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Convergence uoc

(.) Frequently one encounters sequences of functions that are not defined in the
same domain but nevertheless one wants to have the limit-functions at one’s disposal.
At first sight this might seem paradoxical, but it is meaningful under certain conditions.
To be more precise, let the functions be {fν} with fn defined in the domain Ων , and
let Ω =

⋃
ν Ων . Of course, for our search for a limit to have a meaning, there must be

tight relations between the domains Ων—in the extreme case they being disjoint, for
instance, there is not much hope. The crucial assumption is that any point z ∈ Ω has
a neigbourhood Uz which from a certain index on lies in all the Ωn-s; that is, there is
an Nz with Uz ⊆Ων for ν ≥ Nz.

When this condition is fulfilled, any result about convergence which is local in
nature, is applicable to the sequence {fν}ν≥Nz in the neighbourhood Uz. For instance,
saying that the sequence {fν} converges uoc is meaningful: Any compact K ⊆Ω is
covered by finitely may of the open sets Uz above. Hence K ⊆Ων for ν >> 0, and the
good old definition of uniform convergence applies. When the all the functions fν are
holomorphic from the start, for these ν-s all functions fν are holomorphic on K, and
the limit function will be holomorphic by Weierstrass convergence theorem.

One common situation when the crucial condition is fulfilled is when the domains
Ωn form an ascending chain, that is, Ων ⊆Ων+1 for all ν.

Another situation that that one continually meet is that the functions are not
holomorphic everywhere in the domain Ω, but have isolated singularities. The condition
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then becomes that every point z has neighbourhood where all but finitely, many of the
functions are holomorphic.

(.) The impact of Weierstrass’ work during the last quarter of the 19-th century
on the theory function was immense, and among the many result of his we recall one
that is fundamental in function theory (and in fact, we have already used it several
times). We call it the Weierstrass convergence theorem, and its statement is the very
natural that uoc-limits of holomorphic functions are holomorphic, and more over, the
sequence of derivatives converges uoc to the derivative of the limit function. The
grounds behind such a theorem are rather clear: As order of the integration and the
limit process is immaterial when the convergence is uoc, any property expressible in
terms integrals will be inherited by the limit.

Theorem . If the sequence {fν} of functions holomorphic in Ω converges uoc to-
wards f , then f is holomorphic throughout Ω. The sequence f ′ν of derivatives converges
to f ′ uoc in Ω.

Proof: The first part follows from Morera’s theorem. Let γ be a closed path in Ω.
The convergence being uniform on γ limits and integrals can be swapped, thence it
holds true that

0 = lim
ν

∫
γ

fν(ζ)dζ =

∫
γ

(lim
ν
fν(ζ))dζ =

∫
γ

f(ζ)dζ.

The statement about the derivatives is derived by the help of Cauchy’s formula for the
derivative. When γ is the boundary, of a small disk in Ω encompassing z, traversed
once counterclockwise, his formula reads

f ′(z) =
1

2πi

∫
γ

f(ζ)

(ζ − z)2
dζ =

1

2πi

∫
γ

lim
ν

fν(ζ)

(ζ − z)2
dζ =

=
1

2πi
lim
ν

∫
γ

fν(ζ)

(ζ − z)2
dζ = lim

ν
f ′ν(z).

o

(.) By repeatedly applying this theorem one sees that the sequence {f (k)
ν } of de-

rivatives of any order k converges uoc to f (k). With anti-derivatives the situation is
slightly more complicated as there are constants of integration involved, which seen
from the point of view of the derived series are quit arbitrary. For instance, the series
fn(z) = n does not converge, but of course, the derived series does. However if the
constants are taken care of, there are nice results, like:

Problem .. Given a sequence {fν} of holomorphic functions that converges uoc to
f . For each ν let Fν be a primitive for fν . Show by an example that the sequence {Fν}
dos not necessarily converge. Assume further that for one point a ∈ Ω the sequence
{F ′ν(a)} converges to f(a). Show that the sequence {Fν(z)} then converges uoc to a
primitive of f . X

—  —



MAT4800 — Høst 2016

Hurwitz about limit values
Pursuing the philosophy that properties expressible by integrals pass to uniform

limits, one can prove a series of strong and useful results. We are about to give a few,
all due to Adolf Hurwitz, and circling about relations between values of the limit and
values of the functions in the sequence.

