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of square integrable
r v X Y We know

EE N E tx
Car X EIN EIN Car H E ILY ETH
car X Y Et X ETH Y ETH

We are asked to find constants of and ai suchthat
Et X a'o a Y L ET X a a YY HanaEIR

Then I i ad a'aY is the optimal linear estimate

of X given Y
We Can Unite
Et X a a YY ET X ETX a CY ETAHEIN NEEDaf

Et X ETH a Y ETH

Et X ETH a t.EE ETI arETY ao

t EFX a ETH ao

Y as t ae au

Given al we can always make gcan act 0 by chasing

a'o E ETX ar EEY

On the other hand ur here

4 a car x za car X tar curly
and use can minimize Y over ae

O Y ai 2 car XM Zar car Y



a cardt if car x o

Then

i
we have that a so at ETA

For any x EIR define
x to
O 0

Then among all linear functionals of 11
Y

there is the unique optimal one given by
11.11 I i Et x car X Y early Y ETH

with the corresponding minimal M S E

E E X TT car X car X Y Carl

Nate that the optimal estimate satisfies
the orthogonality property

Et x 4 23 0

Et X I Y O

that is the recidual estimation era is



arthagand to any affine functional offthe observations
These simple formulas are the basis for
the Kelman Bucy filter
L.L.Orhagandprajittianandertination
let 22 12 R FTP donate the spaceof all squareintegdle
random variables
L is a Hilat space with the inner product

X Y Et XY X TEC
and the induced norm 11 11 X Xk
ThearimI orthogonal projection let be a closed linearsubspace

of L and X E L Then

it 7 I eh such that
2 2 E E X RY ingET X EY

ii I E h and 1.2 holds I E L and

1.3 X R E ft
where Mt is the orthogonalcomplementof L in E i e

Lt Y E E E T Y27 0 DE EL

The element I is called the orthogonal projection

of X onto L
We will also are the natation ÉEX 1h for I



supper that I th and satisfies if
We want to share that X T 27 0 KEEL

Supper or the contrary that Y E L in wh that

L X I H 8 O and W l a g
1141 2

Refine the nectar I I 8 Y We then have
that
11 X YIP 11 X T Sy 11

II X AR 28LILY
81141

11 111 S L Y X II
this proves this implication

Suppan that I E L and X I e ht

Then for any
Z E L we have

11X 211 11X I I 211
11X I 11 t 11E z 11

Beau I E E L
and X I e ft

Ux Ill for I E

e Extence of A
let d's ing

Et X 21 and let fZjinbe a

sequence in L much that dj E E x g J i d



egue

Nate that
IL

Il Zi Bill 11 Zi XI I 112 411 22 Zi x Ej x

and

411Ziti X11 112 XII t 11Z 11 22 Zi X G N

which yields
112 75112 22112 X1 2112 XI 411 Z XK

I 21 Zi XII't 2112 XY Ud ET o

Uthe the inequality holds become Zit Z E L
Then Ej jar in a Cauchy sequence in L

Since the space L il complete Z ja converges to
a n v Zo in L Moreover since L is closed

Zo E L

Tl x 2 11 E 11 X 2811 112 2 11 d

and we have that Zoe is a varian af 4

Uniqueness af I

Suppose that I E L also satisfies 6.2 then

Et X II EEK I I ID
Et X XY ET I IT



2 Et X IN II E
f bean I I e k and 11.37 bald

due to it

But this implies Et I I 123 0 a I I
p a s

ftp.thgajetion
a ET É TX 1h3 EE A

b É TX th X if X E L and

E TX IL O if X
th

c Linearity For Xa Xa EL Ce Ce E IR

EE U Xet EX IL GETMILD GETXIL
d Fa Awa linear subspace Le E La
É TX IL ÉE É TX La La

