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14 Xj Xj e Ej j E H X 0

Where Ej is a sequence of i i
d random sign Phi 14

Suppose the position ofthe particle at time j in to
be on the bail of many observations
2 Yi Xi t i i L ig
Where Gj is a sequence of

i i d n v witeraise

with Gaussian distribution
PC Si E Ea b II e edu Die

An estimate is a rule assigning
a real member

to any
outcome of Yee 7 Yep Ye Yi

That is a map E ly 112 Il

Have guesses are compared

Ej is better than 4 if
3 Et Xj Ej Tej L ET X 4 D
minimal s mare even an average

Nate that even if 13 holds

ti EiEte D Xi Y Yai

may happen for some experiment
realization























































































Once the criteria 3 is accepted we want

to find the best optimal
estimate

Simple guess
Xj Ej Ye Y last aberration

the caves pending mean square man is

Pj E E X Y Et Y X 1 Ets L

This estimate does not take into account part
observations

let's try
Ig IIe 12ordermoving average

Its mean square era a

Pj Et A I Et X Y t

ETH Affair
Et XIII life Et Ej a life

Etl EES.it tjh 1y 12 0175

Improvement of
25 with respect to Ij























































































Let's increase the memory of the estimate

Et Xj Yjttigtte Etf2851 litlj.it f
Ig t t t t Iq 0189 Eman increased

the problem here is that ur give th came

rights to the new and old measurements

Have an optimally weight the data
Om can prove

that the optimal estimate
can be generated very efficiently by the
difference equation
4 X j Ij e Pj Yj Ij e I O

where Pj is the sequence of numbers

SI Pi Pipg.tt Po O

let's calculate the mean square error

the sequence Sj Xi Xi satisfies

Dj Dj z Ej Pj Sj e t Ej 5
2 Pj Sj e L Pj Ej PjSj







































Therefore using the independence of Ej Sj and Sj e
we get

Pj Et Sj 11 Pj Pj e 1 Pj Pj Po o

Nate that the sequence Pj satisfies the
fallowing identity expand therighthand side

wing s

Pj l Pj Pj e t 11 Pj Pj Po 0

Hence the difference Pj Pj fallon the

following equation

Pj Pj 1 Pj Pj Pj 171
and since Po Po 0 it follows thatPj P

for all jz
We juthave proved that the mean square error

caves pending to Ij is given by Pj
Numerically we get

either
Moreover Pj converges to the limit Po



which is the unique paritive real af
P Ppt Po 0512 112 01618

It's close to a 40 improvement with nee a ta I
No further improvement is possible among linear

estimate

What about nonlaner estimates
The singlet nonlinear estimate could be

K E sign Ye
Greed 1 if 42710

Guess L if Ye 20

The error is computed as fallax
P ET Xe Xe

L Et le sign 1 911 LEE fl sign 2 917

122 P S E L I 2 PIS e UP Set e

h I l l 016346
T C d f af a NCO4

It is worse then I
Let's try the estimate To tank Ye III
The corresponding mean square

error is

goin by



Fe Et Xe IT

Iz full tank ate Lt tanh u ill't eEdu

O 4496

which is the best so fun indeed it is th lect
fallible

Can an compute the best nonlinearestimate

of X efficiently recursively

t t turn out that it is paville
Let Cj i i c 21 j o be generatedby the
nonlinear recursion

o j i exp Y i i 2 ej e ti
e te elite ja

suljet to go o l and fo i o i to
then the best estimate of X fan Ye j is given

eye I 2ig l
One can deal that Poo it around 0154

which a letter Alon Po
We can also think about the analogous
problem in continuous time



Intuitively X is a continuant time Menkar
drain satisfying

E i Yall18 Pl Xate i Xs osset If
for sufficiently small e o

8 is sufficient to define uniquely a stochastic process

It can be modelled using a pain of independent
Parisian placeHel
let Enlmore be a sequenceof i d d n v with

9 Pl en e t f
e t tyg exponential

then a standard Partner process is defined as

Ttt met In É te Et

let tea and tea be a pairofindependent Paisa praces
Then the process

Xt Te't te't too ratifies s

To define an analogue of It the conceptof
white raise is to be introduced in continuous

time this is much more delicate
the term ate naive came from the fact that
the spectral density of a sequence af i i d n v life



is flat i.e a
antacaraniana function

S X EE Ets sje iti gjf.lje.it IUXETT
Any randan sequence with flat spectral density is
called discrete time white male and its variance