(.) The first Hurwitz’ theorem that we shall cite is about zeros of the limit, and it is
easily extended to a statement about values: Any value taken by the limit is eventually
taken by the functions in the sequence, but to begin with, we treat only the zeros:

Theorem . Let the sequence {fν} of holomorphic functions converge uoc to f in
the domain Ω. If all the functions fν are without zeros in Ω, then f is without zeros
in Ω as well unless it vanishes identically.

Proof: Assume that f is not identically zero. The logarithmic derivative d log f =
f ′/f is then meromorphic in Ω, and we may count the number n(f,D) zeros of f in
any (small) disk D⊆Ω by the formula

n(f,D) =
1

2πi

∫
∂D

d log f.

The sequence of derivatives {f ′ν} converges toward f ′, and hence d log fν converges
toward d log f . Integrating along ∂D we find, swapping the limit and the integral, the
equalities

0 = lim
ν

∫
∂D

d log fν =

∫
∂D

d lim
ν
d log fν =

∫
∂D

d log f.

o

Applying theorem . above to the sequence fν − f(a) one obtains on the fly the
version of Hurwitz’s theorem about values alluded to the top of the paragraph:

Theorem . For any a ∈ Ω and any neigbourhood U of a there are points aν in U
such that fν(aν) = f(a) for ν >> 0.

Proof: As already indicated, use the previous theorem with Ω = U and with {fν −
f(a)} as sequence of functions. o

(.) Hurwitz has also a result about injectivity of the limit; the uoc-limit of injective
functions is injective or constant:

Theorem . Let {fn} be a sequence of holomorphic functions in the domain Ω con-
verging uoc toward f . Assume that the functions fν are injective for ν >> 0, then f
is either constant or injective.

—  —
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Proof: The clue is to apply . to the domain Ω \ {a}. Since fν are supposed to be
injective in Ω, the functions fν − fν(a) are without zeros in Ω \ {a}, and they clearly
converge uoc toward f − f(a). Thence, by ., f − f(a) is either without zeros in
Ω\{a}, in which case f is injective, or vanishes identically, in which case f is constant.

o

Problem .. Assume that {fν} converges uoc toward f in Ω. Show that for any
disk D⊆Ω there is a natural number ND such that∑

z∈D

ordzf =
∑
z∈D

ordzfn

for n > ND. X

Problem .. Let {fν} be a sequence of holomorphic functions in the domain Ω
converging uoc to f and let a ∈ Ω be a point.

a) By studying the function fν − f(c) show that in any disk D contained in Ω and
containing a, there is a natural number Nd and points aν such that fν(aν) = f(a) for
ν > ND

b) Show that there is sequence of points aν in Ω converging to a with f(aν) = f(a).

X

Problem .. Show by exhibiting examples of sequences of real analytic functions,
that neither of the three theorems of Hurwitz’ above is valid in a real setting, that is,
for real functions of a real variable. X

Arsela-Ascoli

The classical Bolzano-Weierstrass-theorem tells us that every bounded sequence of
numbers—real or complex— possesses a convergent subsequence. It is natural to won-
der wether a similar result applies to sequences of functions as well, and this question
was answered by the two Italian mathematicians Cesare Arzelà and Giulio Ascoli.
Among the two, Ascoli was the first contribute. He established the sufficient condition,
and about ten years later Arzelà tidied up the formulation and proved the necessity.

Their famous result gives a necessary and sufficient condition for a sequence of
functions to have convergent subsequences, and of course, by convergence we then
understand uniform convergence on compacts. We intend to describe this result—
which strictly speaking belongs to real analysis— without giving the proof, and we
shall do that in a rather general setting. The Arzelà and Ascoli is precursor of Montel’s
criterion for convergence which is a corner-stone in the theory of holomorphic functions.

