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Problem 1: Each U; . is open in S™, since ea; > 0 is an open condition. The sum a% + -+ af_l +
a2, + -+ a2 can be written as 1 — a? with ea; > 0 if and only if it lies in [0, 1), so the image

Tie(Uie) = {(ao, - @icr, @ig1soan) €R™ [af+ oo 0y Faiyy + - +ag €[0,1)}
={(b1,...,bp) | BT+~ + b <1} =B"
is the open unit ball in R”. For brevity, we write |b|> = b2 + --- + b2 for the square norm of b =

bi,...,by). The functions z; .: U; . — B™ and z7 Y B > U; ¢, with targets the subspaces B™ C R"
> s 1,€ ,
and U; . C S™ C R""! are given by

xi’g(ao, . .,an) = (ao, . .,ai,l,aiﬂ, .. .,an)
2t (bry o bn) = (b1, b e/ T — [B]2,big, ... by)

These are mutually inverse, and both are continuous since the argument 1 — |b|? to the square root is
positive for (b1,...,b,) € B". Hence ;. is a homeomorphism from the open subset U; . of S™ to the
open subset z; ((U; ) = B™ of R™. The collection U covers S™, since for each a € S™ some a; is nonzero,
and if a; > 0 then a € U; 4, while if a; < 0 then a € U; _. Hence U forms a (topological) atlas exhibiting
S™ as a (topological) n-manifold.

To check that this is a C'°° atlas, exhibiting S™ as a n-dimensional C'* manifold, we show that each
transition function

TjnTie t Cie(Uie NUsy) — @j,(Uie N Ujpy)

with i,j € {0,...,n}, ¢,n € {+,—} is a C°° map between open subsets of R". (As usual, U; . N U, is
open in U ¢, so x; (Ui NUj,) is open in x; (U; ) = B", hence also in R™.) Here

xjv"xi_,el(bl""’bn) = (b13'~-7biyem7bi+l,--.7bj_1,bj+17...bn)
for i < j,
i@y (b1, bn) = (b1, .., by)
for i = j, and

l‘jmx;j(bh .. .,bn) = (bl, .. .,bj,bj+2,...,bi,€\/ 1-— |b|2,bi+1, .. .,b”)

for i > j. These are C*° functions from x; (U; e N Uj ) to ©;n(Use NU;y) C 25,(Uj,) = B™ C R™,
because the argument 1—|b|? to the square root function is positive for (b1, ..., b,) € z; (U; .NU;,,) C B™,
and /1 —t is a smooth function of ¢ for ¢t < 1.

Problem 2: Each V; is open in RP™, since 7= (V;) = U; 4 UU; _ is open in S™. A similar argument
shows that 7|U; +: U; + — V; is a homeomorphism. Hence
Yi = @iy o (w|Ui )71
is a homeomorphism from V; to y;(V;) = z; +(U; +) = B", which is open in R™. The collection V
covers RP™ since each [a] € RP™ has the form 7(a) for some a € S™, with a; # 0 for some i € {0,...,n}.
If a; < 0 we replace a by —a without changing 7(a). Then a; € U; + and [a] € w(U; +) = V;. Hence V is
a (topological) atlas presenting RP™ as a (topological) n-manifold.
To check that V is a C'°° atlas, we show that each transition function
yiyi  yi(Vin Vi) — (Vi N V;)
with 4,5 € {0,...,n} is a C*° map. Note that

Y t(1y b)) = (b b /L= B2 by e by
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for (by,...,b,) € B™ and

yi(lao : -+ 1 an)) =sgn(aj)(ao, ..., aj—1,0541,...,0n)
for [ag : -+ : an) € V}, where sgn(a;) = +1 if a; > 0 and sgn(a;) = —1 if a; < 0. We have [a] € V; NV}
if and only if a; # 0 and a; # 0, so
{(b1,7bn)€Bn‘bJ§£0} fOI’i<j,
y(VinV;) =4 B" for i = j,
{(bl,...,bn) € B" ‘ bj+1 #O} for i > j.
Hence
Yy (b, b)) = sgn(b;)(br, ..o by /1 — B2, bis1s o, bj—1,bjga, ., by)
for i < j,
Yy (b, by) = (b1, .. by)
for ¢ = 7, and
iy (b, b)) = sgn(bjg1)(brs . b, biso, oo by /1 — [BI2,bis, .y by)
for ¢ > j. These are all C*° on y;(V; N'V}), since sgn(¢) is a smooth function of ¢ for ¢t # 0 and /1 —t is

a smooth function of ¢ for ¢ < 1.

