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Problem 1: Each Ui,ε is open in Sn, since εai > 0 is an open condition. The sum a20 + · · · + a2i−1 +

a2i+1 + · · ·+ a2n can be written as 1− a2i with εai > 0 if and only if it lies in [0, 1), so the image

xi,ε(Ui,ε) = {(a0, . . . , ai−1, ai+1, . . . , an) ∈ Rn | a20 + · · ·+ a2i−1 + a2i+1 + · · ·+ a2n ∈ [0, 1)}
= {(b1, . . . , bn) | b21 + · · ·+ b2n < 1} = Bn

is the open unit ball in Rn. For brevity, we write |b|2 = b21 + · · · + b2n for the square norm of b =
(b1, . . . , bn). The functions xi,ε : Ui,ε → Bn and x−1i,ε : Bn → Ui,ε, with targets the subspaces Bn ⊂ Rn

and Ui,ε ⊂ Sn ⊂ Rn+1, are given by

xi,ε(a0, . . . , an) = (a0, . . . , ai−1, ai+1, . . . , an)

x−1i,ε (b1, . . . , bn) = (b1, . . . , bi, ε
√

1− |b|2, bi+1, . . . , bn) .

These are mutually inverse, and both are continuous since the argument 1 − |b|2 to the square root is
positive for (b1, . . . , bn) ∈ Bn. Hence xi,ε is a homeomorphism from the open subset Ui,ε of Sn to the
open subset xi,ε(Ui,ε) = Bn of Rn. The collection U covers Sn, since for each a ∈ Sn some ai is nonzero,
and if ai > 0 then a ∈ Ui,+, while if ai < 0 then a ∈ Ui,−. Hence U forms a (topological) atlas exhibiting
Sn as a (topological) n-manifold.

To check that this is a C∞ atlas, exhibiting Sn as a n-dimensional C∞ manifold, we show that each
transition function

xj,ηx
−1
i,ε : xi,ε(Ui,ε ∩ Uj,η) −→ xj,η(Ui,ε ∩ Uj,η)

with i, j ∈ {0, . . . , n}, ε, η ∈ {+,−} is a C∞ map between open subsets of Rn. (As usual, Ui,ε ∩ Uj,η is
open in Ui,ε, so xi,ε(Ui,ε ∩ Uj,η) is open in xi,ε(Ui,ε) = Bn, hence also in Rn.) Here

xj,ηx
−1
i,ε (b1, . . . , bn) = (b1, . . . , bi, ε

√
1− |b|2, bi+1, . . . , bj−1, bj+1, . . . bn)

for i < j,

xj,ηx
−1
i,ε (b1, . . . , bn) = (b1, . . . , bn)

for i = j, and

xj,ηx
−1
i,ε (b1, . . . , bn) = (b1, . . . , bj , bj+2, . . . , bi, ε

√
1− |b|2, bi+1, . . . , bn)

for i > j. These are C∞ functions from xi,ε(Ui,ε ∩ Uj,η) to xj,η(Ui,ε ∩ Uj,η) ⊂ xj,η(Uj,η) = Bn ⊂ Rn,
because the argument 1−|b|2 to the square root function is positive for (b1, . . . , bn) ∈ xi,ε(Ui,ε∩Uj,η) ⊂ Bn,

and
√

1− t is a smooth function of t for t < 1.

Problem 2: Each Vi is open in RPn, since π−1(Vi) = Ui,+ ∪ Ui,− is open in Sn. A similar argument
shows that π|Ui,+ : Ui,+ → Vi is a homeomorphism. Hence

yi = xi,+ ◦ (π|Ui,+)−1

is a homeomorphism from Vi to yi(Vi) = xi,+(Ui,+) = Bn, which is open in Rn. The collection V
covers RPn since each [a] ∈ RPn has the form π(a) for some a ∈ Sn, with ai 6= 0 for some i ∈ {0, . . . , n}.
If ai < 0 we replace a by −a without changing π(a). Then ai ∈ Ui,+ and [a] ∈ π(Ui,+) = Vi. Hence V is
a (topological) atlas presenting RPn as a (topological) n-manifold.