—  —
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(.) Let X and Y de two metric whose metrics are dX and dY respectively. We
assume that X locally compact and that Y be complete, innoxious assumptions for
us as in the applications we have in mind X will be a domain in the complex plane
equipped with the usual euclidean metric and Y will be an open subsets of the Riemann-
sphere Ĉ with spherical metric.

The concepts of uniform convergence on compacts is meaningful in this general
setting, the definitions are word for word the same as in the case of complex functions,
but with the metrics dX and dY replacing the good old distance function |z − w|. The
set of C(X, Y ) of continuous functions from X to Y has a topology called the topology
of uniform convergence with the property that a sequence of functions converges in
that topology if and only if it converges uoc. A subset, or as we shall say, a family
F ⊆ C(X, Y ) is called normal if every sequence of elements from F has a convergent
subsequence. This means that the closure of F is compact, and In more topological
terms one says that F is precompact or relatively compact . One do not request that
limit function lie in F , but of course it will be continuous.

Example .. As a first example we let the domain Ω be the unit disk D and let the
family F consist of the fractional linear transformations

φν(z) =
z − cν
cνz − 1

where cν is a sequence in the unit disk converging to a point c ∈ D. If c belongs to the
boundary ∂D, observing that c = c−1 one realizes swiftly that {φν} converges uoc to
the constant function with value c.

However, if the point c does not lie on the boundary but in the (open) unit disk
itself, the limit is the function φ(z) = (z − c)(cz − 1)−1. e

(.) The Arzelà-Ascoli theorem involves the concept of equicontinuous families . If
F is a family of functions from X to Y — in other words a subset of C(X, Y )— it is
said to be equicontinuous in a set A ⊂ X if there for any ε > 0 is possible to find a
δ > 0 such that the implication

dX(x, y) < δ ⇒ dY (f(x), f(y)) < ε

holds true for all pair of points x, y in A and all functions f from the family F . Loosely
expressed, in a slogan-like manner: “The same δ works everywhere in X and for all
members f of the family”. As we shall see, the sufficient condition in the Arzelà-Ascoli-
theorem will be that F be equicontinuous on every compact subset of X.

(.) An observation that occasionally is useful is at being equicontinuous on compact
sets is a local property of a family: Once one can establish that F is equicontinuous in
all members of an open covering of X, one knows it to be equicontinuous on compact
sets.

—  —
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Lemma . Let K ⊆X be a compact set and F a family of continuous functions from
X to Y . If there exists an open covering U of K such that F is equicontinuous on
every member U ∈ U , then F is equicontinuous in K.

Proof: The set K being compact, we may assume that U is finite. The covering has
a so called Lebesgue-number, that is a ρ > 0 with the property that any open ball in X
of diameter less than ρ intersects K in set contained in one of opens from the covering.

If now ε > 0 is given. For each U ∈ U there is a δU with dY (f(x), f(y)) < ε once
dX(x, y) < δ for any f from the family. It is then clear that any positive number δ less
than ρ and less than all the δU -s (which are finite in number) works! o

(.) Finally we have come to the Arzelà-Ascoli-theorem, and as we said, we content
ourselves with the formulation of the theorem and do not give the proof:

Theorem . Let X and Y be two metric spaces and assume that Y is complete.
Assume that F is a family of continuous maps from X to Y . Then F is a normal
family if and only if the following to conditions are satisfied.

� F is equicontinuous on compacts;

� For every point x ∈ X the set of values { f(x) | f ∈ F } is contained in a compact
set.

Montel’s criterion for normal families

The french mathematician Paul Montel was the one who introduced the name “normal
families” in a paper in . His thesis from  was about families of holomorphic
functions, and subsequently he devoted a large part of his scientific life to the study
of such families. One of his famous result, if not the most famous, is that family of
holomorphic functions whose values avoid two numbers form a normal family, and we
shall come back to that in due course. This section is about a necessary and sufficient
condition for a family to be normal, proven by Montel in his thesis.

(.) Before starting on the Montel criterion, we recall a few nuances about bounded
families. A family F of functions in a domain Ω is uniformly bounded , or for short
just bounded , in a set A if its members have a common upper bound in A; that is, for
a suitable constant MA it holds true that |f(z)| ≤ MA for all z ∈ A and all f ∈ F .
Expressed in sup-norm-lingo this reads ‖f‖A < MA for all members f of the family.

