy | — dyox . (4.3)
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Proof. In a neighbourhood of any point in M we can express X and Y
in terms of coordinate vector fields as in (4.2)). In that neighbourhood we
then have

OxOyf = a'dx,(V0x,f) = (a'Ox,l - Ox, f + a'bOx,0x, f).
ij ]

By LemmaM(ii) we have 0x,0x; f = Ox,;0x, f. Applying this to Ox 0y f —
Oy Ox f, the terms involving second order directional derivatives cancel out.
Comparing the resulting formula with the expression in Proposition [4.2.1
we obtain (4.3). O

Proposition 4.2.3 Let X,Y be smooth vector fields on a manifold M and
f: M — R a smooth function.

(1) [f X, Y] = f[X, Y] = (9v f)X.
(i) [X, fY] = fIX, Y]+ (Ox f)Y.

Proof. See Problem O

4.3 The covariant derivative

Let M C R™ be a d-manifold. For any p € M let
I, : R" = T,M

be the orthogonal projection. Given a function f : M — R", the tangential
part of f is the vector field f'*" on M defined by

F¥ p) =T, (f(p))-

Proposition 4.3.1 If f : M — R™ is smooth then the tangential part f'"
1$ also smooth.

Proof. Given p € M, choose a smooth frame on some neighbourhood
V of pin M. Applying the Gram-Schmidt process to this frame produces
a smooth orthonormal frame (Fi,...,FEy) on V, where “orthonormal”
means that (Ey(z),..., Eq4(x)) is an orthonormal basis for T, M for every
xz € V. On V one then has

d

ftan = Z(fa EZ>E17

=1
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proving that f**" is smooth on V. O

Example 4.3.1 Given pe€ M C R" and v € T,M, let h : M — R™ be the
constant map h = v. Then X := h'™ is a smooth vector field on M with
Xp = .
If X,Y are smooth vector fields on M then the covariant derivative
VxY is the smooth vector field on M defined by
VxY = (OxY)™",

One can also define the covariant derivative at a point: If p € M and
v € T,M then we define

Vpo¥ = IL(dY,(v)).
If v = X, we therefore have (VxY)(p) = V,,Y.

Proposition 4.3.2 For any smooth vector fields X,Y,Z on M and smooth
function f: M — R one has

(i) Vx(Y + Z) = VxY + Vx Z.

(i) Vx(fY) = (0xf) Y + fVxY.
(iii) VxiyZ =VxZ +VyZ.

(iv) VixZ = fVxZ.

(v) Ox(Y,Z) = (VxY, Z) 4+ (Y,VxZ).

Proof. Left to the reader. O

Proposition 4.3.3 For any smooth vector fields X and'Y on M one has
VxY - VyX =[X,Y].
Proof. Take tangential parts on both sides in Equation O

Proposition 4.3.4 If{X;} are coordinate vector fields on an open set in M
then

VXin = VXin.
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Proof. This follows from Corollary by taking tangential parts. O

Let (X1,...,X4) be a coordinate frame on an open subset V. C M. Recall
that (Xi(p), ..., Xa(p)) is a basis for the tangent space T, M for every p € V.
Any vector field X on V can therefore be expressed uniquely on the form

d
X=> dX,
=1

for some functions a’ : V' — R. In view of Proposition the covariant
derivative on V is therefore completely determined by the collection of vector
fields Vx, X;. On the other hand,

Vx, X;=> T5X, (4.4)
k

for some smooth functions I fj : V — R called Christoffel symbols. Note
that

k k
Fij = Fji
by Proposition
Recall that the components of the first fundamental form are
9ij = (Xi, Xj).

Let (g%) be the inverse matrix of the 2 x 2 matrix (g;;), so that

. 1 ifi=k
E Ik — )
: 9i59 {0

else.
. 1
Proposition 4.3.5 I’fj =3 Zgu(axigjg + 0x,9ie — 0x,9ij)-
¢

Proof. We calculate
Ix,9jk = Ox; (X, Xi)
= (ViXj, Xp) + (X, ViXy)
= <Z F;?Xm7Xk> + <Xj7 ZF% m)

m

m
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We now make cyclic permutations of the indices i, j, k to obtain three equa-
tions:

0x,9jk = Z (FZL Imk + ik gjm) »

m

OX, Gki = Z (T5% gmi + L7 gkm) »
m

0x,9ij = Z (TR 9mj + T gim) -
m

Adding the first two equations and subtracting the last one we see that four
terms cancel and we are left with

Ox,95k + 0x, 9k — 0x,9i5 =2 > T gk
m
which yields

1
Ty =Y T gom = B > g"M0x,95 + Ox,9u — Ox,9i5). O
Im l

Proposition 4.3.6 Let S C R? be a regular surface with local parametriza-
tion F' : U — S and corresponding coordinate vector fields X1, Xs. Let N
be a smooth unit normal field on F(U). If u € U and p = F(u) then

8;0;F (u Zr p) + hij(p)N (p),

where (hi;) are the components of the second fundamental form.

Proof. Expressing dx, X in terms of its tangential and normal parts we
get

9;0;F (u) = (0x,X;)(p)
= (Vx; X;)(p) + (9:0;F (u), N(p))N (p)
—ZF (P)Xk(p) + hij(p)N(p). D

Problems

4.1 Let M be a manifold and f : M — R a smooth function such that
Ox f = 0 for all vector fields X. Prove that f is locally constant, and f is
constant if M is connected.
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4.2 Prove Proposition [£.2.3]

4.3 Let E C R™ be an affine subspace (cf. Problem . Let X,Y be
smooth vector fields on . Show that VxY = dxY.

4.4 Let ¢ : M — N be a local isometry between manifolds, and let X, Y be
smooth vector fields on N. Show that

¢*(VxY) = Vpx (8Y),

where pull-back of vector fields by ¢ is as described in Problem



Chapter 5

The Riemannian curvature
tensor

In this chapter we introduce the Riemannian curvature tensor, which is de-
fined for any (Riemannian) manifold, and prove that it is preserved by local
isometries. For regular surfaces in R? we will express the Gauss curvature in
terms of the Riemannian curvature tensor and deduce that the Gauss curva-
ture is also preserved by local isometries. The latter result is the Theorema
Egregium (remarkable theorem) of Gauss.

5.1 Some algebra

Let Eq,..., Ey, F be modules over a ring R. A map
T:-EixX--xE, > F
is called R—multilinear (or multilinear over R) if it is linear in each
variable separately, i.e. if for any a; € E;, i = 1,...,k and index j the map
Ej-)F, bl—)T(al,...,aj_l,b,aj+1,...,ak)
is R-linear.
For any manifold M, the collection C*°(M) of all smooth functions

M — R is a commutative ring where addition and multiplication are de-
fined pointwise: If f,g € C°°(M) and p € M then

(f+9) ) =f) +9), (f9)p)=rfPap).

An example of a module over C*°(M) is the collection X(M) of all smooth
vector fields on M, where addition of vector fields as well as multiplication
of a vector field with a function are defined pointwise.

o7
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5.2 The Riemannian curvature tensor

As motivation, we first consider the case when M is an affine subspace
of R™. Then VxY = 0xY for any smooth vector fields X,Y on M. If Z
is a third smooth vector field on M then by applying Proposition to
each component of Z we get

For an arbitrary manifold M, the Riemannian curvature tensor as-
sociates to every triple X,Y, Z of smooth vector fields on M the smooth
vector field

R(X,Y)Z = VXVYZ - VYVXZ - V[X7y]Z

Thus, if M is an affine space then R = 0. We are going to show that the
Riemannian curvature tensor is preserved by local isometries, hence it pro-
vides a measure of how much a given manifold deviates from being locally
isometric to a Euclidean space. We will also express the Gauss curvature K
in terms of R, proving that Gauss curvature is also preserved by local isome-
tries.

Proposition 5.2.1 The map
X(M) x X(M) x X(M) — X(M), (X,Y,Z)— R(X,Y)Z
is multilinear over C*°(M).

Proof. This is a straightforward application of Propositions [4.2.3] and
Additivity in each variable is obvious. Now let f € C°°(M). Then

R(fX,Y)Z = fVxVyZ —Vy(fVxZ) — Vf[X,Y}fayf-X(Z)
=fVxVyZ =0y f -VxZ — fVyVxZ — fVixy)Z +0vf -VxZ
— FR(X,Y)Z.

Furthermore,

R(X,fY)Z =—-R(fY,X)Z=—-fR(Y,X)Z = fR(X,Y)Z.
The proof that R(X,Y)(fZ) = fR(X,Y)Z is left as an exercise. O
Proposition 5.2.2 For all smooth vector fields X,Y,Z, W on M one has

(R(X,Y)Z,W) = —(Z, R(X,Y)W).
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Proof. We calculate
OxO (Z, W) =0x((VyZ,W) + (Z,NyW))
= <vayZ, W> + <Vyz, wa>
+ <sz, VyW> + <Z, VvaW>.
In the final expression, the sum of the second and third terms is symmetric
in X and Y. If we make the same calculation with X and Y interchanged

and subtract the results, the terms involving first-order covariant derivatives
therefore cancel out, and we obtain the following.

Oxy|(Z, W) = OxOy(Z,W) — Oy Ox(Z, W)
— (VxVyZ — VyVxZ,W) + (Z,VxVyW — Vy VW),

Combining this with
Ixy(Z, W) = (Vixy1Z, W) +{Z,Vix yiWV)
we obtain the proposition. O

The previous proposition makes it possible to define the Riemannian
curvature R, at any point p in M, as we now explain. For any finite-
dimensional real vector space V equipped with a scalar product let so(V)
denote the space of all skew-symmetric endomorphisms of V', i.e. linear maps
AV — V such that

(Az,y) = —(z, Ay)
for all z,y € V.

Proposition 5.2.3 Let M be a manifold. For each point p € M there is a
unique skew-symmetric bilinear map

R, : TyM x T,M — so(T,(M))
such that for any smooth vector fields X,Y,Z on M one has
[R(X,Y)Z]p = Rp(Xp, Yp)Zp.

Proof. The map R, is unique because for every tangent vector v € T,M
there exists a smooth vector field X on M such that X, = v (see Exam-
ple . To prove existence, let (X1,...,Xy) be a smooth frame in some
neighbourhood V of p in M. Let

R, : TyM x TyM x T,M — T,M
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be the unique multilinear map such that for ¢, 5,k = 1,...,d one has

Ry(Xi(p), X;(p), Xi(p)) = [R(Xi, X;) Xk](p).

For any u,v,w € T, M we define

Ry(u,v)w := Ry(u,v,w).

Now let XY, Z be smooth vector fields on M. Over V we can express
these as

Xly =Y daXi, Yly=>VX; Zlv=)Y X,

i j k
where a’, b, ¢* are smooth functions on V. Then

R(X,Y)Z = Z a'V " R(X;, X;) Xy,

ijk
by Proposition [5.2.1} so
[R(X,Y)Z]p =Y _ a' () (p)" (p) Rp(Xi(p), X;(p)) X1 (p)
ijk
= Rp(Xp, Yp)Zp.

It now follows from Proposition that Ry (u,v) is skew-symmetric for all
u,v € T, M. O

Given a coordinate frame (Xi,..., X ) on an open subset V' of a mani-
fold M, there are smooth, real-valued functions Rfjk on V such that

R(X:, X;) Xk = > Rip X
¢
These functions Rfjk are called the components of the curvature tensor.
ijk

Proposition 5.2.4 Rl = dx,T'% — 0x, T + > (r;?;;rffm . r;zrﬁm).
m

Proof. This is a straight-forward calculation:

Vax,Vx, Xp = Vx, Y THX,
4

¢
=D 0x. T Xe+ D T3T;
l Im
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Interchanging ¢ and m in the last sum we obtain

Vx Vx, Xp =) <3Xir§k + Zrﬁrfm> X;.
m

¢

Now recall that [X;, X;] = 0, hence
R(X;, Xj) Xy = Vx,Vx,; Xx — Vx,Vx, X}
Putting this together, we get the formula of the proposition. O

We now prove that the Riemannian curvature tensor is preserved by
local isometries.

Theorem 5.2.1 Let ¢ : M — M be a local isometry between manifolds
with curvature tensors R and R, respectively. Let p € M, p := ¢(p), and
A :=d¢,. Then for all tangent vectors vi,va,v3 € T,M one has

A(Rp(v1,v2)v3) = Rp(Av1, Ava) Avs.

Proof. Let F': U — M be a local parametrization of M around p. After
shrinking U, if necessary, the map F := ¢o F will be a local parametrization
of M. Let X, Gij Ffj, and Rfjk be the coordinate vector fields, components
of the first fundamental form, Christoffel symbols, and components of the
curvature tensor defined by F. Let X, Jij f‘fj, and Rfj 1> be the correspond-
ing quantities defined by F'.

Suppose p = F(u), u € U. The chain rule yields

AX;(p) = dop(9;F(u)) = 8;(¢ o F)(u) = 0; F(u) = X;(p).
Because the differential A = d¢,, is an isometry,
9i5(p) = (Xi(p), X;(p)) = (AXi(p), AX; (p)) = (Xi(p), X;(P)) = 35 (P)-

Proposition then implies that I‘fj (p) = ff’j (p), and Proposition

yields Rfjk(p) = Rfjk(ﬁ). Given tangent vectors vy, vs,v3 € T, M, the equa-
tion

A(Rp(vl, 'U2)U3) = Rp(AUl, AUQ)A’Ug

therefore holds whenever each v; is one of the basis vectors X;(p). By
multilinearity of R, and R, the same equation holds for all v;. O
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5.3 Theorema Egregium

Our next goal is to express the Gauss curvature of a regular surface in terms
of the Riemannian curvature tensor. This will lead to a proof of Gauss’s
Theorema Egregium, which asserts that the Gauss curvature is preserved by
local isometries.