is recovered by integration over the spectraldensity

Ets Sfldt L

In cantimans time this definition lead ta

Et si Fr Idf to

Tin continua time we
need to

integrate S H are IR

We on sale this pollen by defining theobservation
process as

110 Yt Sf Xs ds Ws

Where W Wt tso is a Wiener proceed

This process is
characterizedby

a Wo O
o W has cantiman path
W has independent increment

Fan all OES et WA Ws N N o t s



Why the model lo in compatible with

the nation of
White noise

Define the family of processes

V1 a Najwa 130

Then Et VI O and

Et VI y tr EE WA WAs Ws Ws s

1g I
s It si IA si es

O It SI IA

Hence the process y't is stationary with autacandet

functions
e

a let K d

O KITA

Far small S so R e approximates the

Dive S let function in the sense that fa
any E E Co M we have

J Ece R tilde o

and if the limit process V lings V existed
it would have flat spectral denity



Then the observation process in 10 would
contain the same information as

It Xt t Vt

with It being the derived voice

This is only an intuition became Vt doesnot
exist as a limit in

any rearanath serve

its variance explodes at any time
t

Neat what would be the analogues of the

filtering equation
h s and o CA

Instead of difference equations we get differential
equations e.g

t Pt Yt Tt I 0

However Ah r A of this equation involvesthe
time derivativeof Y and therefore af W which
is in pastille Then we need to canvider it

integral version

It J P dy f P Is ds
T
Stietje integal

an alternatively

Ji Psd't Yt Pt ftX P
d's
hi



The optimal linear filter then can he derived

It It Ps dy I ds

Pt 2 P't Po 0

What about the nonlinear filtering
In this case theequations would require integrationof
some stochastic process with respect to't
Here ordinary integration fail and we need to

un Iti integration
In terms of this integral the nonlinear filtering formula
it given ly

et i 8 lil I destitutesci el 2 stilldstf ie lildis
w

It ÉÉE
this example is a particular case of the general

filtering problem
let Xa Yaltett be a pairof random processes defined

an a palelily space Rit P IT L IN IR ti
We call X the signal pracen X taker values
in some space S and we annat observe it

directly S IN Md an somemetic space



The process Y is called the aberration pacey
and it is usually aimed to be a functional

of X perturbed by some main

Penate by Y It the minimalaugmented
filtration generatedby Y

Then the filtering pollen carried a computing
the conditional distribution of Xt given Ytthat is to compete

M Tt LELE I E Xx Yt I Ect Tat del EI
gon it

a Cfinently large space of testfunction
It is a man re valued functional of Y up to time

t

To find this functional
eco ly it impartible

in general In practice we findapproximation
For there to be efficient they need to be
recursive

In order to find receive approximations
ve need to find the equation satisfied

by TC t Thi a Knac as the Kushner Statanarich

equation which is a stadestic partial differential

equation S P PE



To Salve the marline fibrin pollen was

one of the fuel main motivation to

study S PDEs

History

Kalmaganar and Kieren Stationary preceree

Kalman Bucy linear stochastic differential

equations
Kushner Stretanarich Fujsari Kalliangunand

Kunital dynamic equations for TCA

Kalliangen Strield Bayes formula for
rt i.e tea El egg
et is the unnarmalised conditional ditrilation

Zakir reference measure approach

ta nonlinear filtering an a dynami
equation for et

Numerical methods
Pardon Intended Kelman filter
Latatsry Mikulericing and Ratanakiri Spectul approach

Gyorgy andKylar PPE method
Damat Gilan particle filters



f
The range of applications of nonlinear filtering
it huge
Statistical description of

a partially and noisy
observed dynamical system is a baric and

ubiquitous problem

Engineering satellite tracking racket guidanceetc

Finance credit risk stachatic calatility edi

Biology Gene prediction

Geoscience In this fired stadatic filtering
is known as data assimilation
It is used forinstance in

Keatter prediction

Exampled Bearings only tracking

5 1122 Xt is the 2d pacitian of a chip

Xt Xt e t Mt Mt Na O TxIa

and Yt is a many angular measurement

attained by radar or simile device

Yt anchan tf Vt Va Ncar



Example Stachatic volatility

dxt Va dux t

Ux in a Wiener pracey
U ie some cantiman time Maker process

Xt lag Stl St price process
In this made u is actually alterable

because we have that dex Mt vitldt

for the quadratic variation of
X

However high frequency data tends to be

inljat to sa called microstructure main thatis

we absent
dYt XIA dt try day t

rather than X itself where Wy is a Wiener

process and Ty 70

We want to approximate oct bared on the

part observation Yes of set



SYLLABUS Tentative

I linear filtering in discrete time

orthogonal projection Kolman Bucy filter
2 Nonlinear filtering in disrete time

Bayes formula reference mean approach

3 Particle filters in disrete time

4 linen filtering in continuous A me

Kalman Bucy filter
5 Nonlinear filtering in

continuous time

Innovation approach reference mean approach

Kushner Stretanarich equations
Zakai equations

m

7 Connection with stadatic control

mail.gs
ahdappicatia

Introduction to Nonlinear tilting PavelChigansky

You can find it online Google search



I will be fallowing clanly these mates
At some points I may depart but then
I will provide mates

had an

a Statistics of of Random
Processes I and II

Springer hipster L Shingen
Mare modern references
e Fundamental of Stadaitic Filtering Springer

Bain L Crisan theory and numeric

g An introduction to stochastic filtering theay
Oxford university Press Xiang
nice modern account

4 An introduction to Sequential ManteCarla

Springer Chapin Sr Papaspiliopoulas
Statistical approach particle filters

All the references except 3 I can be fond
infer free in Springer link