The family is said to be locally bounded in Ω if one around every point may find a
neighbourhood over which F is uniformly bounded. This implies that F is bounded in
all compacts; indeed, a compact K is covered by finitely many such neighbourhoods,
and the largest of the corresponding upper bounds will be a common upper bound for
all functions in F .

—  —
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(.) With these nuances in place, we are ready for Montel’s criterion for normality,
one of the more important results in function theory, and which will be used over and
over again.

Theorem . If a family F of holomorphic functions in a domain Ω is locally bounded,
it is normal.

Proof: As announced this relies on the Arzelà-Ascoli-theorem. There are two con-
ditions to be checked. The first one comes for free, the family is obviously point-
wise bounded being locally bounded. Our concern is therefore to show that a locally
bounded family is equicontinuous on compacts. Equicontinuity on compacts being a
local property, we can restrict ourself to disks. So let D be disk in Ω whose radius we
denote by r, and let M be a common upper bound over D for the functions in F .

Cauchy’s integral formula gives

f(z)− f(z′) =
1

2πi

∫
∂D

f(w)((w − z)−1 − (w − z′)−1)dw = (.)

=
z − z′

2πi

∫
∂D

f(w)(w − z)−1(w − z′)−1dw (.)

for two points z, z′ ∈ D. When w ∈ ∂D and z is confined to the disk D′ that is
concentric withD and with radius r/2, the inequality |w − z| > r/2 is valid. Combining
this with . we obtain the estimate

|f(a)− f(b)| < |a− b| 4M/r2.

The bound 4M/r2 does not depend on f and F is equicontinuous in D′, and it is clear
that the disks D′ corresponding to the disks D from an appropriate covering of Ω,
cover Ω. o

Example .. The family consisting of all holomorphic functions in Ω having a com-
mon upper bound is normal, while the family whose members are the bounded holo-
morphic functions is not normal. e

(.) A sequence of numbers converges if and only its many subsequences all con-
verge to the same value. It is even fairly easy to see that it suffices that all convergent
subsequences converges to the same point, for in that case the set of accumulation
points is reduced to a singleton, which means that sequence converges. The corres-
ponding statement is true for sequences of holomorphic functions as well, a result that
goes under the name of Montel’s criterion for convergence:

Theorem . A locally bounded sequence of holomorphic functions all of whose uoc-
convergent subsequences converge to the same function, is uoc-convergent.

—  —
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Proof: Let the sequence be {fn} and assume it does not converges uoc to f . Then
there is a compact K, an ε > 0 and a subsequence {fnk} with ‖f − fnk‖K > ε.

After Montel’s normality criterion (theorem . on page ) the sequence {fnk} has a
subsequence that converges uoc, and we can as well assume that the sequence {fnk} it
self converges uoc. Thence fnk → f uniformly on compacts per hypothesis . Of course
this implies that limk ‖f − fnk‖K = 0, in flagrant contradiction with the inequality
‖f − fnk‖K > ε, valid for all k. o

(.) Montel’s criterion has a consequence that many might find astounding. Se-
quences of holomorphic functions has a clear tendency to converge, at least convergence
frequently can be contagious as Reinholdt Remmert writes in [Rem], it can spread
from a subset to the entire domain of definition, and he cites George Pólya and Gàbor
Zsegö who gave a pertinent characterization of the phenomenon: “The propagation of
convergence can be compared to the spread of an infection”. One striking example is
Vitali’s convergence theorem, convergence on set with an accumulation point implies
convergence everywhere:

Theorem . Let {fn} be a locally bounded sequence of holomorphic functions in the
domain Ω. Suppose that the set A of those z i Ω where the limit limn fn(z) exists,has
an accumulation point. Then the sequence {fn} converges uoc i Ω.