Let M C R™ be a manifold. The normal part of a function f : M — R"
is the normal field f™°" on M defined by

fnor = f _ ftan'
Given smooth vector fields X,Y on M we define the normal field
a(X,Y) = (0xY)",

so that
OxY =VxY +a(X,Y)

is the decomposition of dxY into its tangential and normal parts.
Proposition 5.3.1 a(X,Y) = a(Y, X).
Proof. By definition of the Lie bracket we have
(X, Y] =0xY — oy X.
Because [X,Y] is a vector field, its normal part is zero, hence

0= [X,Y]" = (OxY)™ — (3y X)™ = a(X,Y) — a(Y,X). O

Let X*+(M) be the set of all smooth normal fields on M, which is a
module over the ring C*°(M) of smooth functions on M.

Proposition 5.3.2 The map
o X(M) x X(M) — xH(M)
is bilinear over C*°(M).
Proof. Biadditivity of « is obvious. For f € C°°(M) we have
a(fX,Y) = (0;xY)™ = (fOxY)"™ = fa(X,Y).

By symmetry of o we also have (X, fY) = fa(X,Y). O
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Proposition 5.3.3 Let M be a manifold. For any point p € M there is a
unique symmetric bilinear map

ap: TyM x T,M — (T,M)*

such that if X,Y are smooth vector fields defined in some neighbourhood of
p in M then

[a(X,Y)]p = op(Xp, Yp).
Proof. This is proved in the same way as the corresponding statement for

the Riemannian curvature tensor, see Proposition [5.2.3 O

The bilinear form o, on T,,M is called the second fundamental form.
The following proposition explains how this notion generalizes the second
fundamental form as defined earlier for regular surfaces in R3 equipped with
a smooth unit normal field.

Proposition 5.3.4 Let S C R? be a regular surface. If N : S — R3 is a
smooth unit normal field and p € S then for all tangent vectors v, w € T),S
one has

ap(v, w) = (v, w) - Np,

where II,, is the second fundamental form relative to N.

Proof. Choose smooth vector fields X,Y defined in some neighbourhood of
p in § such that X, = v and Y, = w. Then

0= ax<Y,N> = <3X}/,N> + <Y,axN>.
Evaluating at p we get

(ap(v,w), Np) = (OxY, N)p = —(Y,0xN)p
= —(w,dNy(v)) = (w, Wp(v)) = (v, w),

where W), is the Weingarten map. O

Theorem 5.3.1 (Gauss equation) If X,Y,Z, W are smooth vector fields
on a manifold M then

(R(X,Y)Z. W) = (a(X, Z),a(Y,W)) — (a(X, W), (Y, Z)).
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Proof. We begin by calculating

(OxOy Z,W) = (0x(VyZ + (Y, Z)), W)
= <VXVYZ, W> + <8on(Y, Z), W>

On the other hand,
0=0x(a(Y,2),W) = (Oxa(Y, Z2), W) +{a(Y, Z),0x W),

hence
(Oxa(Y, Z), W) = —(a(Y, Z),a(X,W)).

Altogether, we obtain

(OxOy Z, W) = (VxVyZ, W) — (a(Y, Z), (X, W)).

Finally,
(Vixy1Z2, W) = (Ox v Z, W)
= (0x0yZ — OyOx Z, W)
=(VxVyZ -VyVxZ W)
—(a(Y,Z),a( X, W) + (a(X, Z), (Y, W)),
from which the theorem follows. O

Theorem 5.3.2 Let S C R? be a regular surface with Gauss curvature K
and Riemannian curvature tensor R. Then for any p € S and orthonormal
basis vi,va for T,S one has

K(p) = —(Rp(v1,v2)v1,v2). (5.1)

Proof. Choose a smooth unit normal field N on a neighbourhood of p in S.
Let (a;j) be the matrix of the Weingarten map W), : T,S — T,,S with respect
to the basis v1,v9. Then

aij = (vi, Wp(v;)) = Ip(vi, vj).
By Proposition we have
ap(vi, vj) = aij Np.
Since (N, N,) = 1, the Gauss equation yields

—(Rp(v1,v2)v1,v2) = ar1a2 — a%z = det W), = K(p). O



5.3. THEOREMA EGREGIUM 65

Theorem 5.3.3 (Theorema Egregium) If ¢ : S — S is a local isometry
between reqular surfaces in R® with Gauss curvatures K, K, respectively,
then

K=Ko¢.

Proof. Let p € S and p = ¢(p). We must show that K (p) = K(p).
Let A :=dgp. If v, v is an orthonormal basis for 7),5, then Avy, Avy is
an orthonormal basis for 755, and by Theorems and we have

K(p) = —<Rp(vl,v2)vl,v2> = —<A(Rp(01,v2)vl)aAU2>
= —(R,;(Avl, Avg) Avy, Avg) = f((ﬁ). |

Theorem [5.3.2| can be used to generalize Gauss curvature to regular sur-
faces S C R™ for any n > 2. Given p € S, we define K(p) by the formula
(5.1), where v, vy is any orthonormal basis for T,S. It is easy to see that
K (p) is independent of the choice of vy, va (see Problem [5.1)). With this def-
inition, Theorem [5.3.3] extends to local isometries between regular surfaces
in Euclidean spaces of any dimension.

Problems

5.1 Let M be a manifold, p € M, and let £ C T,M be a 2-dimensional
linear subspace. The sectional curvature sec,(E) is defined by

SeCP(E) = <RP(U17 UQ)UD U2>7

where vy, v2 is an orthonormal basis for . Show that sec,(E) is independent
of the choice of vy, vs.

5.2 A smooth vector field Y on a manifold M is called parallel or co-
variantly constant if VxY = 0 for all vector fields X on M. Prove the
following.

(a) IfY is parallel then the function p — [|Y}|| on M is locally constant.

(b) If a regular surface S admits a non-zero parallel vector field Y then the
Gauss curvature of S vanishes.

Hint: By rescaling Y we obtain a parallel vector field E; of unit length.
Locally, one can extend Fj to a smooth orthonormal frame (E7, F2). Now
apply Theorem [5.3.2

(c) If (E1, E9) is an orthonormal frame on a regular surface S and FEj is
parallel, then Es is parallel, too.
Hint: Consider Ox (E;, Ej) for arbitrary vector fields X.
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Chapter 6

(Geodesics

6.1 Parallel transport

Let M C R™ be a manifold and v : I — M a parametrized curve. A vector
field on M along v is a map W : I — R" such that W(t) € T, M for all
tel.

Example 6.1.1 If X is a vector field on M then X o+ is a vector field on
M along ~.

Example 6.1.2 If v : I — M a smooth parametrized curve then ¥ is a
vector field on M along ~.
If W is a smooth vector field on M along ~ then the covariant deriva-

tive of W is the vector field %W = % along v defined by

\V4 .
%W(t) = H,y(t)W(t).

Here, II, : R™ — T,,M is the orthogonal projection, for any p € M. As in
the proof of Proposition we find that %W is smooth if « is smooth. If
%W = 0 then W is called parallel or covariantly constant.

Proposition 6.1.1 Let W, Z be smooth vector fields along v : I — M, and
let f: 1 — R be smooth. Then the following hold.

(i) YW+2)=IW+ Y 2.
(i) F(fW)=fW+ f3w.
(iii) (W (1), Z(t) = (FW (1), Z(t) + (W (1), 5 Z(t)).

67
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Proof. Left to the reader. O

The following proposition relates covariant derivatives of vector fields to
covariant derivatives of vector fields along curves.

Proposition 6.1.2 Let Y be a smooth vector field on a manifold M and
v:I — M a smooth curve. Let ty € I, p:=~(ty), and v :=*(ty). Then

V(Y on)

oY = ——(tg).
vpa dt ( O)
Proof. We have
V(Y o7) B d
T(to) =1L, - ) Y (y(t))
= HpdYp(v)
=V,,Y O

We will now express the covariant derivative in terms of a local parametriza-
tion. Let W be a smooth vector field on a d-manifold M along a smooth
curve v : I — M. Suppose F': U — M is a local parametrization whose
image contains v(I). Let (Xi,...,Xy) be the corresponding coordinate
frame. For any t we can express the tangent vector W (t) in terms of the
basis {X;(y(t))} for T,y M. Thus, there are smooth real-valued functions
fL,...,f%on I such that

W(t) = Z FOXi(v(8)).

To write down the analogous formula for 4(¢), we consider the composite
curve o := F'~! oy with values in U. Applying the chain rule to v = F o «
we get

Y(t) = Z & ()0 F(a(t) = Z &' (1) X (7(2)),

where o', ..., o are the components of a. By Proposition

T =3 (FOx,00)+ POFX60)).

J
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Using Proposition and recalling the definition (4.4]) of the Christoffel
symbols, we get

v
75 00) = V50X
_ Z & () Vo), X, (v(8) X
_ ZO‘ ) (Vx, X;) (7(1))

—Za )Xk (v(2))-

Putting this together we find

Yw =3[ o+ a0 0OF0 | 60

k

In particular, %W = 0 if and only if for all t € I one has

Zr O ft)=0 k=1,...,d, (6.1)

where T' = T'o F'. This is a system of first order, linear, ordinary differential
equations. Therefore, for any to € I and initial value (a',...,a?) € R? there
are unique functions f?: I — R such that f(ty) = a’ for all i.

In the above discussion we assumed that the trace of the curve v was con-
tained in a single coordinate domain. In the following theorem we consider
vector fields on M along an arbitrary smooth curve.

Theorem 6.1.1 Let~y : I — M be a smooth curve andty € I, vo € Ty ;) M.

Then there exists a unique parallel vector field W on M along v such that
W(to) = 0.

Proof. Case 1: The trace of 7y is contained in a single coordinate domain.
This was proved above.

Case 2: Arbitrary ~. We first prove the uniqueness part. Suppose
W1, Wy are parallel vector fields along v such that W;(tg) = vo for i = 1, 2.
Let

A= {t el ’ Wl(t) = Wg(t)}.
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By assumption, ty € A. Because R? is Hausdorff and each W; is continuous,
the set A is closed in I. The uniqueness part of Case 1 implies that A is
also open in I. But [ is connected, so A = 1.

To prove existence, let B be the union of all open subintervals J C
I containing ¢y such that there exists a parallel vector field W along ~|;
satisfying W (tg) = vo. Evidently, B is an open subinterval of I, and to € B
by Case 1. The uniqueness part that we already proved, ensures that there
is a parallel vector field W} along 7| such that Wy(ty) = vg. We must prove
that B = I. Suppose on the contrary that B # I. Then B must have an
end-point b that lies in /. Choose a coordinate domain V on M such that
~v(b) € V. Because 7 is continuous there exists an open subinterval I; C I
containing b such that v(I;) C V. Since b is an end-point of B there exists
a point t; € BN 1;. By Case 1 there exists a parallel vector field W along
7|1, such that Wi (t1) = Wy(t1). The uniqueness part of Case 1 now implies
that Wy = Wy on BN I;. Hence, Wy and Wy patch together to a parallel
vector field W along vypyur, such that W(ty) = vg. But then b cannot be
an end-point of B, a contradiction. This proves the existence part of the
theorem. O

Given a parametrized curve v : I — M and tg,t; € I, the parallel
transport or holonomy along v from ty to ¢; is the map

I‘IO]gO’t1 : T’y(to)M — T’y(t1)M

defined as follows. Given vy € T’ ;) M, let W be the unique parallel vector
field on M along «y such that W (ty) = vg. Then

Hol ; (vo) := W (t1).

Proposition 6.1.3 For any smooth curve vy : I — M on a manifold M and
to,t1 € I the following hold.

. ’Y . . .
(i) Holy ;, is a linear isometry.

(il) If W is a parallel vector field along v and u : J — I is smooth, where
J is an open interval, then W o u is parallel along v o u.

(iii) For any smooth vector field W along ~y the covariant derivative of W
can be expressed in terms of parallel transport by

v
dt

W(t)= —| Holl, (W()).

to to
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Proof. (i) Let V, W be parallel vector fields along 7, and a,b € R. Then

\Y% \Y% \Y%

proving that the parallel transport Hol?ovt , 1s a linear map. Moreover,

d \Y \Y

SV, W () = (V) WD) + (V(0), W (D) =0,

hence (V (t), W (t)) is constant. This shows that parallel transport preserves
the scalar product.
(ii) For any smooth vector field W along v we have
d

W (u(t) = a(t)W (u(t))

and
\Y% VW
@W(U(t)) = U(t)W(U(t))-

Thus, if W is parallel along ~, i.e. if % = 0, then %(W ou) = 0, which
means that W o u is parallel along ~ o u.

(iii) Let V4, ..., Vg be parallel vector fields along v such that (Vi (t), ..., Vy(t))
is a basis for T’y M for some (hence any) t € I. Then

W)= f(Vi(t)
for some smooth functions f*: I — R, and
\Y% ”
W =) fHvi(t).
On the other hand,

Holl, (W(£) = > ' (O)Vilto),

and p v
7| Holl, (W(1)) = fl(to)Vilto) = —
to i

w(t). O

to

One can express the Riemannian curvature tensor in terms of parallel
transport along suitable curves, see [8, Theorem 12.47].
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6.2 Geodesics

Let M be a manifold. A smooth curve v : I — M is called a geodesic if its
velocity field 4 is parallel along ~, i.e. if for all ¢ € I one has

Voo

or equivalently,
F(t) LTy M.

Example 6.2.1 Let M = R". Then

230 =4(0),

so 7 is a geodesic if and only if it has the form
y(t) =tv+w

for some v, w € R™, which in turn means that + parametrizes a straight line
and has constant speed.

Example 6.2.2 Let M = S"!. Given vectors p,v € R" satisfying

Ipll = ol =1, {p,v) =0,

the curve
~(t) :=cost-p+sint-v

parametrizes a great circle on S"~!. We have 4(t) = —7(t), so

V. .
av(t) = IL,»¥(t) = =Ty (t) = 0,

hence + is a geodesic.
Proposition 6.2.1 FEvery geodesic has constant speed.

Proof. If v : I — M is a geodesic then

G0 =2(Fi040) =0 o
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Proposition 6.2.2 Let I,.J be open intervals, v : J — I a diffeomorphism,
and v : I — M a non-constant geodesic. Then the reparametrized curve
vyou is a geodesic if and only if

u(t)=at+b (6.2)
for some constants a,b € R with a # 0.

