
Exercise. For a map f : S3 → S2 ∨ S2, the mapping cone C(f) admits canon-
ical basis elements β ∈ H4(C(f)) and α1, α2 ∈ H2(C(f)) from the connecting
homomorphism δ : H3(S3) → H4(C(f)) and the restriction map H2(C(f)) →
H2(S2 ∨ S2). Define ℓ(f) ∈ Z as the unique integer such that

α1 ∪ α2 = ℓ(f)β in H∗(C(f)).

Prove the following:

1. ℓ : π3(S
2 ∨ S2) → Z is a homomorphism. (Proceed similarly to the proof

of additivity of the Hopf invariant in the lecture.)

2. ℓ(f) = 1 if f : S3 → S2 ∨ S2 is the attaching map of the 4-cell in the
canonical cell structure on S2 × S2 with one 0-cell, two 2-cells and one
4-cell.

3. ℓ vanishes on anything in the image of the map π3(S
2)⊕π3(S

2) → π3(S
2∨

S2) induced by the inclusion maps of the two wedge summands.
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