Proof: The limits of two convergent subsequences must coincide on the set A, since
the whole sequence converges there. Both are holomorphic in Ω by Weierstrass’ conver-
gence theorem (theorem . on page ), and coinciding on the set A, which possesses
an accumulation point, they are equal by the identity theorem. Hence the sequence
converges uoc after Montel’s criterion for convergence. o

Problem .. Let F be a pointwise bounded family of complex valued continuous
functions in the domain Ω. The aim of this exercise is to demonstrate that there exists
a subdomain U ⊆Ω such that F is locally bounded over U .

a) Under the assumption that F is not locally bounded, show that one might find a
sequence of functions {gν} from F and a descending chain of compact disks Kν with
‖gν‖Kν > ν.

b) If F is not locally bounded, exhibit a point a ∈ Ω such that |gν(a)| > ν.

c) Finally, show that there exists a subdomain U ⊆Ω such that F is locally bounded
over U .

X

Problem .. The aim of this exercise is to show the following result due to American
mathematician William Fogg Osgood. If {fν} is a sequence of holomorphic functions
converging to a continuous function in the domain Ω, there is an open, dense subset
U ⊆Ω over which the sequence converges uoc.

—  —
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a) Let D⊆Ω be any disk. Use problem . above to find an open subset UD of D
where the sequence {fν} is locally bounded.

b) Show that U =
⋃
D UD is an open, dense subset of Ω where {fν} converges uoc.

X

Problem .. In this exercise the task is to exhibit an example of a sequence of entire
functions that do converge to a continuous function in C but do not converge uoc
everywhere in C.

Recall the Mittag-Leffler function F (z) constructed in problem xxx. It is an entire
function whose limit at ∞ along any ray emanating from the origin equals zero, that
is limr→∞ F (reit) = 0 for every t. Let fn(z) = F (nz)/n

a) Show that limn→∞ fn(z) = 0 for all z.

In the rest of the exercise, we assume that sequence {fn} is bounded near 0 ( with
the intention to arrive at an absurdity)

b) Show (with the assumption above) that there are constants r > 0 and M > 0 with
|F (z)| ≤ nM for |z| ≤ nr and all n.

c) Denote by ak the k-th Taylor coefficient of F about the origin. Use Cauchy’s
estimates to prove that the inequality

|ak| ≤ nM/(nr)k,

holds for all k ≥ 0 and n ≥ 1.

d) Show that ak = 0 for k ≥ 2 and arrive at a contradiction.

X

Spherical convergence

So far we have mostly spoken about families of holomorphic functions,but it is quite
natural and of great interest to extend the theory to comprise families of meromorphic
functions as well. Habitually we think about meromorphic functions as functions
mapping Ω to the Riemann sphere Ĉ, and the Riemann sphere comes equipped with
the spherical metric —the distance function inherited from the standard metric on unit
sphere in R3 through the stereographic projection—and this metric turns out to be a
convenient tool for studying families of meromorphic function.

The spherical metric
The metric on S2 is the one used by navigators for centuries; the distance between

two points being the angular measure of the smaller great circle arc connecting the two

—  —
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points. Transporting this metric to the Riemann sphere requires some computations,
not very intricate though, but sufficiently draggy (and in our context uninteresting)
to make us skip them. Instead we just give an expression for the metric and argue
directly that it has the properties we want, i.e., that it gives the correct topology on
the extended plane and is equivalent to the euclidean metric in the finite part.

(.) When describing the stereographic projection we prefer to identify R3 with
C × t and in the latter the points are (z, t). The unit sphere is given by the equation
|z|2 + t2 = 1. The north pole N is the point (0, 1).

The stereographic projection Ψ sends a point on the unit sphere, other than the
north pole, to the point where the complex plane (that is the plane t = 0) meets the
line joining the point to the north pole. The north pole is sent to the point at infinity
in Ĉ. One easily verifies that this defines a homeomorphism between Ĉ and S2.

N

Ψ(p)

C

R

Figur .: A sectional view of the stereographic projection

Problem .. If Φ denotes the inverse of the stereographic projection, show that

Φ(z) = (2z(1 + zz)−1, (zz − 1)(zz + 1)−1). (.)