Proof. The first two ordinary derivatives of the curve v o w are

%V(U(t)) = at) - A (u(t)),

d 2
(me) A(u(t)) = ii(t) - (u(t)) + (@) 5 (ut)).
Therefore,
Y o ult) = ii(e) - (u(r).

Since 4 never vanishes, the curve v o u is a geodesic if and only if @ = 0,
which means that u has the form (6.2) with a #0. O

We will now express the geodesic equation in terms of a local parametriza-
tion, using our earlier calculation for parallel vector fields. Suppose M
is a d-manifold, v : I — M a smooth curve, and F' : U — M a local
parametrization whose image contains (I). Let o := F~! o 4 have compo-
nents o!,...,a?. Applying with f? = &' we see that ~ is a geodesic if
and only if for all ¢ € I one has

& (t) + Y Th(at)d' (e () =0, k=1,...,d (6.3)
ij

This is a system of second order, non-linear, ordinary differential equations.
Therefore, for any ty € I and initial values a € U, b € R¢ there is a unique
solution a in some interval (to — €, to + €) such that a(tg) = a and &(ty) = b,
but we are not guaranteed a solution on the whole interval I.

Theorem 6.2.1 Let M C R” be a manifold.

(i) For any p € M and v € T,M there exist an € > 0 and a geodesic
v : (—€,€) = M such that v(0) = p and ¥(0) = v.
(ii) Fori=1,2let~; : I; = M be a geodesic. If there is a point ty € Iy N1,
such that
Y1(to) = 12(to), F1(to) = J2(to)
then v1 = 2 on I1 N 1.
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Proof. (i) This was proved above.
(ii) We first observe that the intersection J := I; N I3 is a non-empty
open interval. Let

A:={t e J|v(t) =y(t), y1(t) =32(t)}.

Because R™ is Hausdorff, the set A is closed in J. On the other hand, the
local uniqueness of solutions to (6.3 with given inital values implies that

A is open in J. Because J is connected and non-empty, we conclude that
A=J. O

Corollary 6.2.1 Let M be a manifold and p € M, v € T,M. Then there
exists a unique mazximal geodesic v : I — M satisfying 0 € I, v(0) = p, and
4(0) = v. O

Here, “maximal” means that v cannot be extended to a geodesic on a
larger interval.

A manifold M is called geodesically complete if each of its maximal
geodesics is defined on all of R.

Proposition 6.2.3 Let ¢ : M — M be a local isometry between manifolds
and vy : I — M a smoooth curve. Then 7y is a geodesic if and only if ¢ o~y is
a geodesic.

Proof. This follows from the geodesic equation (/6.3)) and the expresssion
of the Christoffel symbols in terms of the first fundamental form given by
Proposition (compare the proof of Theorem [5.2.1). O

6.3 Length-minimizing curves

Given a manifold M and two points p,q € M, a smooth curve = : [a,b] —
M from p to ¢ (i.e. satisfying vy(a) = p and (b) = q) is called length-
minimizing if for every smooth curve 4 from p to g one has

Lyl < L[v],

where L[-] denotes the length of a curve as defined in Section We are
going to show that every length-minimizing curve of unit speed is a geodesic.
To this end we consider one-parameter families of curves on M, given by a

smooth map
h:IxJ— M,
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where I, J are intervals. For each s € I we have a curve
hs:J — M, tw— h(s,t).
Each partial derivative J;h is a vector field on M along h in the sense that
Ojh(s,t) € Ths M.

Let V;0;h be the covariant derivative of 0jh with respect to the ¢th variable,
ie.

V,@jh(s, t) = Hh(sjt)aiajh(s, t). (64)

Lemma 6.3.1 If I,J C R are intervals and h : [ x J — M a smooth map
then
V10oh = V201 h. (6.5)

Proof. This follows from the definition (6.4)) since 0102h = 0201 h. O

Given a smooth curve v : [a,b] — M from p to ¢, a variation of v is a
smooth map h : (—¢,€) x [a,b] — M such that

hO =7 h<saa) =D h(87b> =q

for all s. Here, the last two conditions mean that each curve hg runs from p
to gq. The variation field of h is the vector field V' along v defined by

V(t) := 81h(0,1).

Proposition 6.3.1 Let M be a manifold and p,q € M. Suppose 7y : [a,b] —
M is a smooth curve from p to q and has unit speed. Let

h:(—€€) X [a,b] = M
be a variation of v and V the corresponding variation field. Then

& ami=- [ (v Jo0 )ar

Proof. We have
d b d
S = [ Lok o) d
b
:/ 1020 (s,t)|| "1 (V102h(s,t), Dah(s,t)) dt

b
- / 10sh(s, D) (V201 h(s, ), Doh(s, 1)) dt.
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At s = 0 this becomes

b
EOR| S CRION (6.6)
Observing that V(a) = 0 and V(b) = 0, we get

0= (V(b), (b)) — (V(a),4(a))

b d )
- [ G

:/ab<ZV(t),f'y(t)>dt+/ab<V(t),Z;‘y(t)>dt.

Combining this with we obtain the proposition. d

Before applying the last proposition to length-minimizing curves, we will
prove a lemma that is useful for constructing variations of a given curve.

Given sets A C B, amap R: B — A is called a retraction if R(z) =«
for all z € A.

Lemma 6.3.2 If M C R" is a manifold and p € M then there exist a
neighbourhood W of p in R™ and a smooth retraction R - W — M NW.

Proof. Let (T,M )* be the orthogonal complement of the tangent space
T,M in R™. We define

¢: M x (T,M)*r - R", (z,w)+— 2+ w.

The differential
dpp0) : TyM x (T,M)" — R"

is given by
dp(p,0) (v, w) = v+ w,

hence do ;o) is an isomorphism. For any r > 0 let B, C (TpM)l be the open
r—ball centred at the origin. By the inverse function theorem, Theorem
there exist a neighbourhood Ny of p in M and rg > 0 such that ¢ maps
Ny x By, diffeomorphically onto an open set Wy C R"™. Choose an open
set W1 C R™ such that M N W7 = Ny. By continuity of ¢ we can find a
neighbourhood N of p in Ny and r € (0, ro] such that

¢(N x B,) C Wy.
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Let W := ¢(N x B,.). Because ¢ is injective on Ny x B,, we have MNW = N.
Let
v: W — N x B,

be the inverse of ¢|nxp,.. We now define R: W — N to be the composition
of ¢ with the projection N x B, — N. O

Theorem 6.3.1 Let M be a manifold and p,q € M. Suppose v : [a,b] — M
s a length-minimizing smooth curve from p to q and has unit speed. Then
v is a geodesic.

Proof. If h is any variation of 7 then the function L[h] has a minimum
at ¢ = 0, so by Proposition we have

/ab <V(t), Zw)> dt = 0.

We will deduce from this that %ﬁ(t) = 0 by constructing suitable variations
h.

Since %7 is continuous, it suffices to show that it vanishes at every
interior point tog € (a,b). By Lemma we can find a neighbourhood W
of ¥(tp) in R™ and a smooth retraction R : W — M N W. Choose €, > 0
such that (to — d,t0 + 0) C [a,b] and

~(t) + s%"y(t) € W when [t —to| <4, |s]| <e.

Choose a smooth function 5 : R — [0, 1] such that 5(tp) > 0, and
B(t) =0 when |t —to] > /2,
see Problem [6.1l Define
h:(—e,€) x [a,b] = M

by

s, t) — {R (4(8) + 580 F3(1)  when |t — to] < .
~(t) else.

Note that h(s,t) = ~(t) when |t — to| > ¢/2, and this ensures that h is
smooth. Because dR,(v) = v for any 2 € M NW and v € T,M, the
variation field of h is

V(t) = B(E) 2 A(0).
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As explained above, this implies that

b 2
[ | G| a o
0

hence %"y vanishes at .

6.4 Geodesics on surfaces of revolution

In this section we will prove Clairaut’s theorem, which gives a simple descrip-
tion of the geodesics on a surface of revolution. Our approach is influenced
by that in [I].

As in Section let C' C R? be a regular curve contained in the right
half-plane, and let S C R? be the corresponding surface of revolution. Let
v : I — C be a local parametrization of C and ~(t) = (r(¢),h(t)). Let
F .1 xJ— S be alocal parametrization of S as in (3.2)).

Proposition 6.4.1 Let S, F be as above and (to,00) € I x J.
(1) The curve t — F(t,0y) is a geodesic if and only if v has constant speed.
(ii) The curve 8 — F\(to,0) is a geodesic if and only if 7(to) = 0.

Proof. We prove (ii) and leave (i) for the reader. Let ¢(0) := F(to,0).
Since {0; F'(t,0) }i=1,2 is a basis for the tangent space T )S for every (s, 1),
it follows that c is a geodesic if and only if

(@(6), BiF(to,0)) =0, i=1,2.

We have
é(0) = (—r(t) cosd,—r(t)sin,0),

and using (3.3]) we find

(€(t), 01F (to,0)) = —r(to)r(to),

(E(t), 02 F (tg,0)) = 0.
Recalling the assumption r > 0, we conclude that c is a geodesic if and only
if 7(tg) = 0. O

Choose an orientation of the regular curve C. From now on we will
always assume that the local parametrization v : I — C' is orientation
preserving and has unit speed. There are smooth vector fields X1, Xo on S
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such that if F'is any local parametrization of S as above then the restrictions
of X1, X5 to F(U) are the coordinate vector fields of F. For p = (p', p?,p?) €
S one has

Xa(p) = (—p*p",0).

To describe X (p), recall from Lemma that we can uniquely represent
p in the form p = (az,bx, z) where (z,2) € C and (a,b) € S'. If (u,v) €
Tz,.)C is the positively oriented tangent vector of unit length then

X1(p) = (au, bu,v).
The following lemma is an expression of the rotational symmetry of S.
Lemma 6.4.1 For every smooth vector field Y on S one has
(VyXs5,Y) =0.

Proof. The statement is local, so it suffices to verify it in the image of a
local parametrization F' as above. Recall from that the coefficients g;;
of the first fundamental form of S relative to I’ are independent of §. This
means that dx,gi; = 0. Recalling that Vx, X; = Vx, X; by Proposition@
we obtain

0 = Jx, (X, Xj)
= <VX2Xi7Xj> + <X7,, VXQXj>
= (Vx, Xo, Xj) + (Xi, Vx, Xo).
For i = j this yields
<VXZ.X2,X¢> = 0.
On the image of F' we can write
Y =) d'X;
i
for some smooth real-valued functions a’. Now
(VyXs,Y) =) d'a/(Vx, X2, X;)
tj
= d'al ((Vx, X2, X;) + (Vx, X2, X;))

1<j
= 0. O
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Corollary 6.4.1 For every p € S and v € T),S one has
<Vp’vX2, ’U> =0.

Proof. Choose a smooth vector field Y on S such that Y, = v (see
Example [4.3.1). Then (V) ,X5,v) is the value of (VyX5,Y) at p, hence
equals zero. O

The angle between two non-zero vectors v, w € R™ is defined by

(v, w)

vl el

Z(v,w) = arccos

Theorem 6.4.1 Let S be a surface of revolution as above and o : K — S
a reqular parametrized curve, where K is an open interval. For any s € K
let ¢(s) be the angle between the vectors ¢(s) and Xa(a(s)) (the latter being
tangent to the parallel through a(s)), and let p(s) denote the distance from
a(s) to the z—awis.

(1) If « is a geodesic then there is a constant A such that

p(s)-cosp(s)=A forallseK. (6.7)

(ii) If a has constant speed and holds then either « is a geodesic or it
takes values on a parallel of S.

Explicitly, if o has components o', o2, o then

p(s) = V(al(s)? + (a2(s))%

Proof. We first apply Corollary to derive a condition equivalent to
under the assumption that o has constant speed (which always holds
if a is a geodesic). We have

(c(s), Xa(a(s))) = cos @(s) - [|a(s)[| - [| Xa((s))]
= p(s) - cos @(s) - [|a(s)]]-

If o has constant, positive speed then

p(s) - cos ¢(s) constant <= (c&(s), Xa(a(s))) constant.
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But

since, by Corollary [6.4.1]
\% : .
%X2(a(8))’ a(s) = <va(s),d(s)X27 O[(S)) =0.
Thus,

p(s) - cos ¢(s) constant <= <X2(a(s)), (Zd(s)> = 0 for all s. (6.8)

This proves (i). To prove (ii), suppose a has constant speed and (6.7)) holds.
Then

d 9 \Y
0= S1a)IP =2 { 3 a(s).a0)
Now suppose in addition that « is not a geodesic, i.e.

Y 50) # 0

for some so € K. Let L C K be the largest open subinterval containing
S0 such that %d(s) # 0 for every s € L. Because S has dimension 2, it
follows that &(s) must be a real multiple of Xa(«(s)) for every s, i.e. there
is a nowhere vanishing function b: L — R such that

[0
&% = bal, (6.9)
«

In terms of the curve
B(s) == al(s) +ia?(s)

in the complex plane, the first two equations in can be rephrased as

B =1ibp.
If B: L — R is a primitive of b (i.e. B = b) then we must have

B(s) = By’
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for some complex number (3. Then
Bls) = ifob(s)e™P),

0 < const = ||a(s)|| = |5(3)| = |Bol - |b(s)].

Therefore, |b(s)| is constant and non-zero. Since b is continuous, it must be
constant, say b = by. After expressing By in polar coordinates we see that
there are real numbers r¢, s1, where rg # 0, such that

Bs) = roetoteen,

After perhaps replacing s1 by s1 + m/byp we may assume that rg > 0. We
conclude that there is a real number hg such that

a(s) = (rocos(bo(s + s1)), rosin(bo(s + s1)), ho) (6.10)

for all s € L. Since « takes values on S, the point (rg, hg) must lie on the
regular curve C, and a(L) is contained in a parallel of S. To complete the
proof we only need to show that L = K. Suppose L # K. Then L must
have an end-point s’ that lies in K.

