
thet dit at Xt dit t be dwt

4.21 dYt At Xa de Bt dust

where W and V are independent Wiener pracene
and the scalar coefficient an deterministic functions

of
time such that 4.1 has a

unique strong
solution
We also anime Alt to Ya are independent af W V

and are square integrate Mariana we kill alia

assume that

4.31 B't 2 C 70 Jen lame canal C

I the cloned linear subspace generated by
the random variable Ys Se t It constants

É t I fit the arthaganed projection onto ftp
As discerned in lecture 2 It c Et XI fin is

the best linear estimate of Xt given the
observations Ys SE A

ThearentI Kalman Bing filter
The optimal linear estimate I and the corresponding
mean square even Pt ET Xa Att Satisfy
the equation



At at It at t
Pitt dit Atta dt

h it 2 at Pt t lit Ati
subject to

Io EtXo car Xo Yo car Yolo Yo Eth
T

Po car Xo car Xo Yo car Xo

proof
Steph getting rid of Xo

It in eater to treat the care I I 0 and we

claim that is enough to prove the theorem under
this assumption
let

t XA I eep Stands

Y't Ya J As I exp I am dulds
The pace X Y I satisfies

dx't dYa Tod exp liadi
at Xt be dwt X esta'd at dt

at X't t b t dwt

d't't dye d S Asto exp lian d di

At Xt It t BA dut Atx eliasd It
At X't dt Bt dvt



Subject to x Yo Yo and Y I

clearly Att L t sima Ye is an affine transform

of Yo and hence

It É E Xt Ih't ET XtIft't
É E Y't IN't X exp Staid

Nate that ÉIXITY ÉTX I 14.7 0

Supper that I't É t y't ft't and PA Et X't Iif
Satisfy 19.4 subject to I o and Pi Etcx til's
then
dit di't t at to exp lotaids dt