Show that the great circles on the sphere projects to the (generalized) circles in Ĉ given
by

zz + az + az = 1,

and show that for such a circle the centre is −a and the radius equals (1 + |a|2)1/2.
Show that the pairs of points z and −z−1 in Ĉ (with a liberal interpretation if z =∞)
correspond to the pairs of antipodal1 points on the sphere. X

(.) The spherical length of a path γ in Ĉ is given by the integral

Λ(γ) =

∫
γ

2 |dz|
1 + |z|2

, (.)

which is easily seen to converge in case one (or both) of the end points lies at infinity.

1This involve all of the three natural involutions on C, and would make any semi-serious cosmologist
with conspiratorial tendencies smile widely

—  —
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Indeed, the change of variable z = w−1 gives dz = −w−2dw, and this substitution does
not alter the form of the integral, i.e., it becomes

Λ(γ) =

∫
γ′

2 |dw|
1 + |w|2

. (.)

The spherical distance between two points z and z′ is determined as the infimum
of the spherical lengths of paths joining the two points:

ρ(z, z′) = inf
γ

Λ(γ),

where as we said, the infimum is taken over connecting paths.

(.) The spherical metric is equivalent to the euclidean metric in the finite part of

Ĉ (but of course, they are not equal). The argument goes like this: Let z and z′ be
two points both lying in a disk D of radius R about the origin, and let γ be a path in
D connecting the two, then the inequalities beneath holds

l(γ)

1 +R2
<

∫
γ

2 |dz|
1 + zz

< l(γ),

where l(γ) denotes the good old euclidean length of the path γ. Taking infimum
over paths and keeping in mind that the shortest path between the two points in the
euclidean sense is the line segment joining them, we obtain the inequalities

|z − z′|
1 +R2

< ρ(z, z′) < |z − z′| .

By this we have established that the two metrics are equivalent in the finite part of the
extended plane; but as the form of the integral giving the spherical metric is insensitive
to the change of variables w = z−1, the argument is even valid in neighbourhoods about
the point at infinity. Hence the two metrics are topologically equivalent.

Problem .. Verify that ρ(z, z′) satisfies the axioms for a metric. That is, it is
symmetric, the identity of indecernibles holds, and the triangle inequality is fulfilled.

X

(.) Great circles through the north pole—also called meridians our hour circles—
project onto lines through the origin, and their spherical length is particular easy to
compute. As an illustration we offer the following computation∫ ∞

a

2dz

1 + zz
=

∫ ∞
|a|

2du

1 + u2
= π − 2 arctan |a| = 2 arctan 1/ |a|

giving the spherical length from a point a to the point at infinity. We recommend the
students to verify that this coincides with the polar distance of the corresponding point
on the sphere, i.e., the angular measure along the meridian from the north pole to the
point. This also explains the factor 2 in the formula for the spherical distance.

—  —
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Problem .. Consider the fractional linear transformation ψ given by

ψ(z) =
az + b

−bz + a
,

where a and b are two complex constants satisfying |a|2 + |b|2 = 1. Show that the
spherical metric is invariant under ψ; that is, show that for any path in Ĉ one has
Λ(ψ ◦ γ) = Λ(γ). X

Weierstrass’ spherical convergence theorem
The general concepts of convergence, and of the more specific convergence uoc, of

sequences of maps between metric spaces applies to the current situation. A sequence
of meromorphic functions in a domain Ω is viewed as sequence of maps Ω → Ĉ with
Ĉ equipped with the spherical metric, and we can speak about convergence uoc in
this situation. To distinguish this concept from the habitual concept of convergence
uoc, we shall refer to it as spherical convergence uoc. Any holomorphic function may
be considered being meromorphic, so in the case all the functions in the sequence are
holomorphic we have two concepts of convergence, and the two differ slightly — a stupid
example being the sequence of the constant functions fn(z) = n, which clearly diverges
in the finite plane, but converges uoc to the the point ∞ in the extended plane. The
sequence {zν} gives a somewhat more substantial example when considered on the
domain { z | |z| > 1 }. There it converges uoc in the spherical sense to the constant
function with value ∞, but since high-school we learned that it diverges when viewed
as a sequence of maps into C.