Matty Fallaw easily from the definition
Ming Theorem 1.1 ii we have that ad hold if
Et X ÉTÉTX the IL Z O UZ E Le

which hold because we can write

Et X ÉTÉTX ILI ILD Z

L



EEt X EI Xin Z

Et TX Az ÉIÉEX half Z

0 by f 3 with Life and Z the E he

0 by 12.31 with X É Et this and L f
and t the

fremont theorem 1.2 suggests that the

optimal linear estimate in the mean square
sense of a random variable X E L fam
the observation of a calletion af

random

variable Yj E i j E JEZ it given by
the arthagand projection of X anta

fig is spar Yj je 5
When 151 2 0 the explicit experian fear
É E X ILY is given in the following propecition

Far J to the situation in more involved

Let A be a paritive semi definite matrix i.e

A is symmetric and X Ax 70
2

F tangle A covariance matrix car Y

being a random nectar



The eigenvalue decor pavilion for
a real

symmetric matrix A is given by
A M D Mt where D is a diagonal
metric Whare entries are the eigenvalues of
A and M it an orthonormal matrix MMT Id

whose calming are the eigenvectorof A
The Moore Per rare inverse or pseudoinane

or generalised invoice

of A donated by Act is given by
Ato U pout

when Dot is the diagonal matrix with
entries

Doin
l Dii Dii O

O Din O

If A 0 then Act A

ProporitianI let X EIR and YE1k be random
vectors with square integrable entries Donate lyÉ tx I ft the orthogonal projection of X anta the
linear subspace spanned by th entries of Y and L
then

1 4 É E X I L ET X Car X Y car Y Y EEN

L



and I
5 Et X EEX ILY X EEXILAI Carol car xx early EXELM

sketch

let A be a matrix and or be a nectar suchthat

EI X I Lt a AY

then applying Theorem 1.1 campanentuise

W M Et x a Ay o a EEXJAE.tt
and
O Et X a AY Y EE 3 T

Et X E Ex ALY ETH a EEXT AETH Y EIHT

2 6 car X Y A car Y

Equationis.nl fallax by decking that if we let
A car X Y car Y then 1.6 balds combined withCall

If car Y o then car t t car ft and

A car X Y car t That equation L.a holds

fallax trivially
If car Y is only positive semi definite only 1201 the

proof it more involved We knew there exit M

Wh Abt MMT Id and D a diagonalmatric 170
such that car t M DMt and car U Dont

Then
car X Y car X Y car Y car Y

L



Car X Y Id car x t car t h
car x Y Mnt MDaggDut
car X Y M IdMt M Dot Du

1A car X M M Id D D ht E.pe ar XiY ueute

by the definition of
Dot where he is the l th column

of MSince me inthe eigenvector of Dee o we have that

ate car Y ne o Mt Et t EMILY EEHIT Me O

Et ate Y EERILY EEA re O

Et Y ETH nel 0 Y ETH re O

P a s
Hence

car X Y me Et X Eth Y Eth ve 0

and 11.71 and therefore 1.61 bald

Equation 2.5 inverified by substitution of 11.1 and

using the properties of the generalised inverse

2Reusinearthagandpajidian
Corridor a pair of processes X Y Aj Yiljez
with entries in L and let Lt stall Yo Yj

Computing FEEXj 18 by directly usingtheformulae
in Prapacitian 2.1 is inefficient It would require

inverting matrices of sizes graving linearly with j
I



the following lemma is key to perform the attiyah
projection algorithm efficiently
We find introduce some natation