To check that V is a C∞ atlas, we show that each transition function

yjy
−1
i : yi(Vi ∩ Vj) −→ yj(Vi ∩ Vj)

with i, j ∈ {0, . . . , n} is a C∞ map. Note that

y−1i (b1, . . . , bn) = [b1 : · · · : bi :
√

1− |b|2 : bi+1 : · · · : bn]
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for (b1, . . . , bn) ∈ Bn and

yj([a0 : · · · : an]) = sgn(aj)(a0, . . . , aj−1, aj+1, . . . , an)

for [a0 : · · · : an] ∈ Vj , where sgn(aj) = +1 if aj > 0 and sgn(aj) = −1 if aj < 0. We have [a] ∈ Vi ∩ Vj
if and only if ai 6= 0 and aj 6= 0, so

yi(Vi ∩ Vj) =


{(b1, . . . , bn) ∈ Bn | bj 6= 0} for i < j,

Bn for i = j,

{(b1, . . . , bn) ∈ Bn | bj+1 6= 0} for i > j.

Hence

yjy
−1
i (b1, . . . , bn) = sgn(bj)(b1, . . . , bi,

√
1− |b|2, bi+1, . . . , bj−1, bj+1, . . . , bn)

for i < j,

yjy
−1
i (b1, . . . , bn) = (b1, . . . , bn)

for i = j, and

yjy
−1
i (b1, . . . , bn) = sgn(bj+1)(b1, . . . , bj , bj+2, . . . , bi,

√
1− |b|2, bi+1, . . . , bn)

for i > j. These are all C∞ on yi(Vi ∩ Vj), since sgn(t) is a smooth function of t for t 6= 0 and
√

1− t is
a smooth function of t for t < 1.

Problem 3: We first show that π restricts to a diffeomorphism π|Ui,ε : Ui,ε → Vi for each i ∈ {0, . . . , n}
and ε ∈ {+,−}. In coordinates, yi ◦ π|Ui,ε ◦ x−1i,ε : Bn → Bn is given by the composite

b = (b1, . . . , bn)
x−1
i,ε7−→ (b1, . . . , bi, ε

√
1− |b|2, bi+1, . . . , bn)

π|Ui,ε7−→ [b1 : · · · : bi : ε
√

1− |b|2 : bi+1 : · · · : bn]

= [εb1 : · · · : εbi :
√

1− |b|2 : εbi+1 : · · · : εbn]
yi7−→ (εb1, . . . , εbi, εbi+1 : · · · : εbn) = εb .

This composite map Bn → Bn is the restriction of a linear map (plus or minus the identity of Rn), hence
is C∞. Moreover, it is its own inverse, hence is a diffeomorphism. The coordinate maps xi,ε : Ui,ε → Bn

and yi : Vi → Bn are diffeomorphisms, which implies that the composite

π|Ui,ε = y−1i ◦ (yi ◦ π|Ui,ε ◦ x−1i,ε ) ◦ xi,ε

is also a diffeomorphism, as claimed. Since the Ui,ε form an open cover of Sn, this proves that π is a
local diffeomorphism.

Problem 4: [Correction: The left hand side in the display should be gx−1i,ε (b1, . . . , bn), not g(b1, . . . , bn).]

We apply g(a0, . . . , an) =
∑n
j=1 ja

2
j =

∑n
j=0 ja

2
j to x−1i,ε (b1, . . . , bn) = (b1, . . . , bi, ε

√
1− |b|2, bi+1, . . . , bn)

to get

gx−1i,ε (b1, . . . , bn) =

i−1∑
j=0

jb2j+1 + i
(
ε
√

1− |b|2
)2

+

n∑
j=i+1

jb2j

=

i∑
j=1

(j − 1)b2j + i−
i∑

j=1

ib2j −
n∑

j=i+1

ib2j +

n∑
j=i+1

jb2j

= i−
i∑

j=1

(i+ 1− j)b2j +

n∑
j=i+1

(j − i)b2j .

Problem 5: The map g : Sn → R is C∞ if (and only if) the composite g|Ui,ε ◦ x−1i,ε : Bn → R is

C∞ for each coordinate chart (Ui,ε, xi,ε) in the C∞ atlas defining the C∞ structure on Sn. For each

i ∈ {0, . . . , n} and ε ∈ {+,−} we showed in Problem 4 that g ◦ x−1i,ε is the restriction to the open subset
Bn of a polynomial function Rn → R, which is certainly C∞.