One word of warning. One must be very careful about the derivative of members
of a spherically normal family, they do necessarily form a spherically normal sequence.
You will find an example in exercise . on page  below,

(.) Before attacking the spherical Weierstrass version, we make an obvious general
observation. Let {fν} be a sequence of continuous functions from one metric space X
into another Y , and assume it converges uoc toward the function f . Let a ∈ X be
a point. Denote by U an open neighbourhood of the image point f(a) and choose a
compact subset K of the inverse image f−1(U) containing a in its interior. It then
holds that fν(K)⊆U for ν >> 0. To verify this just perform a classical ε-δ exercise
(or may be one should say an ε-δ-ν exercise) with ε equal to the distance from f(a) to
the boundary ∂U .

(.) A fundamental tool on which we up to now have based the theory, is the
Weierstrass convergence theorem, and to pursue the development we need a version for
spherical convergence. The slight discrepancy between the two types of convergence
for holomorphic functions—depending upon they being viewed as maps into C or into
Ĉ—deserves an explanation. The two examples above are illustrative; in the spherical
world functions are allowed to converges to the constant infinity.

—  —
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Proposition . Let {fν} be a family of meromorphic functions in the domain Ω in
the finite plane, and assume that it converges spherically uoc to the function f . Then
it hods true that

� the function f is meromorphic in Ω;

� if all the functions fν are holomorphic in Ω then either f is holomorphic or
constant equal to ∞.

Proof: Let a ∈ Ω be a point. There are two cases to treat.
Firstly, assume that f(a) 6=∞. Choose a disc U about f(a) not containing∞, and

let D be a disk about a whose closure is contained in the inverse image f−1(U). By the
obvious observation in paragraph (3.18) above it holds that fν(D)⊆U for ν >> 0, and
consequently the functions fν are all holomorphic in D. The spherical and euclidean
metrics being equivalent in D the sequence converges uoc in the euclidean sense in
D, and by the habitual Weierstrass’ convergence theorem (theorem . on page ), the
limit is holomorphic.

Secondly, assume that f(a) = ∞. In a similar manner as in the first case, fix a
disk U about the point at infinity that does not contain the origin, and choose a disk
D about a with fν(D)⊆U for ν >> 0. For such ν’s the functions fν will be uniformly
bounded away from zero in D. Hence their inverses 1/fν are all holomorphic there and
form a bounded sequence that converges towards 1/f , uoc in the euclidean sense. By
the classical Weierstrass’ convergence theorem 1/f is holomorphic in D; that is, f is
meromorphic near a.

Finally, assume additionally that all the functions fν are holomorphic. This means
that the inverse functions 1/fn(z) have no zeros in D, and by Hurwitz’ theorem of
zeros (theorem . on page ) we conclude that either 1/f is constant equal to zero or
without zeros in D. Correspondingly, f is either constant equal to ∞ or holomorphic.

o

The spherical derivative
The setting is a domain Ω in the finite plane where our function f is meromorphic.

Like the derivative, the spherical derivative is not insensitive to the change of variables
w = z−1, there will be a factor |w|2 appearing. Hence, to keep life reasonably simple,
we shall stick to the setting described and only work with domains in the finite plane.

As a start we define the spherical derivative in points where f is holomorphic, and
the definition goes as follows.

f ](z) =
|f ′(z)|

1 + |f(z)|2
.

We observe that (1/f)] = f ] in points where f does not vanish; indeed the little
calculation beneath shows this:

(1/f)] =
|−f ′/f 2|

1 + |1/f |2
= f ].

—  —
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We exploit that equality, to define the spherical derivative at poles of f , by defining f ]

to be (1/f)] near a pole. The spherical derivative f ] is a function with real positive
values defined and continuous throughout the domain Ω where f is meromorphic.

(.) To acquaint ourself with the spherical derivative, let us examine when it van-
ishes. Clearly at points where f is holomorphic this happens where and only where the
derivative f ′(z) vanishes. We shall see that it vanishes at a pole if and only if the pole
has order at least two, and in case f has a simple pole at a, one has f ](a) = |resa f |−1.