Choose an orientation preserving local parametrization v : I — C of
unit speed such that v(tg) = (ro, ho) for some to € I. The equation
shows that «|z is a linear reparametrization of the kind of parametrized
curve considered in Proposition [6.4.1] (i). As in the proof of that lemma we
find that for s € L,

(a(s), X1(a(s))) = =b>r(to)r(to),
(G(s), Xa(a(s))) =0.

By assumption, %d(s) # 0 for all s € L, hence 7(tg) # 0. Because the
continuous function

K — R, s {d(s), X1(a(s)))

is non-zero and constant on L, it follows that it is also non-zero at the
endpoint s'. But then Y-a(s) # 0 for s = s’ and therefore for all s in an
open interval L' containing s’. Since L U L' is an open interval, we have a
contradiction. This shows that L = K and the proof is complete. O
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6.5 The exponential map

Let M be a manifold and p € M. If v : I — M is a parametrized curve
such that 0 € I and v(0) = p, then we say that v starts at p. We will now
collect all the geodesics starting at p into a single map exp,,, which will be
used to construct a special kind of local parametrization.

For each v € T}, M let v, be the maximal geodesic starting at p such that
4(0) = v. For s € R one has

d . d
%’71)(8'6) = s%(st), % O’Vv(St) = Sv.

We now apply the uniqueness result for geodesics, Theorem to con-
clude that ~,(st) is defined if and only if vs,(¢) is defined, and in that case

’st(t) = fY’U(St)'

Let
Dy = {v € T,M | v,(1) is defined}.

The map
exp, : Dp = M, v (1)

is called the exponential map at p. We observe that if exp,,(tv) is defined
then

exp,(tv) = Yo (1) = 70 (). (6.11)
Proposition 6.5.1 For any p € M the following hold
(i) If v € Dy then sv € D, for 0 < s < 1.
(ii) D, is an open subset of T, M.
(iii) exp, is smooth.

Proof. Parts (ii) and (iii) follow from the theory of ordinary differential
equations. To prove (i), suppose v € D and 0 < s < 1. Then 7, is defined
on an open interval containing 0 and 1, hence 7,(s) is defined. As we saw
above, this implies that vs,(1) is defined, so sv € D,. O

Example 6.5.1 Let M = R" and p € R". For every v € T,R" = R", the
geodesic 7, is defined on all of R, and by Example [6.2.1] we have

Yo(t) = p +tv.
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Therefore, D, = R" and
exp,(v) = p +v.

Example 6.5.2 Let M = S" . As we saw in Example every maxi-
mal geodesic in S"! is defined on all of R, hence

-1 1
D,=T,5""=p
for every p € S"~1. Moreover, if w € T,S""! and ||w|| = 1 then
exp,(tw) = cost - p +sint - w.

We will now determine the differential of the exponential map exp, at
the origin. Since Dj, is an open subset of T),M, we have

TyD, = To(T,M) = T, M,
hence the differential d(expp)o is a linear map T, M — T, M.

Proposition 6.5.2 The differential of exp,, : Dy — M at the origin is the
identity map.

Proof. Using (6.11)) we find that for every v € T, M,

d(expp)o(v) = exp,(tv) =v. O

dt

The inverse function theorem, Theorem now says that exp, maps
some neighbourhood of 0 in 7,M diffeomorphically onto an open subset
of M. This yields the following result.

Proposition 6.5.3 Let M be a d—manifold and p € M. If {v;} is an or-
thonormal basis for T,M then there exists a neighbourhood U of 0 in R4
such that the map

d
F:U— M, (:clj...,:vd) = exp,, <szvz>
=1

s a local parametrization. O

If p= F(z',...,2% then 2!, ..., 2% are called normal coordinates for
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6.6 (eodesic polar coordinates

Whereas in the previous section we studied manifolds of arbitrary dimension,
we will now focus on 2-manifolds S C R"™. We will combine the exponential
map at a given point p € S with polar coordinates in the tangent space 7,5
to obtain geodesic polar coordinates on S. These will be used to show
that regular surfaces with the same constant Gauss curvature are locally
isometric.

For € > 0 let B, be the open e-ball in T,,S centred at the origin. Choose
€ so small that exp, maps By diffeomorphically onto an open set in S. Let
(vi,v2) be an orthonormal basis for 7,S and define

h:(—€¢) xR =S, (r,0) exp,(rcost- vy +1rsinf - vy).

Note that for any real number 7, the restriction F' := h|(g.¢)x(nnt+2r) 1S @
local parametrization of S.

Lemma 6.6.1 (Gauss) If F is a local parametrization of S as above then
the matriz (gij) of the first fundamental form on S has the form

@ = (o g )

where f(r,0) > 0 and for all 0,

TIEAGLI
r—0+ r
Proof. Let
c(0) :=cos @ - vy +sin b - ve,
so that
h(r,0) = exp,(rc(0)).
To compute §i1 = ||0h/Or||?, we first observe that for each 6 the curve
7+ h(r,0) is a geodesic and therefore has constant speed. Since
h
O 0.0)= (), (o)) = 1,
we have o
—(r,0)|| =1
Jo-c:2)

for all r, hence g1 = 1.
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To prove the assertion about gag = ||0h/00]|?, we first compute

oh . .
i d(exp,)re(g)(1¢(0)) = 1 - d(exp,) (6 (¢(0))-
This yields
10h )
~5g — dexpplo(e(6)) = ¢(0) asr — 0.
Because [|¢(0)] =1,
1||0h i
~lzg —1 asr—0".

Defining f := ||0h/d0)|, this proves the assertion about gos = f2.
We will compute gi2 = (%, %> in two steps. We first show that <%, %)
does not depend on 7, and then observe that it vanishes for »r = 0. We begin

by noting that

Vor_,
dr Or ’
since the curve r — h(r,0) is a geodesic. Combining this with Lemma[6.3.1]
we obtain
9 <‘9h ah> _ <Vah ah> N <3h Vah>
or \ or’ 00 dr or’ 96 or’ dr 06
_/Oh V 0Oh
_<&ﬂw&>
19 ||on|?
200 ||or
= 0.
Therefore, <%, %> is constant in r. Since h(0,0) = p for all §, we have
Oh
%(07 9) =0,
hence <%, %) vanishes for r =0. O

Lemma 6.6.2 Suppose a reqular surface S has a local parametrization F(r,0)

such that . 0
= (o g )

for some function f(r,0). Then the Gauss curvature K of S satisfies

1 0’ f

K(F(T‘,Q)) = _f(T,e) ’ or2

(r,0).
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In short, with K = K o F,

- 1 9%f
K=--.22
f or?

Proof. Let (X1, X3) be the coordinate frame of the local parametrization
F :U — S. By assumption, the matrix of functions g;; = (Xj;, X;) has the

form
@)= (o 2 )

where ¢ = || X2|. Note that f = ¢ o F. On F(U) we therefore have an
orthonormal frame (X1, ' X3), and Theorem says that

K = —(R(X1,¢" ' X2)X1,¢™ " Xa)
= —¢_2<R(X1,X2)X15X2>

= —¢ (3 Rip1 X, Xo)
= —¢?|| X2 * Ry

_ 2
- _R121'

To compute R%,, we will first compute the Christoffel symbols Ffj using
Proposition and then apply Proposition To simplify notation we
write 0; instead of Oyx;.

The inverse of the matrix (g;;) is

iy
W= o).
Proposition yields
1
I} = 3 > g™ (Digje + 0igi0 — Ougij)
¢

1
= §gkk(3igjk + 0j9ik — Orgij)-

Since g;; is constant unless (i,7) = (2,2), we have
1 1 2
Iy =Ty =19, =0.
Furthermore,

[2,=¢ - 01, Thy=—¢-01¢, T3y=¢ " o
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By Proposition [5.2.4]
Riy = 0hT7, — 8T} + Z (T750%, — T1iT3,,)
m
= 013, + Tl

=019 )+ (¢ D9)?
=¢101019.

Altogether, we therefore have
K = —Riy = —¢~'01019,
which is equivalent to the statement of the proposition. O

Proposition 6.6.1 In the situation of Lemma if S has constant
Gauss curvature K then

Lsin(wr) ifK=w? w>0,
f(r,@): r if K =0,
%sinh(wr) if K= —w?, w>0.

Proof. By Lemmas and we know that K is given by

- 1 9%f
K=——-—
for?’
where the function f satisfies
1 +
;f(r,&)%l asT — 0", (6.12)

We now distinguish between three cases.
(i) If K = w?, w > 0, then

o°f
Or?

From the theory of ordinary linear differential equations we know that

= —wa.

f(r,0) = a(f) cos(wr) + b() sin(wr)
for some real-valued functions a, b. Because

cos0=1, lim sin(wr) =w,

r—0 r
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the condition (6.12]) yields

1
a=0, b=—,
w
hence f(r,6) = L sin(wr).
(ii) If K =0, then
% f
orz 0

hence

f(r,0) =a(@)r 4+ b(6).

The condition gives a =1, b =0, so that f(r,0) =r.
(iii) K = —w?, w > 0, then

0% f

a2 =

We now have
f(r,0) = a(f) cosh(wr) + b(6) sinh(wr),

and as in Case (i) we find that a = 0, b = % This gives f(r,0) =
Lginh(wr). O

Theorem 6.6.1 Let S, S be reqular surfaces with the same constant Gauss
curvature. Then for any p € S, p € S, and linear isometry A : T,S — T5S
there exist neighbourhoods V.C S of p and V. C S of p and an isometry
¢:V — V such that ¢(p) = p and do, = A.

Proof. The definition of ¢ is forced upon us by the naturality of the
exponential map, see Problem [6.8] Choose € > 0 such that

e exp, maps the ball B, in T)M diffeomorphically onto an open set
V C S, and

e exp; maps the ball Bj. in TI;M diffeomorphically onto an open set
vV CS.

Then the map
¢ = expﬁvoexp;1 V=V

is a diffeomorphism. We will use geodesic polar coordinates to show that
¢ is an isometry. Choose an orthonormal basis (£1,&2) for T),S and define
& = A&;. Then (&1, &) is an orthonormal basis for 7;S. For any real number
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n we have local parametrizations F, F of S, S respectively, both defined on
(0,€) x (n,m + 2), given by
F(r,0) = exp,(rcosf - & +rsinf - &),
F(r,0) = expy(rcosf - & +rsinf - &).
By definition of ¢ we have
o(F(r,0)) = qﬁ(expp((r cosf - & +rsind - &9)))
= exp;(A(rcosd - & +rsinf - £3))
= F(r,0).
We now invoke the assumption that S and S have the same constant Gauss
curvature. By Lemma and Proposition this implies that the

components g;; of the first fundamental form of S with respect to F' is the
same as for S with respect to F'. Explicitly,

(0;F,0,F) = (0;F, 0; F)

for all 4, j. This shows that d¢, is a linear isometry for every ¢ in the image
of F. By varying n we conclude that dg¢, is a linear isometry for every
q € V\{p}. But d¢, = A by Proposition hence ¢ is an isometry. O

Problems

6.1
(a) Define f: R — R by

Show that f is smooth.

(b) Given a € R and ¢ > 0, construct a smooth function 5 : R — [0, 1] such
that B(a) > 0, and f(x) =0 when |z —a| > §.

6.2 Let ¢ : M — M be a local diffeomorphism and vy : I — M a smooth
curve. Let W be a smooth vector field on M along the curve 4 := ¢ o~ :
I — M. Prove the following.

(a) There is a unique smooth vector field W = ¢*W on M along 7 such
that for all t € I,

Ay (W (1)) = W ().
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(Compare Problem [L.17])
(b) If ¢ is a local isometry, then W is parallel if and only if W is parallel.

6.3 Let C be a circle on the unit sphere S? C R3, i.e. a non-trivial intersec-
tion of S? with an affine plane. Compute the parallel transport once around
C.

Hint: If C is not a great circle, consider the cone V tangent to S? along
C. Show that the parallel transport along C is the same whether taken
relative to S? or V.

6.4 Let S be a 2-manifold and suppose F1, Fo are smooth vector fields on
S along a smooth curve v : I — S such that

<Ei7Ej> = {

L, i=j,
0, i+#j.

(a) Show that there exists a smooth function x : I — R such that

VEL _ VE, __ .
a 7P Tar L

(b) If ¢ : I — R is any smooth function and W is the vector field on S
along v defined by

W (t) = cos¢(t) - Eq(t) +sin¢(t) - Ea(t)

then
A\VA%4

W:O@QZ):—H

6.5 Let S be a surface of revolution and C C S a parallel. Use the results
of Problem to calculate the parallel transport once around C.
6.6 Let v : [a,b] — R™ be a smooth curve. Show that

Lly] = [[v(6) = ~(a)].

6.7 Prove Proposition (1).

6.8 Let ¢ : M — M be a local isometry and p € M, v € T,M. Show that
if exp,(v) is defined, then expy,)(d¢,(v)) is also defined, and

p(expy(v)) = expyp) (ddp(v)).
Hint: Use Proposition [6.2.3]
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Chapter 7

Differential forms

This section will provide some background on differential forms required
for the proof of the Gauss-Bonnet theorem to be given in Section [§ For a
thorough discussion of differential forms we refer to [14], 9].

7.1 Alternating tensors

Let V be a finite-dimensional real vector space and V* :=V x --- x V the

k—fold Cartesian product, where k is a positive integer. A multilinear map
f: vk SR

is called a k—tensor on V. A k—tensor f is alternating if for every permu-
tation o of the set {1,...,k} and all vy,...,v; € V one has

f(Wo@ys - - s Vo)) = sgn(o) f(vr, ..., vp),

where sgn(c) = +1 is the sign of the permutation. Let A¥(V) be the real
vector space consisting of all alternating k—tensors on V. A O-tensor on V'
is by definition just a real number, and we define A°(V) := R.

Note that A'(V) is the dual space V* consisting of all linear maps
V — R, whereas A%(V) is the space of all skew-symmetric bilinear maps
VxV =R

Lemma 7.1.1 If V has dimension d then A%(V) has dimension 1.