Tj É t Xj ILY Pf EI X X x TT

I jig e É t Kj Ihi
I jlj.ci É t Yj 1Lt e

Pf j i E E X j I j j c Y T ji ji

PY j e i Et Yj Tj j c Yi Tjij.lt
Pff Et X Yj e Yj Tjtj il

a
Jupantiant

Fa jor 1 we here

I j Ijaj e t Pff Pj c Yi Ija e
and

2.9 Pt PE Pff Pg e Pg lt
Pray Sketch

To verify 11.8 we came deck that

K X j Ijij e Pff Pfg e Yj D ja
is orthogonal to Lf

L



Since X I jije and Yj Ija c are orthogonal to LIE
then h is orthogonal to f e

Since any
Z E L can bewritten as

t

EI.gg
tajti aix

we have that 212,27 aj h it and

his orthogonal ta fi if k t Yj
Moreover a trivial corollary of theorem

1.1

yield that Yj Tj je t Yj Tjti e
15 ftp.t

I h it L a j e t 2h Yj Tjlie

8
that is p t Yj t k t Yj Tj tj e
Then

Et R Y Titi e PII e pg pity pig

Pftp.e Itd Pfi Pj e

E
O

Where CH it verified as in 11.7

Equation l 11 is obtained similarly to 12.5
I



Ei
generated by the linear recursive equation

2 lol Xj doc's adj Xj e tazljltj etheljlEjtha.li l

e.ee Yj Aolj tAelj XjetAzlj YjetBeljlEjtBzlj Sj

for joe where

Xj E 112 and Yj E IN
E Cilia and f lilian are orthogonal

disritetime

white noise with value in IR and RK i.e

EEE 7 0 Et j Et
Id i j
O it

E Alte

Et Si o Ets gt
d i i

O it
E Mak

and
Et egg so this 20

The coefficient aolj a j etc are determinist

known sequences of matrices of appropriate
dimension From now on for brevity we will
omit the time dependency

The initial condition Xo and Xo are random
with known means and covariances and
independent of E and S



Donate the optimal linear estimate of X j given'd

ftp Spain L Ya Y by
Ig É E X I L j

and the cane spending even covariance matrixby

Pj Et X I X I

TheoremI The estimate I and the ear

covariance Pj satisfy the equations
e121Aj a o tar j e t az Yj e t

ar Pie Ait th oB AzPieAt t BoB Yj AoArt e AzYj

113Pj a Pjeat hot

ar Pie Ait th oB AzPieAt t BoB asPj At tho B
t

where
lol belt thebat b oB bi Bi thaBat BoB BeBitB2B
and

To Et Xo car Xo Y car to Yo EEto

Po car Xo car to to car Xo car XoYat

Proof Very sketchy idea

Apply the formulae of Proportion 1.9 and the propertiesof
altogene projection For example

I ji j c É ta ta Xje tazYj e theEj the9 I L a

do t a É t x j e Iftp.e taz Yj e aotactic tazYje



where the equality 1 1 holds since Ej and lj are
orthogonal to L e

And proceed similarly with the rest of the formula

Examffgffy
Consider an autoregressive scalar signal

Xj aXj e t Ej Xo 0

where a is a cant ant and E is a white noise sequence
suppose the observation process is givenby
Yj Xie t l

where I is another white noise sequence orthogonal ta E

Applying the equations from Theorem 2.5 ane get

j a tie Effi Yi Ii e too

her

Pj a Pje t aj.fi
Po 0

i
time Riccati equation
It does not depend on the observation and to

can be salved off line before the filter is

applied to the data
Even if all the coefficients of the system 1.10 and

e 11 are constant do not depend or j the

L



optimal filter has in general time varying I
coefficient I became it depends on Pj1

F and stint positiveness of the limit
Po lips Pj is a difficult gentian in general

If the limit exit and is unique one can use

the stationary version of th filter That means
to replace Pj e with Pa in computing Yj
In this case the even matrix of this suboptimal

filter converges ta Po as well

The propagation of Tj and Pj is sometimes

regarded in two stages

Prediction
I jig ao t act j e ta Yj e

I ji j c Ao t AcTje tAzYj e
Update

yg Ajit Kj Yj Titi cwhere
Kj ar Pie Ait th B AzPieAt t BoB

t

it called the Kalman gain matrix
Similar interpretation it parible for Pj
The sequence I g Yj Ao Art e Artie

turns out to be an orthogonal sequence and itcalled the
innovations It is the residual information born by Yj after
it prediction on the bail part information is abstracted