2



Problem 6: A point s ∈ Sn is a critical point of g if g∗,s : TsS
n → Tg(s)R is not surjective, or equivalently

if dgs : TsS
n → R is zero. If s ∈ Ui,ε this is equivalent to the vanishing of

∂g

∂xji,ε
(s) =

∂(gx−1i,ε )

∂bj
(b)

for all j ∈ {1, . . . , n}, where xi,ε(s) = b = (b1, . . . , bn) ∈ Bn ⊂ Rn. Taking partial derivatives in the
formula from Problem 4, we have

∂(gx−1i,ε )

∂bj
(b) =

{
−2(i+ 1− j)bj for j ∈ {1, . . . , i},
2(j − i)bj for j ∈ {i+ 1, . . . , n},

which is zero for each j if and only if b = (0, . . . , 0). Hence s ∈ Ui,ε is a critical point for g if and only if
xi,ε(s) = (0, . . . , 0), so that

s = si,ε = x−1i,ε (0, . . . , 0) = ε(0, . . . , 0, 1, 0, . . . , 0) .

The function g therefore has 2(n+ 1) critical points si,ε for i ∈ {0, . . . , n}, ε ∈ {+,−}. The critical value
at si,ε is g(si,ε) = 0 + · · ·+ 0 + i · ε2 + 0 + · · ·+ 0 = i.

Problem 7: To prove that f is C∞ at a point p ∈ RPn, choose a point a ∈ Sn with π(a) = p. (This uses
that π is surjective.) By Problem 3 there is a neighborhood U of a such that π(U) is a neighborhood of p
and π|U : U → π(U) is a diffeomorphism. Then f |π(U) = g|U ◦ (π|U)−1 is a composite of C∞ functions,
by Problem 5, hence f is C∞ on π(U). Since p was arbitrary, f is C∞.

Problem 8: From f ◦ π = g and the chain rule we have f∗,π(a) ◦ π∗,a = g∗,a for each a ∈ Sn. Since π
is a local diffeomorphism by Problem 3, π∗,a is an isomorphism, so π(a) is a critical point of f if and
only if f∗,π(a) = 0 if and only if g∗,a = 0 if and only if a is a critical point of g. (All critical points
of f arise this way, since π is surjective.) From Problem 6, it follows that the critical points of f are
pi = π(si,ε) = [0 : · · · : 0 : 1 : 0 : · · · : 0] for i ∈ {0, . . . , n}. The critical values are f(pi) = g(si,ε) = i,
again for i ∈ {0, . . . , n}.

Problem 9: [Correction: It would be more precise to insert ‘non-degenerate’ before ‘critical point’ in
the problem statement.]

For each 0 ≤ i ≤ n we prove that the critical point pi = [0 : · · · : 0 : 1 : 0 · · · : 0] of f : RPn → R
is non-degenerate of index i. Consider the coordinate chart (Vi, yi : Vi → Rn), for which pi ∈ Vi and

yi(pi) = 0 ∈ Rn. For a ∈ Ui,+ we have [a] ∈ Vi and yi([a]) = xi,+(a) = b ∈ Bn. Hence yji ([a]) = bj and
by Problem 4 we have

f([a]) = g(a) = gx−1i,+(b) = i−
i∑

j=1

(i+ 1− j)b2j +

n∑
j=i+1

(j − i)b2j

= i+

n∑
j=1

cjb
2
j = f(pi) +

n∑
j=1

cjy
j
i ([a])2 ,

where

cj =

{
−(i+ 1− j) < 0 for j ∈ {1, . . . , i},
(j − i) > 0 for j ∈ {i+ 1, . . . , n}

are all nonzero. Since each r ∈ Vi has the form [a] with a ∈ Ui,+, this verifies the condition for pi to be
non-degenerate. Its index is the number of negative coefficients cj , which equals i.

Problem 10: The numbers 1/2, 3/2 and 5/2 are not critical values of f : RP 3 → R by Problem 8. Hence
they are regular values, so the preimages f−1(1/2), f−1(3/2) and f−1(5/2) are all regular submanifolds
of RP 3, of dimension dim(RP 3) − dim(R) = 3 − 1 = 2, by the regular level set (alias regular value)
theorem.
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Problem 11: For a = (a0, a1, a2, a3) ∈ S3 we have [a] ∈ L1/2 if and only if g(a) = f([a]) = 1/2, so that

a20 + a21 + a22 + a23 = 1

a21 + 2a22 + 3a23 = 1/2

are both satisfied. From 1−a20 = a21 +a22 +a23 ≤ a21 + 2a22 + 3a23 = 1/2 we deduce a20 ≥ 1/2, so L1/2 ⊂ V0.