Proof. Suppose f € A%(V), and let (e1,...,eq) and (vy,...,vq) be two
d-tuples of elements of V' such that

’Uj: E bijei
%

93
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for some matrix B = (b;;). Then
f(vh v ,’Ud) = Z Sgn(a)bd(l),l e bo’(d),df(€17 ey 6d)

=det(B) - f(e1,--.,eq),

where the sum is taken over all permutations o of the set {1,...,d}. If (e;)
is a basis for V' then we conclude that f is completely determined by its
value on (eq,...,eq). This shows that dim A%(V) < 1.

To construct a non-trivial element of V, let (e;) be a basis for V' and
(a;) the dual basis for V*, so that a;(e;) = &;;. Define f € A4(V) by

f(vi,...,vq) == det(a;(vj)).
Then f(ei,...,eq) = 1, hence dim A4(V)>1. 0O
The wedge product
AFV) x ANV) = AV, (f.g) e fAg

is a bilinear map defined for all non-negative integers k, ¢, see [14, 0]. We
define it here for k = £ = 1. Given f,g € AY(V) = V* we define f A g €
A2(V) by

(f A g)(v,w) = f(v)g(w) — f(w)g(v). (7.1)

IfT:V — W is a linear map between finite-dimensional vector spaces,

and f € A¥(W), then we define the pull-back T* f ¢ A*(V) by
(T*f)(v1, ..., v5) = f(Tor,...,Tog).
It is easy to see that
T*(f ng) = (T"f) AN (T"g)

for all f,g € AL(W), and in fact the same holds for alternating tensors f,g
on W of any degrees.

7.2 Differential forms

For k > 0, a differential form on M of degree k is a rule ¢ that assigns to
every point p € M an alternating k-tensor ¢, on the tangent space T, M.
Differential forms of degree k are often called k—forms. Note that a 0—form
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is just a real-valued function. A k—form ¢ on M is smooth if for all smooth
vector fields X1,..., X on M the function

(b(Xl,...,Xk) :M—>R, p'_>¢p<(X1)pa---7(Xk>p)

is smooth. The set QF(M) of all smooth k—forms on M is a module over the
ring C*°(M) of smooth functions on M.
For k,¢ > 0 the wedge product

QM (M) x QM) = QH(M),  (6,9) = oA
is a C°°(M)-bilinear map defined pointwise by
(& AY)p = bp Ay
Note that if ¢, ¢ are 1-forms and X,Y smooth vector fields on M then
(@ AY)X,Y) = o(X)(Y) = o(Y)(X).

If h: M — M’ is a smooth map between manifolds and ¢ is a k—form
on M’ then the pull-back h*¢ is the k—form on M defined by

(h*9)p := (dhp)* dp(p)-
Thus, if v1,...,v, € T,M then
(h*@)p(v1, -+, vk) = Bpp)(dhp(v1), .. ., dhy(vk)).

One can show that if ¢ is smooth then h*¢ is smooth, see [14] [9].
The exterior derivative

d: Q8 (M) — QFFL(M)

is a real-linear map defined for all k& > 0, see [14, [9]. We define it here for
k=0,1.
Given f € QY(M) = C>®(M), the 1-form df on M is defined by

(df)p(v) = dfp(v),

for p e M, v € T,M. Here, df, : T,M — R is the differential of f at p. For
any smooth vector field X on M we then have

(df)(X) = Ox f.

We will now define the exterior derivative of 1-forms.
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Proposition 7.2.1 For any smooth 1-form a on M there is a unique smooth
2—form da on M such that for all smooth vector fields X,Y on M one has

do(X,Y) = Ox (a(Y)) — Oy (X)) — ([ X, Y]). (7.2)
Proof. We claim that right-hand side of Equation ([7.2)) defines a C°°(M)—
bilinear map
B:X(M)xX(M)— C>*(M).
Given this, we can complete the proof of the proposition by arguing as in

the proof of Proposition [5.2.3
The map B is obviously biadditive. Now let f € C°°(M). Then

B(fX,Y) = dyxa(Y) - dya(fX) — a([fX,Y])
— foxa(Y) — 9y (f - a(X)) — a(f[X,Y] = dy f - X)
= fOxa(Y) = Oy f - a(X) — fova(X) — fa([X,Y])+ Oy f - a(X)
= f-B(X,Y).

Because B is skew-symmetric, we also have B(X, fY) = f-B(X,Y). O
Proposition 7.2.2 For any f,g € Q°(M) one has
d(fdg) = df Ndg.
Proof. For all smooth vector fields X,Y on M one has
[d(fdg))(X,Y) = Ox(fOyg) — Oy (fOxg) — fOixy)9
=0x[f -Ovg+ fOxOyg— Oy f -Oxg— fOyOxg— fOxyi9
= (df Ndg)(X,Y),

where in the last equation we used Proposition which holds on any
manifold. O

Let 2, ..., 2% be standard coordinates on R*. The ith coordinate z* is
a smooth map R™ — R whose differential dz’ € Q'(RF) is given by

(da")p(v) = o'

for any tangent vector v = (vl,...,v*) € Tka = R*. On an open subset
U C R¥, any smooth 1-form « therefore has the form

o= Z fidz!
for some f; € C°°(U), and by Proposition we have
da = df; Ada'.
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7.3 Volume forms

Recall that the parallelepiped P spanned by three vectors a,b,c € R3 has
volume

Vol(P) = | det(a, b, c)|.
More generally, let vy,...,v, € R™. Then the block

B = {Ztm ogtigl}

7
spanned by these vectors has n—dimensional volume

Vol(B) = |det(v1, ..., vn)|.

(An elementary proof of this is given in [7, Chapter VIII, §2].) For this
reason, the function that assigns to the n—tuple (v1,...,v,) the determi-
nant det(vy,...,v,) is called the volume tensor on R". The following
lemma generalizes this notion so that it can be applied to tangent spaces of
manifolds.

By a (real) inner product space we mean a real vector space equipped
with an inner product.

Lemma 7.3.1 IfV is an n—dimensional oriented inner product space then
there exists a unique alternating n—tensor f on V, called the volume ten-
sor, such that for every positively oriented orthonormal basis (e1, ..., en)
for V one has

fler,...,en) =1

Proof. As we saw in the proof of Lemma [7.1.1} an alternating n—tensor
on V is completely determined by its value on any basis for V. This proves
the uniqueness part of the lemma.

To prove existence, let (eq,...,ey,) be a positively oriented orthonormal
basis for V' and define f € A"(V') by

f(vr,...,vn) = det({v;, €5)).

If (e,...,€),) is another positively oriented orthonormal basis for V' then
eg- = ), a;je; for some orthogonal matrix A = (a;;) of positive determinant.
Since every orthogonal matrix has determinant +1, we must have det(A) =
1. Therefore,

fle),...,e.)=det(A)- fler,...,en) =1. O
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If M is an oriented n—manifold, the volume form on M is the n—form p
on M such that p, is the volume tensor on the tangent space 1), M for every
p € M. To see that p is smooth, note that if (Fy,...,E,) is a positively
oriented orthonormal frame on an open subset V' C M and X1,...,X,, are
smooth vector fields on V then

(X1, ..o, Xn) = det((X5, Ej)),
which is a smooth function on V.
Example 7.3.1 The volume form on R” is
p=dzt A Adz",

where x1,...,x, are the standard coordinates on R™. For n = 1 this is
trivial, and for n = 2 it follows from the description of the wedge
product of 1-forms. For n > 3, see [14], 9].

To prepare for the integration theory in Section [7.4] we would like to
understand how a local parametrization F': U — M distorts volume locally.
If M is oriented with volume form p then the distortion is measured by the
pull-back F*u. In order to compute the latter, we will use the following
lemma.

Lemma 7.3.2 Let V,V' be oriented n—dimensional inner product spaces
with volume tensors f, f' respectively. Let T : V. — V' be an isomorphism
of vector spaces and suppose T preserves orientation. Let (e1,...,e,) be an
orthonormal basis for V' and define the matriz G = (gs5) by

gij = <T€i, T@j).

Then
T*f' = \/det(Q) - f.
Proof. Let (€], ...,e),) be an orthonormal basis for V' that is positively
(or negatively) oriented according as (e, ..., e,) is positively (or negatively)

oriented. Let A = (a;;) be the matrix of 7', so that
Tej = Z aijeg.
i

Then
9ij = (D pki€ls D_pArj€p) = Dk AkiGkj,
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hence G = AT A. This yields
det(G) = det(AT) det(A) = (det(A))2.
By assumption, det(A) > 0, so det(A4) = y/det(G). Now,

(T*f/)(ela .. '7en) = f/(T€17 . .,T@n)
=det(A) - f'(e},...,¢€))

’r n

= /det(GQ) - f(e1,...,en),
hence T*f' = \/det(G) - f. O

Proposition 7.3.1 Let M be an oriented n—manifold with volume form u.
Let F : U — M be an orientation preserving local parametrization. Then

F*u=/det(G)dz! A --- A da™,

where G = (Gij) is the matriz of the fundamental form with respect to F.
Proof. Apply Lemma to the differential dF, : R" — T, M. O

Proposition 7.3.2 For:=1,2 let F; : U; — M be a local parametrization
and G; the corresponding matriz of the first fundamental form. Let V; :=
F;(U;) and

¢:=F, Lo By FyH (V) — Fy (V).

Then for every x € Fy (V) one has
det(G1(x)) = det(G2(¢(x))) - | det(dg,)[*.

Proof. This is easily deduced from the fact that, in the proof of Lemma
the equation det(G) = det(A)? holds without the assumption that 7 pre-
serves orientations. O

7.4 Integration

We will consider two kinds of integrals over an n—manifold M. The first kind
is integrals | @ of n—forms, which requires an orientation of M but makes
no reference to the first fundamental form. The second kind is integrals
i) v fdV of real-valued functions, which does not require an orientation but
depends on the first fundamental form.
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For integration on R™ we will use the Lebesgue integral, although the
Riemann integral would suffice for our applications in Chapter 8 If U C R"
is an open subset, a (Lebesgue) measurable function h : U — R is called
integrable if

[ @l de <,

where dz is Lebesgue measure on U.
The integration theory on manifolds rests on the change of variables
formula, a version of which we now state.

Theorem 7.4.1 Let F : U — V be a diffeomorphism between open subsets
of R*. If h : V.— R an integrable function then (ho F) - |det(dF)| is an
integrable function on U, and

/ h(F(z)) - |det(dEy)| da = / h(z) da.
U 1%

A proof can be found in [2], p. 74].

We will now consider which functions can be integrated over a mani-
fold M. For simplicity, we will assume that M can be covered by finitely
many coordinate domains. (This will be the case, for instance, if M is
compact or if M is diffeomorphic to the interior of a compact manifold-
with-boundary.) We then call a function h : M — R integrable if, for
every local parametrization F' : U — M with corresponding matrix G, the
function (ho f) - VG on U is integrable. Let L'(M) denote the real vector
space consisting of all integrable functions on M.

Theorem 7.4.2 Suppose the manifold M can be covered by finitely many
coordinate domains. Then there is a unique real linear map

LY (M) - R, hH/ﬁmv
M

such that of F': U — M 1is a local parametrization with corresponding ma-
triz G, and h vanishes outside F(U), then

/Mth: /U B(P())\/G(x) dx. (7.3)

Before giving the proof, we make one definition. For any subset A C M
let x4 be the characteristic function of A, i.e.

(p) = 1, peA,
XAPI=N0, peM— A
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Proof of Theorem [7.4.%: We first prove existence. If h vanishes outside
the image of a local parametrization ' : U — M we define the integral of
h by . It follows from Proposition and the change of variables
formula, Theorem that [ 2y hdV does not depend on the choice of F.

To define the integral of an arbitrary element of L'(M), we invoke the
assumption that there exist finitely many local parametrizations F; : U; —
M,i=1,...,r, such that if V; = F(U;) then

M=V

We define subsets A1, ..., A, of M recursively by

Al = ‘/17
k—1
Ak::Vk—UVi, 1<k<nr
=1

Then A; C Vi, M = |J; Ai, and A; N Aj = 0 if ¢ # j. For an arbitrary
h € L*(M) we now define

hdV = (/ h-xa,dv,
frv =3,

where the right-hand side is defined as above. To show that the integral of
h is independent of the choice of the sets A;, suppose B, ..., Bs is another
collection of mutually disjoint Borel measurable subsets of M such that

B;cV;, |JBi=M.
i

Because

ZXAi =1 :ZXBJ-,
i J

we have
Z/ h'XAidVZZ/ h'XAi'XBjdVZZ/ h-xp,;dV,
T JM M T JM

proving that the integral of h is well-defined.
The uniqueness part of the theorem follows from the linearity of the
integral and the fact that h = >, h- x4, for any h € LY(M). O
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If M has dimension 1 or 2 then we usually write [,, hds or [, hdA,
respectively, instead of [ ay hav.

Now suppose M is an oriented n—manifold with volume form p. We
again assume that M can be covered by finitely many coordinate domains.
By Lemma [7.1.1] any n—form w on M can be written as w = hu for some
real-valued function h on M. We say w is integrable if h is integrable, and

in that case we define
/ W= / hdV. (7.4)
M M

The following proposition shows that the integral of n—forms on M does not
depend on the first fundamental form.

Proposition 7.4.1 Let M be an oriented n—manifold that can be covered
by finitely many coordinate domains, and let w be an integrable n—form
on M that vanishes outside the image of an orientation preserving local
parametrization F : U — M. Then

Fro=f-dz' Ao Ada™

for some integrable function f on U, and

] w- /U f(z) de.

Proof. This follows from the expression for F* i given in Proposition[7.3.1}

We now consider integrals over a compact subset R C M. The set R is
contained in the union of finitely many coordinate domains Vi, ..., V. Let
V =, Vi. For real-valued functions f on M we define

/Rde :=/V><Rf,

where the right-hand side is as in Theorem Similarly, if M is oriented
then for n—forms w on M we define

/WI:/XRCU,
R \%4

where the right-hand side is as in ([7.4]).
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7.5 Stokes’ theorem for surfaces

Let S be a regular surface. By a smooth region in .S we mean a compact
subset R C S such that the following hold.

e R is the closure (in S) of an open subset of S.

e The boundary OR of R (as a subset of S) is a 1-manifold.