at I t at Pepi dy't At It dt

at I exp lot aids at

at ft dt at I.el dt

Paff dta AtT
Stands AtKadt tAMeeplliards

a Ilia dt

at Ia at t ftp dYt Atttdt
Moreover

Pt ET YA YA

Etf't I exp Stands Y't I explltaidi
Et X't Ii P's

that it Pt satisfies the equation from 4.4



44
Steps 1 the general form of the estimate
From here on Et I it assumed P a s
Let Tim 0 to Acc Am T be a partition

of 501T
and define

m 5pm Yta Yan

This space coincides with

span Yt Yte Yto Yin Yane

and therefore

Ét a 1 L't n É t I Égi Yap
É 1 G Itis d't

where
g are red names and Get.SI gjlliti.si

Since fit in a closed subspace and 141m L't
we have that

L lines É Xal 1m ÉTAIL't
and hence

Et G'candy _It actindy 15

EE I At dstfcacast ece.siBsdv

Et lot smmct.nlAs X d Et smmlt.it B dus

2 E Ist s t As sds E ftp Bsdv



4Steps the general form of the eitimate

From here on Et I it assumed P a s
let Tim 0 tic A c ct A be thedyad partition

of Toit t Et and define
1m 5pm Xiii Yi

This space coincides with

span YAHYAH YAY YAE Yeah

and therefore by the normal correlation theorem

Ét a 1h41m Et I gillaji
É 1 G Itis d't

where
giggett

red names and Get.SI gjlliti.si

Moreover ÉtXt1L e m ET Xt I 7114
where Flint Yai tattai YAY YAY

since 7114 Ff

by being's dream we have that P a s

n ETXA A I

a.it i E
sequence of sub algebra of F Renate

Fo Y Fn F In



Hey Thr with Elina then P ais

E 9 In ET Fa

II.IE iiIE n
is uniformly integrable and hence I yield
that

ETXA FIN E A IF
Then

Et 1 G candy It actis dx 15

EE I At ds artist and Bdv

Et lot smmct.itAs X d Et 1mm t.it B dUs

2 E I lot smlt.itAsAds E ftp Bsdv



Independence of X and W and that the Ite

integral has 0 expectation

Etl smmt.nlAsXds It Is till Bslds
Itd ilometry and B and im

being determinitic

Hence due to B's C 70 we can unite

I Gⁿ t.si Gct g l'd f Gmail Gap Bids

50 Ja G is a Cauchy sequence and converges

to a limit GCA 1 so that

É XAIL't ÉEXA 1 Guild's

steps using orthogonality
Recall that we assume Étx Yo Q P a

so that A o and É a 0 Exercise

Elaine the function Gets satisfies the
Wiener Hopf equation

14.6 Kita A Glass Ask Sin Ands Glt.mBn O n 1

when KIA car XA

Prey of claim By orthogonality property of
the

orthogonal projection for any fixed Afio it and

any mouth and hoarded deterministic functia
we have

E XA É EXAIL t Xsdy EI Xt Gandy f dx 0



Then I 4.61 held since I

Et Ka Ji In din ET Xt tu AnYudin

Et Xt Budva

d
If XuAn klt.nl den

and

Et Gctiildt fitudtu Et Gitis Ask d f dm
FEES Get.HR du gottadye

Et f Glas A X ds Jt Xu AmXu du
Et Ji G Acs Ast de St tu Bu dun

Et Gain B du St tu tu tu du

Et got Cates B du Jot ta Budum 0 20 30 0

Falin If I Gitis As Kes a Anta duds

and Independenceof X and V and Ita staccato

integral being centred 0

Ild isometry St G Axs XsB ds

for arbitrary t



Under arumption B't 2C 70 the Wiese Hopf H

equation has a unique solution

Suppose it is not the case i.e hath Gettis and

Galt's Satisfy 4.0 and let schist Git I Galt's

then S ti satisfies

If Alan Ask Is a Andi Act a Ben o o fuel

Multiplying this equation by Alton and integrating
with reject to u ve get

Sit a Ankle a Acts A didnt IS t.atB'du 0

Since Kasim it a nonnegativedefinite function
the term with the double integral it always
nonnegative this for A e to t we have

to Act al B's so I ta O mae

Steph Sahing the Wiener Hopf equation
We will look for diffentialle solution thanks to
the uniqueness this will be the solution

Taking derivative with respect to t in 4 o we

get
KLA in An Glint At KCA a An

I GCais As k sin And t g Gla a BE



Thanks Aaa Exercise10 ChapterG in Chiganity'smates wehoned
that

K tin at Kit m K un EE X

and hence I read

KCtia Au at Gla AlAnt YY G As As k sin An ds

It Gla m BE 0

Next wring the expression for Kit at An from Is 6
one get

Get 1 As k sin Ands G tin Bi at GetA At

J J G And Ask Girl And I Get l 13m 0

or

St Get s at G At At G As As KlimtAn ds

G A n at Git A At J G A N B'm 0

Multiplying the last equality by

Y IA m G Am at G AA At I GCA al
and integrating with respect to a ki get

1IIAsig4fndsdnttyit.at
B'nano

KC cat is a nonnegative definitefunction



4 A a B da o 4 t.nl o

Hence Git 51 Satisfies

4.7 G tis G tis at GCAA At

With u t in 4 6 one gets

0 KCAA At At G t Ask sit ds G Ait B't

which implies
0 At ETH XA S Get.nl

ff
G1tHBi

AtEIXt Xt StG tisldYs AtEEXA G BdU CCHB't

XandWindep
and aera expectationof
Itd integral

AtFEE Gct dY Xt JtGauld's Xt 1 Get.sidts GaitB

At Et J GitaXA fats dys At EI Xt Get.ua GltAB

C orthogonality

At Pe G AA BA PA ETHA A EI XAfGCtisIdYsY

Hence GH.tl At t and 4.7 reads

4.81 Gltis GCA at ALPI
Since 4.8 is linear it admits the following solution

G tis SA G s s oeset where sit



in the fundamental solution of 4.8
Then

It G ti dy's Is.tl Gcsisldys

at I ons G s s dY

and applying Its farmile one gets

dxt̅ I 401s G s s d's Icoitidt go

Effect
Gait dxttdtIloil.li ois acsisidYsJt

oct1 hascontinue

pathandfinite
variation

If I 4015 Gcsis d's at ftp.t ICo tldttGlt.tldYa

atItdt AfIIadttGlt.tld
at It dt t Aff dh Atkadt Git.tl t

which is the first equation in 4.41

For the record equation on 4.4 consider the fracey

Dt Xt It which satisfies

dot dxt die
at Kadt to bedwt at It dt Pff Ida At It dt

at Dt at the dwt AffI Atta Badut At t dt

at AFI at at the dwt ftp dVt



Now applying formula to D't one get I

dD't 2Pa dnt DID D t

2 at ftp D'a dtt2baDtdWt 2AtPytIdVt

wittititt
and takingexpectation ke ion kite

dpt 2 lat Atp Pt dt It't Affeldt
2 at Pt at b'a dt Affeldt

1L
Po Etlxox_

The Kalman Bucy filter it a linen SDE with

time caging coefficients which depend on Pt

Nt satisfies a Riccati equation independentofY

The innovation process

It It dtsfg.IT
hes uncorrelated increments and in the core of
Gaussian Xo Yo it a Wiener pracell with repeat
to the filtration I't



