
Compulsory assignment in MAT4520, Spring 2015

The solutions must be submitted either to me or to “obligkassa” on the 7th floor in the
N.H.Abel building by 14:30 on Thursday, April 16, 2015. All (sub)problems carry equal
weight. In order to pass you need to solve at least 50%.

Problem 1. For c ∈ R \ {0} consider the set C ⊂ R2 defined by

C = {(x, y)|x3 + xy + y3 = c}.
(i) Show that for c 6= 1/27 the set C is a closed one-dimensional submanifold of R2.

(ii) Prove or disprove that for c = 1/27 the set C is an embedded submanifold of R2.

Problem 2. The following was used in the class, the task is to spell out the details. Let X
be a smooth vector field on a manifold M . Suppose there exists ε > 0 such that for every
p ∈M there is an integral curve γ : (−ε, ε)→M of X such that γ(0) = p. Conclude that the
maximal integral curves of X are defined on the whole line R.

Problem 3. The following gives a slightly different approach to some of the results in
Ch 10 in Spivak.

A Lie group is a group G which is also a smooth manifold such that the product map
G×G→ G, (g, h) 7→ gh, and the inverse map G→ G, g 7→ g−1, are smooth. For g ∈ G, define
a diffeomorphism lg of G by lg(h) = gh. A smooth vector field X is called left-invariant if
(dhlg)(Xh) = Xgh for all g, h ∈ G. Thus, a left-invariant vector field is completely determined
by its value at the unit element e ∈ G. It is not difficult to see that every element v ∈ TeG
arises this way: the corresponding vector field is defined by Xv

g = (delg)(v). Therefore the
space of left-invariant vector fields can be identified with the finite dimensional space g = TeG.
The commutator of two left-invariant vector fields is again left-invariant. Hence we get a Lie
bracket [·, ·] on g: [v, w] = [Xv, Xw]e. The goal of the problem is to define it more explicitly.

(i) For v ∈ g, let γv be the maximal integral curve of Xv such that γv(0) = e. Show that for
every g ∈ G the curve γ(t) = gγv(t) is an integral curve of Xv such that γ(0) = g. Conclude
that γv(t) is defined for all t ∈ R and the flow (φv

t )t defined by Xv is given by φv
t (g) = gγv(t).

(In the case of G = GLn(R) we already know that γv(t) = exp(tv). Motivated by this, for
arbitrary G one still writes exp(tv) for γv(t).)

(ii) Choose a coordinate chart x : U → Rn on G containing e ∈ G such that x(e) = 0. Let
f : V × V → Rn, where V is a small neighbourhood of zero in Rn, be the map describing
the group law near e in these coordinates, so f(a, b) = x(x−1(a)x−1(b)). Consider the Taylor
expansion of f at 0 ∈ R2n. Show that it has the form

a+ b+B(a, b) + terms of order ≥ 3,

where B : Rn × Rn → Rn is a bilinear map.

(iii) Show that in the chosen local coordinates the Lie bracket on g is given by

[v, w] = B(v, w)−B(w, v).

(More pedantically, (dex)([v, w]) = B((dex)(v), (dex)(w))− B((dex)(w), (dex)(v)).) Hint: re-
call that for arbitrary smooth vector fields X and Y , with the corresponding local flows (φt)t
and (ψt)t, and any smooth function F we have

L[X,Y ](F )(p) =
∂2

∂s∂t

(
F (ψs(φt(p)))− F (φt(ψs(p)))

)
|s=t=0.
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(iv) Take G = GLn(R). Since G is an open subset of the vector space Matn(R), we as usual
identify the tangent space at every point with Matn(R). Use the above strategy to show that
the Lie bracket on g = Matn(R) is given by [A,B] = AB −BA.

(The Lie algebra Matn(R) with this Lie bracket is denoted by gln(R).)

Problem 4. The goal of this problem is to show existence of compactly supported com-
muting vector fields that are linearly independent at a given point. It suffices to do this
for Rn.

Fix ε ∈ (0, 1) and choose a smooth function h on [0,∞) such that

h′(t) > 0 for all t ≥ 0, h(t) = t for t ∈ [0, ε], h(t) = 1− 1

ln t
for all t large enough.

(You don’t have to explain why such a function exists.) Consider the map

f : Rn → Rn, f(a) =
h(‖a‖)
‖a‖

a,

where ‖a‖ =
√

(a1)2 + · · ·+ (an)2 is the usual Euclidean norm.

(i) Show that f is a diffeomorphism of Rn onto the open unit ball B ⊂ Rn.

(ii) Define smooth vector fields Xi on B by Xi = f∗(
∂
∂xi ), that is,

Xi(b) = (df−1(b)f)

(
∂

∂xi
|f−1(b)

)
Put Xi(p) = 0 for p /∈ B. Show that the vector fields Xi on Rn are smooth and Xi(p) = ∂

∂xi |p
for ||p|| ≤ ε.

(iii) Explain why the vector fields Xi pairwise commute.

(iv) Let (φi
t)t be the flow on Rn defined by Xi. For all p ∈ Rn find the limits

lim
t→−∞

φi
t(p) and lim

t→+∞
φi
t(p).