Figure 7.1: A smooth region

Now suppose S is oriented. The boundary dR then inherits an orien-
tation from (S, R) called the boundary orientation. To define this, let
p € S and choose a non-zero tangent vector w € T},S that is inward-pointing
with respect to R. (One can show that R is a 2-manifold-with-boundary,
and a precise definition of inward-pointing is then given in [14].) A non-zero
tangent vector v € T,(OR) is positively oriented if (v, w) is a positively
oriented basis for T,,S. This definition is independent of the choice of w, see
[14].

Let ¢ : R — S be the inclusion map. For any w € Q(S) we define

/w::/ w,
OR OR

where the right-hand side is as defined in Section

Theorem 7.5.1 (Stokes) Let S be an oriented regular surface and R C S
a smooth region. For any w € QY(S) one then has

/ w:/dw.
OR R
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Proofs can be found in [14} [9].
If S = R? with coordinates z,y then w = fdx + ¢gdy for some smooth
functions f,¢: R? = R, and

_ (99 _9f
dw = (&E 8y)d:ﬂ/\dy.

Stokes’ theorem now says that

_ [ (99 of
/aR(fd“gdy)—/R<ax ay)dxdy,

which is an instance of Green’s theorem.

In the situation of Theorem let C1,...,C, be the components of
OR. Each C; is a compact, connected 1-manifold and therefore diffeomor-
phic to S'. Choose a diffeomorphism «; : S — C; and let

a;: R — C;,  t+ ~i(cost,sint).

/8Rw - Z /027r Wa (o) (G4 (1)) dt.

=1

Then

7.6 Connection forms

Let M be an n—manifold. To any smooth frame (Ej,..., E,) on an open
subset V' C M we can associate an n X n matrix (w;) of smooth 1-forms
on V called connection forms. These are uniquely determined by the fact
that
VXEJ' = Zw;(X) . Ez
(2

for any vector field X on V.

Lemma 7.6.1 If the frame (E1,...,E,) is orthonormal then the matriz

(w}) is skew-symmetric, i.e.

foralli,j.
Proof. Because (E;, E;) is a constant function on V' we have

0=0x(E;, E;) = (VxE;, Bj) + (E;, VX Ej) = w!(X) +wi(X). O
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Now suppose M has dimension 2. In this case the matrix (w;) is com-
pletely determined by the element wi, which we simply denote by w and
refer to as the connection form of the frame. For any vector field X on V
we then have

VxE1 = wi(X)E» = —w(X)Es,

. (7.5)
VXEQ == WQ(X)El == W(X)El,

which yields
w(X) = <VxE2,E1>.

Proposition 7.6.1 Let S be an oriented regular surface with Gauss curva-
ture K and volume form p. Let (E1, E2) be a positively oriented, orthonor-
mal frame on an open subset V. C S and w the corresponding connection
form. Then

dw = Kp.

Proof. For any smooth vector fields X,Y on V we have
dw(X,Y) = 0xw(Y) — dyw(X) —w([X,Y])
= Ox(VyEa, Er) — Oy (Vx Ea, E1) — (Vx y)E2, E1)
= (VxVyFEs E) + (VyEy, VxEr)
—(VyVxFEs, Er) — (VxEa, VyE1) — (Vixy B2, 1)
= (R(X,Y)E, Ey).

By Theorem [5.3.2| we therefore have

K = (R(Ey, B2) o, E1) = dw(Ey, Es).
By Lemmal[7.1.1]we can write dw = fu for some real-valued function f on V.
Then f = dw(F1, E2) = K, and the proposition is proved. O
Problems

7.1 Let M be an n—manifold and F' : U — M a local parametrization. Let
(X1,...,X,) be the corresponding coordinate frame on V := F(U). The
compononents x!, ..., 2" of the inverse map F~!:V — U are called local
coordinates on V. Each z' is a real-valued function on V, and
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for p € V. Show that ‘ ‘

dl‘Z(Xj) = 5;,
where the right-hand side is the Kronecker delta, i.e. 5; =1if ¢ =75 and
05 =0if i # .

7.2 This problem will introduce the covariant derivative on 1-forms on a
manifold M. Recall that X(M) denotes the space of smooth vector fields
on M, and Q'(M) denotes the space of smooth 1-forms. For X € X(M)
and a € QY (M) we will write (o, X) instead of a(X). Show that there is a
unique real linear map

X(M) x QY(M) = QY(M), (X,a)— Vxa
such that for any X,Y € X(M), a € QY(M), and f € C*°(M) one has
Vixa= fVxa,
Vx(fa)=0xf -a+ fVxa,
Ix(Y,a) = (VxY,a) + (Y, Vxa).
Hint: For fixed X, a, show that the map
X(M)—C®(M), Y—ox({Y,a)—(VxY, a)

is linear over C*°(M).

7.3 Let M be a manifold and let 2',...,2" be local coordinates on an
open subset V' C M, see Problem [7.1] Let Xi,..., X, be the corresponding
coordinate vector fields on V. Show that for any smooth 1-form o« on V one
has

n
do = Zdwi AN Vx,a,
i=1
where we use the covariant derivative on 1-forms introduced in Problem [7.21
Hint: Evaluate both sides on (X, Xj).
7.4 Let S be an oriented regular surface. For any p € S let
J 1,8 = T,5

be the rotation with angle 7/2 in the positive direction. In other words, if
0 # v € T,,S then (v, Jv) is a positively oriented basis for 7),S. We can now
make 7,5 a complex vector space by defining

(a+bi) -v:=av+bJv
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for any real numbers a,b and v € T},5S. Here, i> = —1. Prove that for any

smooth vector fields X,Y on S and smooth function f : S — C one has
Vx(fY)=0xf Y+ fVxY.

Hint: If F is any smooth unit vector field on an open subset V" C S
then (E, JE) is a positively oriented orthonormal frame on V. Now use the
equations and observe that any vector field on V' has the form hE for
some h: V — C.

7.5 Let S be an oriented regular surface with Gauss curvature K. Let
R C S be a smooth region with connected, non-empty boundary C. Given
p € C, show that parallel transport once around C from p to p in the positive
direction is the rotation with angle n, where

n—/KdA.
R

Hint: One can show that there exists a smooth unit vector field E on
some open subset V' C S containing R. (You may assume this.)
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Chapter 8

The Gauss-Bonnet theorem

8.1 Winding numbers

In this section we will state the Hopf Umlaufsatz, or rotation index theorem,
which will be used in the proof of the Gauss Bonnet theorem.

A continuous, non-constant curve ¢ : R — R" is called periodic if there
exists a positive real number A such that

c(t+ ) =c(t)

for all £. The smallest such A is then called the period of c.

Example 8.1.1 The plane curve ¢(t) = (cost,sint) has period 27.

For given L > 0, curves ¢ : R — R"™ of period L are in one-to-one
correspondence with maps f : S' — R™ through the relation

oft) = f(mF).

Moreover, c is smooth if and only if f is smooth. If f is injective, or equiva-
lently if ¢ restricts to an injective map [0, L) — R", then c is called simple
periodic. In this case, f is a topological embedding. If in addition c is
regular then one can show that f is a diffeomorphism onto a 1-manifold,
see [14, [9].

We will make use of the complex exponential function e®. Recall that if
z = x + 1y for real numbers x,y then

e =e"(cosy +isiny).

109
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Lemma 8.1.1 Let I C R be an interval and f : I — C—{0} a continuously
differentiable function.

(i) There exists a continuously differentiable function g : I — C such that
ft)=e9" forallt 1.

(ii) If g1, 92 are two functions as in (i) then
g1 — g2 = 2mik
for some constant k € 7.

Proof. Choose ty € I and a complex number a such that f(ty) = e*. To
prove (ii), suppose f = eY. Then

g(to) = a + 2mik

for some integer k. Moreover,

f=29¢"=4f,

so g = f/f. Therefore,

t t g
g(t) :g(to)+/ g:a+2m'k+/ i,
to to f
proving (ii).
To prove (i), define
'S
g(t) =a+ [ =.
to f
Then g = f/f. Writing h := fe~9 we have
h=fe 9~ fge =0,
hence h is constant. Because h(tg) =1, we have h=1,s0 f =e9. O

Let ¢: R — C be a continuously differentiable curve with period L, and
2o a complex number not in the image of ¢. The winding number W (¢; 2p)
of ¢ with respect to zg is defined as follows. By Lemma [8.1.1| we can find a
continuously differentiable curve ¢g : R — C such that

ct) = zo + 90
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for all ¢. Then
g(t+ L) =g(t)+ 2mik

for some constant integer k, and we define W (c¢; z9) := k. Part (ii) of the
lemma shows that this definition is independent of the choice of g.
Note that if c(t) = 2o +(t)e?®) for real-valued functions r,6 with r > 0

then
1

Wi(e;20) = o

(6(L) — 6(0)).

Let ¢ : R — C be a regular, periodic curve. The rotation index n. of ¢
(also called the tangent winding number) is the winding number of the
derivative ¢ : R — C with respect to the origin, i.e.

ne := W(¢;0).

If ¢ is in fact simple periodic then one can show that its image C is a
submanifold of R? diffeomorphic to S'. The Jordan curve theorem then
asserts that the complement R? — C has exactly two connected components,
and C' is their common boundary. (A proof of the more general Jordan-
Brouwer separation theorem can be found in [4, p.89].) Moreover, one
component (the “inside”) is bounded, whereas the other one (the “outside”)
is unbounded. We say c is positively oriented if it is positively oriented
with respect to the closure R of the bounded component.

Theorem 8.1.1 (Hopf) Any positively oriented, regular, simple periodic
curve in the plane has rotation index 1.

For the proof we refer to [1, [10].

8.2 Geodesic curvature

Let S be a regular surface and v : I — S a regular curve. By a normal
orientation of 7 we mean a smooth map N : I — S? such that N(t) €
Ty)S and N(t) L 4(t) for all t. (In particular, N is a vector field on S
along v.) Such a normal orientation always exists, see Problem

Now let v : I — S be a smooth curve of unit speed and with normal
orientation N. Because

0= %Hﬁ(t)HQ =2 <§tv(t)d(t)> ,
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there is a unique smooth function x : I — R, the geodesic curvature of

v, such that

20 = (8) - N (1)

for all t. Clearly, x, = 0 if and only if ~ is a geodesic.
The following lemma says that the geodesic curvature is invariant under
reparametrization in a certain sense.

Lemma 8.2.1 Let I,J C R be intervals. Let v : I — S be a smooth curve
of unit speed and with normal orientation N. Suppose yo =~v10¢:J — S
is a reparametrization of 1 of unit speed, where ¢ : J — I is smooth.
Let 2 have the normal orientation Na(t) := N1(¢(t)). Then the geodesic
curvatures of v1,vs are related by

Foya (1) = Fiy (D(2))-

Proof. Tt is easy to see that ¢(t) = et + a for some constants € = +1,
a € R, so that

72(t) = 71 (et + a).
Hence,
Yo(t) = (et +a), Ha2(t) = Y1(et + a).
This yields

V. \% )
Koy (1) Na(t) = —A2(t) = — Y1(8) = Finy (B(1)) N1((1)),
dt ds s=o(t)
from which the lemma follows. O

Corollary 8.2.1 Let S be a regular surface and R C S a smooth domain.
There is a unique smooth function kg : OR — R with the following property.
Let v : (—€,€) = S be a smooth curve of unit speed such that (t) € OR for
every t. If v is given the inward-pointing normal orientation with respect to

R then
Kg(7(0)) = £y (0).

Proof. Let ~1,7v2 be smooth curves of unit speed taking values on JR,
both defined in open intervals containing 0. Then ¢ := 5 Lo 41 is defined
and smooth on a neighbourhood of 0. Now apply the lemma. O
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8.3 The local Gauss-Bonnet theorem, I

A smooth region R is called simple if it is contained in a coordinate domain
for S and OR has exactly one component.

Theorem 8.3.1 Let S be a reqular surface with Gauss curvature K. Sup-
pose R C S is a simple smooth region. Then

/KdA+/ kg ds = 2.
R OR

Proof. Let F' : U — S be a local parametrization with R C F(U).
Let X1, X5 be the corresponding coordinate vector fields and (E7, Es) the
orthonormal frame on F(U) obtained from (X1, X2) by the Gram-Schmidt
process. We give F'(U) the orientation for which F' is orientation preserving.
Combining Proposition and Stokes’s theorem we find that

/RKdA:/Rdw:/aRw, (8.1)

where w € QYF(U)) is the connection form of the frame (E1, Ez). To
compute the line integral, choose a smooth, simply periodic curve v : R — S
of unit speed whose trace equals OR. Let N : R — S? be the inward-pointing
normal orientation of 7. By replacing v(¢) by v(—t) if necessary, we can
arrange that « is positively oriented.

We can write

Y(t) = Zﬁi(t)Ez('V(t))

where each 3% is a smooth funtion R — R. Then 3 := (3!, 3?) is a smooth
curve in the plane taking values on the unit circle. By Lemma there
is a smooth function # : R — R such that

B(t) = (cosO(t),sinb(t))
for all ¢. Then
Y(t) = cos O(t) Ev(v(#)) + sin 0(t) Ex(v(1))-
Furthermore the normal orientation of ~ is

N(t) = —sin0(t) Ev(v(t)) + cos 0(t) Ex(y(1)),
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as one can verify by computing ji,)((t), N(t)) = 1, where p is the volume
form on S. Now,

() = — 0(0) sin 0(0) B (5 (1)) +c0s 01V )50 B
+0(t) cos O(t) B2 ((t)) + sin 0(t) Vo) 51y B2
Inserting
Vo amEr = —wy@) (7)) E2(v(1)),
Va0 F2 = wye) (7(1) E1 (7 (1)),
we get

Yty = (000) — w0 (1) N0

Hence, the geodesic curvature of v is

o (1) = 0(2) — w0 (3(D)).- (82)
If v has period L then this yields

L
/ w = / (606 — o (1)) dt = 6(1) ~ B(0) - / b yds.
OR 0 AR
Combining this with (8.1]) we obtain
/ K dA —|—/ kg ds = 2nW (3;0).
R OR
It only remains to prove that the winding number W (3;0) = 1. To this end

we compare v with the plane curve o := F~! o+. Clearly, a is regular and
simple periodic. Let a = (a!,a?). Since v = F o a, the chain rule yields

() = D & (OF(a(t) = D &' () Xi(1(1))- (8.3)
For fixed ¢, and omitting ¢ and v from notation for a moment, we then have

=) d'X;=) B'E.
i i

Recall that the Gram-Schmidt process transforms a basis by an upper tri-
angular matrix with positive entries on the diagonal. In our case,

Ej = Z C;-Xi,
T
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where the matrix C := (c;) satisfies ¢! > 0, and cé. =0 for ¢ > j. Therefore,

YA ax - Y (Y| x.
i 7 7

J

In view of (8.3), this shows that

i.e.