FEELIN na
d Xt a Xt t d dwt

dm A Xt Bdu
Xo EELP
Yo 0

The KB filter is
d It a Aadt t.pt dYt AXtdt Xo Eiko

dy La Pt te Alif Po VantXo

Canida the quadratic equation

4 10 Za P te Apf o

tf Atoandbtff are aim red then it has two

solutions

P BE lat FATE
with P Lo and Pt 0

Consider the suboptimal filter
It a Xt dt ABI att Atadt Too

the error process 5 t Xt It satisfies

art a Att It at hawt Aftdot Eex

Since

Chela Aff a la ftp FtjIco



the mean square eras of this filter is bounded
i et Sgp Et 51 L t a 1 Exercise

Therefore by the optimality of It we love
that sap Pt E S p Etf's to

The Junction Rt Pt Pt satisfies

dRA Ka Rt PI Pi dt 2aRt AgRt Path ad

and hence

I Rtl Chol exp 2at Afr PstPt ds

E IRA exp I eat Aj Ptt trollexp at Target Is O

due to 4.121 Therefore if Ato and l 40 the
solution ofthe Riccati equation stabilizes and

Pa aliens Pt Pt

If A Oand then It Et ko eat E txt

Pt EE Xt EEXAN and the limit Pa exits and
it is finite if a co otherwise Pa graves to infinity

If Afocndled them Poo o either if
a co hance Ya 10 in t er if a o f since gettys
in L an if a 0 since A I Xo in it

Unlike in the discrete tin case the scaler Riccatieynat
in 9.9 has an explicit solution
Pt EIFMI.ggtf1

a atlab Blatt
K PII



IYI.is iiie t
be the processes generated by the systemof linearSDE

dXt a Al tacet X.tt az AYA dt t beAdwt t beIfldut

dYa AoAl AeIAXA AzAYa It BeltldWt Belt dvt

with W and V two independent multidimensionalWiener

processes and subject to a square integrable random
vector Xo Yo independentof Wav

the coefficient are deterministic matrix function

of appropriate dimensions such that the system
has a unique strong solution and BoB
BeBett BeBet is uniformly nonsingular matrix

Ikmanttotgand projection It It Xt 1ft and the
cane panding even Covariance matrix Pe EECXAYAlxt.AT

Satisfy the Kalman Buy equatin
d It Cao tae It az ft dt

IboB Pt A BoB dye A Ae It ALYA dt

It ar Pt t Pt at tho b

lo B Pt A BoB IboB Pt AEST

subject to

Y E EX car X t car to Ya E it

Po car Xo car YoYo car X t car XoYott
and where bob be Bt the B's bob bebat t babe



3Linearfitteringbyandlinerdignian I

Minetti a Wiener process in wide sense if we so
ECWA to and Et WA Ws Sit sit 20

ÉÉTÉi integer wt ftp dw with

a square integulle paritive pracell Xt 2C 20 is

a Wiener pacey in the wide serve

EI WAW I Et Esp du tis

Since Wa ha uncaneleted increment one can define

the stadatic integral p n

It Ifl It f dwi lie Éft white wait
when J G L to it is a deterministin function Wienerintepel

Since the linen SDE

dXt at Xadt t ba dwt

ha the explicit solution

At exp It an dm X It e pl liandullsdws
analogously one can define the process

It exp It an dm X It e pl liandull da
to be the solution of

dXt at Xt It be dwt
With theedefinitions are can check that the Kalman Bucy

filter equations generate theoptimal linear estimate

if we replace theWienerprocessbytheWienerpracell inthefide



I
Ém t1 she system

dXt Xt dt dwt

dYA Y't dt AVA

with X n Nco 112 and Ya co

By Ita formula
dx't 3X't dxt 3KA dt 3X'Adt 3 Adt 3XI dwt

Define 2 t X't and we V2 X'sdws 1
Their wa is a Wiener procell in the wide serve let set

EE WAW Et I Xi dwn 10

EL LUIXidwn Eg EEK tXMÉÉFB
2 Y Et X du ETUI 2 JI ETX'a du
2 3gSs E S E S

here we have used that X is a stationary zera mean

Gannian pracell with E TXAxs y't Since

X is Ganinan Et X m 3 EE Xi

Analaganly
Et wa Wa ELEM X'm dwn Wt WA V2LEIXiu
I V2 A t Iz 0

Hence wt Wt VA is a 3 dimeniandWienerprocell in thewide
sense Carrion the linear system

dxt Xt dt dwt
4.122 d2t 3 Zadt 3XA dtt dwt t dwt

dYA Et de tout



subject to Xo Zo Xo X line Et 2 7 0 th
E t Zi Et X 11g etc

the estimate EI XALte can be attained

by means of the Kalmar Bing equation for
M 12