Problem 3: We first show that 7 restricts to a diffeomorphism 7|U; .: U; . — V; for each ¢ € {0,...,n}
and € € {+, —}. In coordinates, y; o 7|U; o z; . : B" — B" is given by the composite

b:(bla"'7b) bla-“ iy € \/ |b 7b1+17"'7

‘nrlii’)E 1_|b‘2:bi+1:"'1bn]
=leby: - rebi /1= |b* s ebiyrz - eby]
lﬂ)(ﬁbl,...,ebhebﬂrl;...:d)n):eb.

This composite map B™ — B™ is the restriction of a linear map (plus or minus the identity of R™), hence
is C*°. Moreover, it is its own inverse, hence is a diffeomorphism. The coordinate maps z;: U; c — B™
and y;: V; = B™ are diffeomorphisms, which implies that the composite

7T|Ui,e = yl_l 0 (yz © 7T|Ui,e © xz_el) O Tje

is also a diffeomorphism, as claimed. Since the U, . form an open cover of S™, this proves that 7 is a
local diffeomorphism.

Problem 4: [Correction: The left hand side in the display should be gx; . Y(by,...,b,), not g(by,..., bn)]
We apply g(ag, ..., a,) = 2?21]% = ZJ O]a to z; (bl,...,b )= bl,... i€/ 1 — 10|12, bir1,. .., 0,

to get

n

2
gl (b, Z;b ati(eVT=PR) + > g2

j=i+1
_23—1 b2+z—zz‘b§— Xn: b + Xn: jb3
j=1 j=i+1 j=i+1
=i— > (i+1-)b+ Y (G—i)b?.

7j=1 Jj=i+1

Problem 5: The map g: " — R is C*° if (and only if) the composite g|U;c oz, . : B" — R is
C* for each coordinate chart (Uje,z;¢) in the C™ atlas deﬁnlng the C° structure on S” For each
i €{0,...,n} and € € {+, —} we showed in Problem 4 that g o z; - is the restriction to the open subset
B™ of a polynomlal function R™ — R, which is certainly C'*.
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Problem 6: A point s € S™ is a critical point of g if g, s: Ts.S™ — Ty ()R is not surjective, or equivalently
if dgs: T;S™ — R is zero. If s € U; . this is equivalent to the vanishing of

dg d(gx;})
() = S5 0)

for all j € {1,...,n}, where z;(s) = b = (b1,...,b,) € B™ C R". Taking partial derivatives in the
formula from Problem 4, we have

3(995;61) (b — —2(i+1—4)b; forje{l,... i},
ob; C 20 - )by for j € {i+1,...,n},

which is zero for each j if and only if b = (0,...,0). Hence s € U; ¢ is a critical point for g if and only if
2;e(s) = (0,...,0), so that

s=sic=12;.(0,...,0)=€(0,...,0,1,0,...,0).
The function g therefore has 2(n + 1) critical points s; . for ¢ € {0,...,n}, e € {+, —}. The critical value
at sici8 g(sie) =04+ +0+i-+0+---+0=1.

Problem 7: To prove that f is C* at a point p € RP", choose a point a € S™ with 7(a) = p. (This uses
that 7 is surjective.) By Problem 3 there is a neighborhood U of a such that 7 (U) is a neighborhood of p
and 7|U: U — m(U) is a diffeomorphism. Then f|7(U) = g|U o (n|U)~! is a composite of C°° functions,
by Problem 5, hence f is C* on 7(U). Since p was arbitrary, f is C*.

Problem 8: From f o7 = g and the chain rule we have f, 1) © Tv o = gs,o for each a € S™. Since 7
is a local diffeomorphism by Problem 3, . , is an isomorphism, so m(a) is a critical point of f if and
only if f, r) = 0 if and only if g., = 0 if and only if a is a critical point of g. (All critical points
of f arise this way, since 7 is surjective.) From Problem 6, it follows that the critical points of f are
pi =7m(sie) =1[0:---:0:1:0:---:0] for s € {0,...,n}. The critical values are f(p;) = g(s;.) = 1,
again for ¢ € {0,...,n}.

Problem 9: [Correction: It would be more precise to insert ‘non-degenerate’ before ‘critical point’ in
the problem statement.]

For each 0 < ¢ < n we prove that the critical point p, =[0:---:0:1:0---:0] of f: RP® - R
is non-degenerate of index i. Consider the coordinate chart (V;,y;: V; — R"™), for which p; € V; and
yi(pi) = 0 € R™. For a € U; ;. we have [a] € V; and y;([a]) = ;.4 (a) = b € B™. Hence y/([a]) = b; and
by Problem 4 we have

i

i= Y i+ 1=Jb+ > (j—i)b?

j=1 j=it1

i+ Y b = fp)+ Y cul(la))?,
J=1 j=1

By
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where

. —(t+1—-4)<0 forje{l,...,i},
! (j—i)>0 forje{i+1,...,n}

are all nonzero. Since each r € V; has the form [a] with a € U; 4, this verifies the condition for p; to be
non-degenerate. Its index is the number of negative coeflicients c;, which equals 1.