Since the matrix C' has only positive eigenvalues (namely c!), we see that
&(t) is never a negative real multiple of 5(¢). It is then a simple exercise to
show that the curves & and § have the same winding number with respect
to the origin (see Problem [8.1). Thus,

W(B;0) = W(c;0) = na =1,

where the last equality is the theorem of Hopf. This completes the proof of
the theorem. d

As an example, let S? be the unit sphere in R3, and let R C S? be the
upper hemisphere. Since OR is a great circle, which can be parametrized by
a geodesic, we have k, = 0. Moreover, K = 1, so the theorem says that

1
27 = / K dA +/ Kgds = / 1dA = Area(R) = -~ Area(S5?),
R OR R 2

confirming that the area of S? is 4.

8.4 The local Gauss-Bonnet theorem, II

Given a manifold M, a continuous curve v : I — M is called piecewise
regular if for all a,b € I with a < b there exists a non-negative integer r
and a partition

a=ay<a1<---<ar=2»b

such that the restriction of v to the subinterval [a;_1, a;] is a regular curve
fori=1,...,r.

Let S be a regular surface. By a polygonal region in S we mean a
compact subset R C S such that the following hold.
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e R is the closure of an open subset of S.
e The boundary OR has finitely many components.

e Each component of OR is the image of a simple periodic, piecewise
regular curve R — §.

A polygonal region R is called simple if it is contained in a coordinate
domain for S and R has exactly one component.

Let R C S be a polygonal region and v : R — S a simple periodic,
piecewise regular curve of unit speed whose trace is a boundary component
of R. If typ € R is a point where 7 is not smooth then (¢y) is called a vertex
of R. A vertex y(to) is called a cusp if the one-sided derivatives () of ~
at to satisfy

H(tg) = —(tg);
otherwise 7(y) is called an ordinary vertex. If 6 € [0, 27] is the interior
angle of R at a vertex p then € := 7 —6 € [—, 7] is called the jump angle
at p. If y is smooth on a non-empty open interval (¢g, 1) but not smooth at
to or at t; then the image of the closed interval [to,¢1] under ~ is called an
edge of R.

If S is oriented then the jump angle has the following alternative de-
scription: If 4 is orientation preserving then (tJ) is obtained from ~(t;)
by a rotation with oriented angle €, see Figure [8.1]

Let V C OR be the set of vertices of R, which is finite. The geodesic
curvature

kg:OR—=V =R

can then be defined as before.

Theorem 8.4.1 Let S be a reqular surface with Gauss curvature K. Sup-

pose R C S is a simple polygonal region with jump angles €1, ..., €, at the
vertices. Then i
/KdA+/ Kgds+ Y & =2m.
R AR =1

Idea of proof. “Round off” the corners of R to produce a smooth
region R’ C S to which Theorem can be applied. Use Equation (8.2))
to estimate the integral faR, Kgds. O

A simple polygonal region R C S is called a curved triangle if R has
exactly three vertices. If in addition each edge of OR can be parametrized
by a geodesic then R is called a geodesic triangle.
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Ordinary vertex, Ordinary vertex,

O< &< 1IT ~ng £< 0

Inward cusp, Outward cusp,
- ==
Figure 8.1: The jump angle

Theorem 8.4.2 Let R C S be a geodesic triangle with interior angles 6;,

1=1,2,3. Then
3
/KdA: > 6 -
R i=1

Proof. The jump angle at the ith vertex is ¢; = m — 6;. Since x4 = 0,
Theorem [8.4.1] gives

3
/KdA—27T—Z7r— 29—7? O
=1
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If K is constant then the theorem says that

3
K - Area(R) = ZHZ- — .
i=1

Note that the cases K = 0,1, —1 correspond to Euclidean, spherical, and
hyperbolic triangles, respectively.

8.5 The global Gauss-Bonnet theorem

Let S C R™ be a regular surface (not necessarily orientable) and R C S
a polygonal region. A smooth triangulation of R is a finite collection
{R1,..., Ry} of curved triangles in S such that the following hold.

e The union of the triangles equals R, i.e. |, R, = R.

e [f two triangles intersect non-trivally then their intersection is either
a common vertex or a common edge.

Each triangle Ry, is called a face of the triangulation, and each vertex
(or edge) of a triangle is called a vertex (or edge) of the triangulation. Let
v, e be the number of vertices and edges of the triangulation, respectively,
and recall that there are f faces. Then

X(R)=v—e+ f

is called the Euler characteristic of the triangulated region R. It is known
that every polygonal region admits a smooth triangulation, and the following
theorem shows that the Euler characteristic is independent of the triangu-
lation.

Proposition 8.5.1 FEvery polygonal region admits a smooth triangulation.
We omit the proof.

Theorem 8.5.1 Let S be a reqular surface and R C S a polygonal region.
Let ey, ..., € be the jump angles at the vertices of OR. Then for any smooth
triangulation of R one has

k
/KdA+/ Hgd8+26i:2ﬁX(R).
R OR

=1
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Proof. A vertex p of the triangulation is called a boundary vertex if
p € OR, otherwise p is called an interior vertex. It is easy to see that

every vertex of R must also be a vertex of the triangulation. Let p1,...,pg
be the vertices of R and pgy1,...,pe the remaining boundary vertices. Let
Dé+1, - - -, Py be the interior vertices.

Let a; be the number of edges meeting at p;. Because every edge of a
triangle has distinct end-points, we have

zv:ai = 2e. (8.4)
=1

The interior angles of the faces meeting at a vertex p; are denoted {n;;},
where 1 < j < a; — 1 if p; is a boundary vertex and 1 < j < q; if p; is an
interior vertex. Let ¢;; := m — n;; be the corresponding jump angle.

For ¢ = 1,...,k let n; be the interior angle of R at p;. The jump angle
at p; is then ¢, =7 —n;. Fori =k +1,...,¢ we define n; := 7 and ¢; := 0.

For any boundary vertex p; we have

a;—1
ni = Z Nij»
j=1

which gives
a;—1

T—€ = Z(T(—Gij),
j=1

or equivalently,
a;—1

Z €ij = (ai — 2)7T + €.

j=1
For any interior vertex p; we have

a; a;
2r =Y mij = Y (7 — €ij),
7j=1 7j=1
hence
a;
ZEU = (CLi — 2)71'
j=1

Let {n};}1<j<3 be the interior angles of the hth face Ry, and €}, ; :== m —nj,.
Applying Theorem to each Ry, and summing over h we get

/ 3
KdA+/ Ko ds + e | =2rf.
Z Ry OR, 9 Z hj

h=1 j=1
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It is easy to see that OR is a union of edges of the triangulation, and every
edge not contained in JR is the intersection of two faces. Hence, in the
above sum the integrals over edges not contained in R come in pairs with
opposite normal orientations and therefore cancel out. We then obtain

/KdA+/ Kgds+ Y € =2rf.
R OR hj

Because {€;;} and {e},;} are just different ways of indexing the same set, we
have

/ —_— ..
E ehj = E E’L]
hj ij
{ a;—1 v

a;
S5 SN 3 o
i=1 j—1 i=0+1 j=1
v k
= Z(az — 2)7T+ Zﬁi
=1 =1

k
=2m(e —v)+ Zei,
i=1
where in the last equality we used (8.4]). Putting this together we get
k
/ KdA+/ ﬁgds+26i:27r(v—e+f)

=2mx(R). O

Corollary 8.5.1 If S is a compact regular surface then
/KdA:27rx(S). O
S

Proposition 8.5.2 If S is a regular surface and R C S a simple polygonal
region then x(R) = 1.

Proof. This follows from Theorems and O

Proposition 8.5.3 Let S be a compact reqular surface and Ri,Re C S
smooth regions such that
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e RiURy, =5,
e RiNRy=0R; = 0Rs.

Then
X(5) = x(R1) + x(R2).
Proof. Let m; : aRi — R be the geodesic curvature of dR; as boundary of

R;. Because s} and k2 are defined in terms of opposite normal oriantations,
we have /@}1 2 Applying Theorem 1/ to both R; and Ry we get

7 (x(Ry) + x(R2)) = KdA+ KdA+/ n;ds+/ Ko ds
R R1 Ry
/ K dA
=27x(S O
Proposition 8.5.4 y(S?) =2
Proof. One can prove this by constructing a smooth triangulation of S2.

Alternatively, let H,, H_ C S? be the upper and lower closed hemispheres,
respectively. Because each hemisphere is a simple smooth region, Proposi-

tions [8.5.2] and [8.5.3] yield

X(S%) =x(Hy)+x(H)=2. O

We now consider the torus 72 := S x S' ¢ R*.
Proposition 8.5.5 x(7?) = 0.
Proof. The map
R? — T2, (s,t) — (coss,sins,cost,sint)

is a surjective local isometry. Because the Gauss curvature of R? vanishes,
the same holds for 72 (see the remarks after Theorem [5.3.3). Now apply

Corollary O

Problems
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8.1 Let f,g: R — C — {0} be smooth curves of period L such that f(t)
is never a negative real multiple of g(¢). Show that f and g have the same
winding number with respect to the origin.

8.2 Let S be a regular surface and p € S. Suppose «, 5 are smooth curves
(—e,€) — S such that

e a(0) =p=p(0), and
e ¢(0) and 3(0) are linearly independent.

Show that there exists a local parametrization F' : U — S around p such
that (0,0) € U and such that for all ¢ in a neighbourhood of 0 in R one has

a(t) = F(t,0), B(t)=F(0,t).

Hint: First consider the case S = R2. Apply the inverse function theo-
rem to the map

¢ : (_67 6) X (_67 6) — Rz? (Svt) — O[(t) + /B(t)
8.3 Let S be a regular surface and v : I — S a regular curve. Prove the
following.
(a) The curve v admits a normal orientation N.

(b) If Ny and Ny are normal orientations of « then either Ny = Ny or
Ny = —Nos.

8.4 Let S be a regular surface and c: I — S a regular curve of unit speed
and with normal orientation IN. Suppose W is a parallel vector field of unit
length along c. Prove the following.

(a) There is a smooth function 6 : I — R such that
W (t) = cos6(t)c(t) +sin(t) N (t).

(b) If 0 is as in (a) then .
Q(t) = _ﬁc(t)v

where k. is the geodesic curvature of c.
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Hyperbolic geometry

9.1 Riemannian metrics

Let M be a k—manifold. A Riemannian metric g on M is a rule that
assigns to every p € M a (positive definite) scalar product g, on the tangent
space T, M such that g is smooth in the following sense: If F' : U — M is
any local parametrization then for 4,5 = 1,...,k the function g;; : U — R
given by

9ij(u) = gp(u)(0iF (u), 0;F (u))

is smooth. The pair (M, g) is called a Riemannian manifold . Often one
just says that M is equipped with the Riemannian metric g. A Riemannian
manifold of dimension 2 is called a Riemannian surface. (Note that the
term “Riemann surface” usually means a complex 1-manifold.)

Example 9.1.1 For any manifold M C R", the first fundamental form
I = I is an example of a Riemannian metric.

Example 9.1.2 A Riemannian metric g on an open subset 2 C R" is usu-
ally specified in terms of its components (g;;) with respect to the canonical
parametrization F =1Id : Q — Q. If z!,..., 2" are the standard coordinates
on R” one writes

]
Example 9.1.3 Let U? C R? be the upper half-space, i.c.
U? = {(z,y) € R*|y > O}.

123
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Let gy be the Riemannian metric on U? given by

(dx)? + (dy)?
y? '

qu =

Then (U2, gy/) is the Poincaré upper half-space model for the hyperbolic
plane.

If (M, g) and (M’,¢’) are Riemannian manifolds of the same dimension,

a smooth map ¢ : M — M’ is called a local isometry if for every p € M the

differential d¢y, : T, M — Ty, M is a linear isometry, i.e. for all v, w € T, M
one has

Gl (A (0), dby () = gy (v, w). (9.1)

If both M and M’ are equipped with their first fundamental forms then this
definition agrees with the one given in Section[2.2] As before, a bijective local
isometry is called an isometry. Every local isometry is a local diffeomor-
phism, and every isometry is a diffeomorphism. The group of all isometries
of (M, g) will be denoted by Isom(M, g), or Isom(M) if g is understood.
Given a Riemannian manifold (M, g), a map ¢ : M — R" is called an
isometric embedding if the image N := ¢(M) is a manifold and the map

(M, g) = (N, In)

induced by ¢ is an isometry. In other words, ¢ is a smooth embedding and
for every p € M and v,w € T,M one has

gp(vv w) = <d¢P(U)7 d¢p(w)>

Theorem 9.1.1 (J. Nash) For any Riemannian manifold M there exists
a natural number n and an isometric embedding M — R™.

The original proof can be found in [I3]. A simpler proof was later ob-
tained by M. Giinther [5].