Hence y0 : V0 → B3 maps L1/2 diffeomorphically (hence homeomorphically) to

y0(L1/2) = {(b1, b2, b3) ∈ B3 | b21 + 2b22 + 3b23 = 1/2}

which is an ellipsoid in R3, hence is diffeomorphic (and homeomorphic) to S2. (The whole of the ellipsoid
lies within B3, since b21 + b22 + b23 ≤ b21 + 2b22 + 3b23 = 1/2 < 1.)

Problem 12: We view L3/2 = f−1(3/2) ⊂ RP 3 as the quotient space π(L̃3/2) of the level set L̃3/2 =

g−1(3/2) ⊂ S3. Here

L̃3/2 = {(a0, a1, a2, a3) ∈ S3 | a21 + 2a22 + 3a23 = 3/2} .
We fold S3 onto the tetrahedron

∆3 = {(x, y, z) ∈ R3 | x, y, z ≥ 0, x+ y + z ≤ 1}

by φ : (a0, a1, a2, a3) 7−→ (a21, a
2
2, a

2
3). This maps each of the regions

{(a0, a1, a2, a3) ∈ S3 | ε0a0 ≥ 0, ε1a1 ≥ 0, ε2a2 ≥ 0, ε3a3 ≥ 0}

homeomorphically onto ∆3, where ε0, ε1, ε2, ε3 ∈ {+,−} range over the 24 = 16 possible choices of signs.

The folded image of L̃3/2 is the intersection

φ(L̃3/2) = {(x, y, z) ∈ ∆3 | x+ 2y + 3z = 3/2}

of ∆3 with the plane x+ 2y + 3z = 3/2, which equals the quadrangle ABCD spanned by

A = (3/4, 0, 1/4)

B = (1/2, 1/2, 0)

C = (0, 3/4, 0)

D = (0, 0, 1/2) .

The points with a0 = 0, a1 = 0, a2 = 0 and a3 = 0 map onto the edges AB, CD, AD and BC,
respectively. Hence

L̃3/2 = φ−1(ABCD)

is the union of sixteen topological quadrangles of the form

{(a0, a1, a2, a3) ∈ L̃3/2 | ε0a0 ≥ 0, ε1a1 ≥ 0, ε2a2 ≥ 0, ε3a3 ≥ 0} ,

glued together as indicated below. Each quadrangle is drawn as a square, with the sequence of signs
ε0ε1ε2ε3 in the center. The edges where ai = 0 are labeled ai, and crossing such an edge changes the
sign of εi. The subscripts on A, B, C or D show which εi are negative throughout a neighborhood of
that point.

A a0 //

a2

��
++++

B oo a0

a3

��
+++−

A3 a0 //

a2

��
++−−

B2
oo a0

a3

��
++−+

A

a2

��
D a1 //
OO

a2 +−++

C oo a1OO

a3 +−+−

D3 a1 //
OO

a2 +−−−

C2
oo a1OO

a3 +−−+

DOO

a2

A1 a0 //

a2

��
−−++

B1
oo a0

a3

��
−−+−

A13 a0 //

a2

��
−−−−

B12
oo a0

a3

��
−−−+

A1

a2

��
D0 a1 //
OO

a2 −+++

C0
oo a1OO

a3 −++−

D03 a1 //
OO

a2 −+−−

C02
oo a1OO

a3 −+−+

D0OO

a2

A a0 // B oo a0 A3 a0 // B2
oo a0 A
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The top side is equal to the bottom side, and the left hand side is equal to the right hand side. Hence
L̃3/2 is topologically a torus, homeomorphic to S1 × S1.

To pass from L̃3/2 to the quotient L3/2 we identify the quadrangle labeled ε0ε1ε2ε3 with the one labeled
η0η1η2η3, where each ηi is the opposite sign to εi. Hence the lower half of the diagram is identified with
the upper half, by the offset going two squares down and two squares to the right (interpreted cyclically).
This leaves the rectangle

A a0 //

a2

��
++++

B oo a0

a3

��
+++−

A a0 //

a2

��
++−−

B oo a0

a3

��
++−+

A

a2

��
D a1 //
OO

a2 +−++

C oo a1OO

a3 +−+−

D a1 //
OO

a2 +−−−

C oo a1OO

a3 +−−+

DOO

a2

A a0 // B oo a0 A a0 // B oo a0 A

with the left hand side equal to the right hand side, and the upper side identified with the lower side,
after half a rotation. Cutting and pasting along the dotted line shows that this space, homeomorphic to
L3/2, is also a topological torus.
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