Problem 10: The numbers 1/2, 3/2 and 5/2 are not critical values of f: RP? — R by Problem 8. Hence
they are regular values, so the preimages f~1(1/2), f~1(3/2) and f~1(5/2) are all regular submanifolds
of RP3, of dimension dim(RP3) — dim(R) = 3 — 1 = 2, by the regular level set (alias regular value)
theorem.



Problem 11: For a = (ag, a1,az,as) € S* we have [a] € Ly 5 if and only if g(a) = f([a]) = 1/2, so that
ag—i—a%—l—a%—i—ag:l
a3 4 2a3 +3a3 = 1/2
are both satisfied. From 1—a§ = af +a3 + a3 < af +2a3 4 3a3 = 1/2 we deduce a§ > 1/2, 50 Ly 5 C Vp.
Hence yo: Vo — B> maps Ly /2 diffeomorphically (hence homeomorphically) to
yo(L1y2) = {(b1,b2,b3) € B® | b} + 2b5 + 3b3 = 1/2}
which is an ellipsoid in R?, hence is diffeomorphic (and homeomorphic) to S?. (The whole of the ellipsoid
lies within B3, since b + b3 + b3 < b + 203 +3b3 =1/2 < 1.)
Problem 12: We view L/, = f71(3/2) C RP? as the quotient space 7T(.Z/3/2) of the level set I~/3/2 =
g~ 1(3/2) C S3. Here
[~/3/2 = {(ao, a1,az,a3) € S | ai + 2a3 + 3a3 = 3/2} .
We fold S® onto the tetrahedron
A3 ={(z,y,2) €eR® | z,y,2> 0,z +y+2 <1}
by ¢: (ag,a1,az,as) — (a?,a3,a3). This maps each of the regions
{(ag,a1,as,a3) € S | egag > 0,€e1a1 > 0, e2ay > 0, e3as3 > 0}
homeomorphically onto A3, where €, €1, €2, €3 € {+, —} range over the 2* = 16 possible choices of signs.
The folded image of L3/ is the intersection
¢(£3/2) ={(z,y,2) € A3 | z + 2y + 32z = 3/2}
of A3 with the plane z + 2y + 3z = 3/2, which equals the quadrangle ABCD spanned by
A= (3/4,0,1/4)
B =(1/2,1/2,0)
C =(0,3/4,0)
D =(0,0,1/2).
The points with ag = 0, a3 = 0, as = 0 and az3 = 0 map onto the edges AB, CD, AD and BC,
respectively. Hence
Lsj = ¢ ' (ABCD)
is the union of sixteen topological quadrangles of the form
{(ag,a1,a2,a3) € is/z | e0ao > 0,€1a1 > 0,€2a2 > 0,€3a3 > 0},

glued together as indicated below. Each quadrangle is drawn as a square, with the sequence of signs
€p€1€z€3 in the center. The edges where a; = 0 are labeled a;, and crossing such an edge changes the
sign of ¢;. The subscripts on A, B, C' or D show which ¢; are negative throughout a neighborhood of
that point.

A —ao—> B <—ao— A3 —ao—> By <—ao

az ++++ @3 ft— a2 dt—— a3+

-~

| ! !
D —ar— (C <—a1— Dy —a1—> Cy <—a1—
] | J

Q

a2z +-—++ a3 +—+—- a2 +——— a3 +——+

Al —a0—> Bl <—ap— A13 —ao—> 312 <—ao— Al

a ——+4 a3 ——4— a2 ———— a3 ———+ a2

/ v / ' /

DO —a1—> OO ~<—a1— D03 —Qa]—> 002 <—a1—— DO

! ] / ] !

a2 —+++ asz —++— a2 —+—— a3z —+4—+ a2

A —ao—> B <—ao— A3 —ao—> By <—ao A
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The top side is equal to the bottom side, and the left hand side is equal to the right hand side. Hence
Ly /2 is topologically a torus, homeomorphic to S* x S*.

To pass from Ls /2 to the quotient L3/, we identify the quadrangle labeled €pe; €263 with the one labeled
NoN1M2M3, where each 7; is the opposite sign to ¢;. Hence the lower half of the diagram is identified with
the upper half, by the offset going two squares down and two squares to the right (interpreted cyclically).
This leaves the rectangle

A—ar—> B<-a— A —ap—> B<-ar— A

i/ ++-i_-_‘+ +++- (1/2 ++—— i/ ++—+ 11/2
D —a1— C_eal— D —ai—(C <—a1— D
s ot ds Aot /F + +——+

A —ao—> B <—ao0— A —ao—> B <—ao— A
with the left hand side equal to the right hand side, and the upper side identified with the lower side,
after half a rotation. Cutting and pasting along the dotted line shows that this space, homeomorphic to
L3/, is also a topological torus.
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