A fundamental result of Riemannian geometry is that on any Riemannian
manifold (M, g) there is a unique operator

V:X(M)x X(M) — X(M)

such that Propositions [4.3.2 and [4.3.3| holds with V and g(-, -) in place
of V and (-, -), respectively. The operator V is called the Riemannian
connection or Levi-Civita connection . If g is the first fundamenatal form,
then V agrees with the covariant derivative V as we have defined it. The
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Riemannian curvature tensor and the notion of a geodesic on (M, g) are
defined as before, with V in place of V (see [11} 10]). We will not discuss
this general theory here, as our focus in this chapter will be on the hyperbolic
spaces, where the Riemannian connection has a simple description analogous
to that of the covariant derivative in Section [4.3]

9.2 Hyperbolic n—space

For n > 1, Lorentzian (n+1)-space R™! is the vector space R"*! equipped
with the Lorentzian scalar product

n
<1‘, y> — inyi - xn+1yn+1
=1

for elements x = (x!,...,2") y = (y},...,y""!) of R™L. A vector = €
R™! is called time-like, light-like, or space-like if (x, ) is negative, zero,
or positive, respectively.

Hyperbolic n—space (as a set) is defined by

H" := {x € R™ | (z,2) = —1, 2" > 0}.

Note that the equation (x,z) = —1 describes a hyperboloid with two com-
ponents, and H” is the component with "t > 0.

Lemma 9.2.1 (i) H" is an n-manifold.
(ii) The tangent space of H" at a point x € H" is

T,H" = {y € R™! | (z,y) = 0}.

(iii) For any x € H", the Lorentzian scalar product on R™! restricts to a
positive definite scalar product on T, H"™. This makes H" a Riemannian
manifold.

Proof. (i) This follows from Theorem because —1 is a regular value
of the function

R R, =+ Z(l_z)2 _ (xn+1)2'
i=1

(ii) Apply Proposition [1.4.5]
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(iii) This follows from Propositions|A.0.1jand |A.0.3] O

Recall that the orthogonal group O(n + 1) acts on the sphere S™ by
isometries. We now introduce a corresponding group for H™. A linear map
L : R™»!' — R™! ig called a Lorentz transformation if it preserves the
Lorentzian scalar product, i.e. if for all 2,y € R™! one has

(Lz, Ly) = (z,y).

A real (n+1) x (n+1) matrix is said to be Lorentzian if the corresponding
linear map R™! — R™! is a Lorentz transformation. The Lorentz group
O(n, 1) is the set of all (n+ 1) x (n+ 1) Lorentzian matrices equipped with
matrix multiplication.

Every Lorentz transformation L : R™! — R™! will map the hyperboloid
(z,z) = —1 to itself. The orthochronous Lorentz group O%(n,1) is
the index 2 subgroup of O(n, 1) consisting of those elements that map the
component H" to itself, or equivalently,

Ot (n,1) := {(ai;) € O(n,1) | ant1.n+1 > 0}
Proposition 9.2.1 For every A € OT(n,1) the map
Ly:H"—H", zw~ Ax
18 an isometry.

Proof. This follows immediately from the definitions. O

A Riemannian manifold M is called frame-homogeneous if for any two
points p,q € M the following hold. For any orthonormal basis (v1,...,v,)
for T,,M and orthonormal basis (w1,...,wy,) for T;M there is an isometry
¢ : M — M such that ¢(p) = q and d¢,(v;) = w; for every 1.

Theorem 9.2.1 The Riemannian manifolds R™, S™, and H" are frame-
homogeneous.

Proof. We give a proof for H", leaving the other two cases for the reader.
Let (e1,...,eny 1) be the standard basis for R"*1. Then e,,; € H", and
(e1,...,ep) is an orthonormal basis for T¢, ., H". It suffices to prove that if
p € H" and (vy,...,v,) is an orthonormal basis for T,M then there is an
A € Ot (n,1) such that Ae; = v; for i = 1,...,n and Ae,11; = p. But this
just means that A is the (n+ 1) X (n+ 1) matrix with columns vy, ..., v,,p.
Clearly, A € O (n, 1), proving that H" is frame-homogeneous. O
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Conversely, one can show that for n > 2, any connected, simply-connected,
frame-homogeneous Riemannian n—manifold is isometric to either R”, S™,
or H", see [11], 10].

We now define the covariant derivative on H". For any p € H" let

. 1
I, : R — T,M

be the orthogonal projection with respect to the Lorentzian scalar product,
ie.
I, (v) := v+ (v,p)p

for v € R™!. Given an open subset V C H" and a function f : V — R™!,

we define the tangential part of f as before to be the vector field f*2" on V
defined by

F(p) =L (f (p))-

If X,Y are smooth vector fields on V' then the covariant derivative VxY is
by definition the smooth vector field on V' defined by

VxY = (OxY)™".

This covariant derivative satisfies the properties stated in Propositions [4.3.2
and[£.3.3] Given a coordinate frame on an open subset V' C H" we define the
Christoffel symbols as before by . Then the proof of Proposition m
holds in the current setting as well, expressing the Christoffel symbols in
terms of the components of the first fundamental form.

Given a smooth vector field W along a smooth curve v : I — H"™ we
define the covariant derivative %W along v defined by

%W(t) =1L, W(t).

The curve 7 is called a geodesic if %"y(t) =0 for all t € I. If y takes values
in a coordinate domain then + is a geodesic if and only if the system
of ordinary differential equations is satisfied. Therefore, the existence and
uniqueness results of Theorem [6.2.1] carry over to H".

Proposition 9.2.2 For any p € H" and v € T,H" satisfying ||v|| = 1 the
curve
a:R—H" t~ cosht-p+sinht-v

s the maximal geodesic in H™ starting at p.
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Proof. We have
é(t) = cosht-p+sinht-v = at),

hence %d(t) =0. O

We define the exponential map on H™ in terms of geodesics as before.
For any p € H" and v € T,H" satisfying ||v|| = 1 and any real number t we
then have

exp,(tv) = cosht - p + sinht - v. (9.2)

The traces of the maximal geodesics in H" have a simple description,
which we now explain. If £ ¢ R™! is any 2-dimensional linear subspace
that contains time-like vectors then the intersection H" N E is called a line
in H".

Proposition 9.2.3 If x,y are distinct points in H™ then there is a unique
line in H™ passing through x and y.

Proof. The vectors x and y must be linearly independent, hence span a
2-dimensional subspace £ C R™!. Then H" N E is the unique line passing
through = and y. d

Proposition 9.2.4 The lines in H"™ are exactly the traces of the maximal
geodesics.

Proof. Upon the choice of suitable bases, the proof boils down to the
observation that in the zy-plane, the trace of the curve ¢ — (sinht, cosht)
is the component of the hyperbola z? — 3?2 = —1 where y > 0. Combining
this with Theorem [9.2.1] we obtain the proposition. O

Lemma 9.2.2 For any p € H" the exponential map exp, : T)H" — H" s
a bijection.

Proof. Surjectivity follows from Propositions [0.2.3] and [0.2.4, To prove
injectivity, suppose w,w’ € T,H" and

exp,(w) = exp,,(w').

We can write

/ !/
w=tv, w=tv
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where t,t’ > 0 and v, v’ are tangent vectors of length 1. Then from Equa-
tion [0.2] we get

—cosht = (exp,(w), p) = (exp,(w’), p) = — cosht’,

hence t = /. If t = 0 then this yields w = w’ = 0. Now suppose ¢t > 0. From
the equation
sinht-v = sinht - v/

we then deduce that v = v/, so w = w’ in this case, too. O
We can now complete the description of the isometry group of H™.
Theorem 9.2.2 The map
7:0%(n,1) = Isom(H"), Aws Ly
s a group isomomorphism, where L4 is as in Proposition [9.2.1].

Proof. The map 7 is obviously a group homomorphism. It is easy to see
that the linear span of H" is all of R™*!, hence 7 is injective. To see that 7
is surjective, let ¢ € Isom(H™). Let (e1,...,ent1) be the standard basis for
R"*! and let p := e,41. Then

(dgp(er), -, (dop(en)

is an orthonormal basis for the tangent space Tj,)H". As in the proof of
Theorem we see that there is an A € O7(n, 1) such that the isometries
¢ and L4 of H"™ have the same value and differential at p, i.e.

o(p) = Ap, ddp = d(La)p.
Let ¢ := L4 0¢ !, so that

U(p) =p, dipp=1d.

We will show that ) is the identity. Let ¢ € H". To see that ¥(q) = ¢, recall
that by Lemma there is a maximal geodesic v : R — H" starting at p
such that v(1) = ¢. Then 5 :=1 o~ is a geodesic in H" satisfying

B(0) =~(0), B'(0) =~'(0).

The uniqueness result for geodesics, Theorem (ii), still holds in the
current setting, hence we have g = ~. In particular,

Y(g) =¢(y(1) =p5(1)=~(1)=¢ O
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We define the Riemannian curvature tensor of H" in terms of the covari-
ant derivative as in Section [5.2] and we define the Gauss curvature of the
hyperbolic plane H? in terms of the curvature tensor by Equation (5.1)).

Theorem 9.2.3 The hyperbolic plane has Gauss curvature K = —1.

Proof. We use geodesic polar coordinates. Given p € H?, choose an
orthonormal basis (v1, ve) for T,H? and define

h:R* = H? (r,0) — exp,(rcos - vy +rsind - va).

At any point (r,0) with r # 0, the partial derivatives %, % are therefore

linearly independent, so the differential dh(, ) is an isomorphism. Thus, h
restricts to a surjective local diffeomorphism R? — {0} — H? — {p}. The
calcuation of Lemma now shows that K = —1 on H? — {p}. By
continuity, K = —1 on all of H2. d

Then

on||* on||? Oh Oh
=1, [|Z] = sinh? TEITN 0.
ar ’ Hae ST <ar’ae> 0

Proposition 9.2.5 Any surface S C R of Gauss curvature —1 is locally
isometric to the hyperbolic plane. More precisely, for any points p € S and
q € H? there exist neighbourhoods V. C S of p and W C H? of q and an
isometry V. — W.

Proof. This is proved in the same way as Theorem [6.6.1, using Theo-
rem and the calculation in the proof of Theorem [9.2.3] O

9.3 Hyperbolic trigonometry

[To be written]

9.4 Conformal maps

[To be written]
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9.5 Other models of the hyperbolic space

[To be written]

Problems

9.1 Show that if Ly, Ly are lines in H? and p; € L;, i = 1,2, then there is
an isometry ¢ : H? — H? such that ¢(L;) = Ly and ¢(p1) = pa.

9.2 Show that exp,, : T)H" — H" is a diffeomorphism for every n and every
p e H™
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Appendix A

Symmetric bilinear forms

Let V be an n—dimensional real vector space. By a bilinear form on V we
mean a bilinear map

B:V xV =R

The form is called symmetric if
B(x,y) = By, x)
for all x,y € V. The associated quadratic form
Q:V—-R, z~— B(z,x)

determines B through the polarization identity

B(z.y) = 2(Q(z +v) — Q) — Q).

2
The forms B and @ are called positive definite if Q(z) > 0 for all non-
zero x € V. A positive definite symmetric bilinear form is called an inner
product. If W C V is a linear subspace then the restriction of B to W x W
is a bilinear form on W that we denote by Bl .
A symmetric bilinear form B on V is called non-degenerate if the
linear map
V->V* z— B(z,-)

is an isomorphism, where B(z,-) is the element of the dual space V* given
by y — B(z,y). A non-degenerate symmetric bilinear form B on V is called
a scalar product on V. It is easy to see that every inner product is a scalar
product.

133
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Given a symmetric bilinear form B on V and a subset S C V, the
orthogonal complement of S is defined by

St :={zeV|B(zx,y) =0forally € S}.

For x € V, the orthogonal complement of the singleton {z} is denoted by
1L
T
Given linear subspaces Wi, Wy of V' we say that V is the direct sum of
W1 and Wy, written

V=W oW,

if every element z € V' can be written uniquely as x = y; +y2 where y; € W;.

Proposition A.0.1 Let B be a symmetric bilinear form onV and let W C
V' be a linear subspace such that By is non-degenerate. Then

V=Waow.

Proof. Every z € V defines an element of the dual space W* given by
y' — B(z,y'). Hence there exists a y € W such that for every y' € W one
has

B(z,y") = B(y,y").
Let z := x—y. Then z € W', so x = y + 2 is a decomposition of the desired

kind. The non-degeneracy of B|y also implies that W N W+ = {0}, which
implies that the decomposition of x is unique. O

Theorem A.0.1 Let B be a symmetric bilinear form on V and Q the as-
sociated quadratic form. Then there exist non-negative integers r,s and a
basis (e1,...,ey) for V such that for any (x!,...,2") € R™ one has

Q (i l”iei) = (@) 4+ (@) = (@R - = (a7
i=1

Proof. If @@ = 0 the theorem is trivial, so suppose @@ #Z 0. Choose any
element x € V with Q(x) # 0. By rescaling x we obtain an element e; € V
such that Q(e;) = £1. If n = 1 then {e;} is a basis for V' of the required
kind. We now use induction on n. Suppose n > 2 and that the theorem
holds for all lower values of n. Since Blge, is non-degenerate we have

V =Re; ® et
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by Proposition m Let (e,...,e,) be a basis for ei as supplied by the
theorem. Then (eq,...,e,) is a basis for V. After perhaps reordering the
elements of the basis, we obtain a basis for V' of the required kind. O

The pair (r,s) is called the signature of B. The following result shows
that (7, s) is independent of the choice of basis of V.

Proposition A.0.2 (Sylvester’s Law of Inertia) In the situation of The-
orem the integer r is the mazimal dimension of any linear subspace

on which B is positive definite. Similarly, s is the mazimal dimension of

any linear subspace on which B is negative definite.

Proof. We prove the assertion about r, the case of s being similar.
Clearly, B is positive definite on the linear span of eq,...,e,. Now sup-
pose W is any linear subspace of V on which B is positive definite. Let Z
be the linear span of ep41,...,e,. Since Q(z) < 0 for every x € Z we must
have W N Z = {0}. Therefore,

dimW + dim Z < dim 'V,

or equivalently,
dimW <dimV —dim Z = p. O

Proposition A.0.3 Suppose the vector space V is the direct sum of two
subspaces, say
V =W; & Ws.

Let B be a symmetric bilinear form on V' such that B(x1,x2) = 0 for x; €
W;. If Blw, has signature (r;, s;) then B has signature (r1 + r2, $1 + $2).

Proof. Left for the reader. O
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