We may clearly assume that a is the origin. So assume that f has a pole of order
n at the origin. Near the origin it holds that f(z) = z−ng(z) with n ≥ 1 and we find
by simple computations that

f ](z) =
|−nz−n−1g(z) + z−ng(z)|

1 + |z−ng(z)|2
=
|−nzn−1g(z) + zng′(z)|
|z|2n + |g(z)2|

.

If n > 1 the limit of this expression when z → 0 is equal to zero, but when n = 1 the
limit becomes equal to 1/ |g(0)|, and in fact this value equals |res0 f |−1.
Problem .. Show that (exp z)] = 2/ cosh Re z and that (exp iz)] = 2/ cosh Im z.

X

Problem .. Show that if α is a Möbius-transformation, then (α ◦ f)] = f ]. Find
an example such that (f ◦ α)] does not equal f ]. X

Problem .. Show that if f is meromorphic in a neighbourhood of∞, then limz→∞ f
](z) =

0. X

Problem .. Show that if we let w = z−1 and g(w) = f(1/w), then one has
g](w) = f ](1/w) |w|2 where the involved quantities are defined. X

(.) In the euclidean case integrating |f ′(z)| along a path γ gives us the euclidean
length l(f ◦ γ) of the image of γ under f . Correspondingly, in the spherical case the
integral of the spherical derivative f ](z) along γ gives half of the spherical length of
the image f ◦ γ, that is, one has the formula

2−1Λ(f ◦ γ) =

∫
γ

f ](z) |dz| .

Indeed, by the simple substitution w = f(z) it holds that

2−1Λ(f ◦ γ) =

∫
f◦γ

|dw|
1 + |w|2

=

∫
γ

|f ′(z)|
1 + |f(z)|2

|dz| =
∫
γ

f ](z) |dz| .

Problem .. Assume that f is meromorphic and injective in the A⊆Ω. Show that
the spherical area of f(A) equals 4−1

∫
A

(f ](z))2dzdz. X

—  —
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Marty’s theorem
Marty’s theorem is the spherical version of Montel’s theorem of convergence:

Theorem . A family F of meromorphic functions in the domain Ω in the finite
plane is normal if and only if the family formed by the spherical derivatives f ] for
f ∈ F is bounded on compacts.

Proof:
We appeal once more to the theorem of Arzelà-Ascoli. As the Riemann sphere Ĉ is

compact the second condition of Arzelà and Ascoli is automatically fulfilled, and our
task reduces to checking that a family is equicontinuous on compacts in Ω when being
spherically bounded on such compacts.

Equicontinuity on compacts being a local property by lemma . on page  we can
concentrate on disks D whose closure lies in Ω. So let z and z′ be two points from D
and let denote by γ the standard parametrization of the line segment between them,
i.e., γ(t) = tz+ (1− t)z′. Furthermore, let M denote a common upper bound in D for
the functions in F . We find for f ∈ F the inequality

ρ(f(z), f(z′)) ≤
∫
f◦γ

|dz|
1 + zz

=

∫
γ

f ](z) |dz| ≤M

∫
γ

|dz| = M |z − z′| ,

from which the equicontinuity is evident (again we use that the two metrics are equi-
valent in the finite plane).

The other implication is standard. The family { f ] | f ∈ F } not being bounded
on compacts means that there is a compact K ⊆Ω and a sequence {fν} from F with
‖f ]ν‖K > ν. Replacing {fν} by a subsequence if necessary, we may assume that {fν}
converges uoc in Ω towards a function f that by the spherical version of Weierstrass’
convergence theorem is meromorphic. It is easy to see that the sequence {f ]ν} then
converges uoc to f ] and we can conclude that f ] is continuous on the compact K.
Therefore it has a maximum there, which contradicts that ‖f ]ν‖K > ν. o

Example .. The spherical derivatives of functions in the family {zν} are uniformly
bounded on compacts contained in Ω = { z | |z| > 1 }. Indeed, if |z| > R > 1 we find

(zν)] =
ν |z|ν−1

1 + |z2ν |
=

ν |z|−ν−1

|z|−2ν + 1
< νR−ν−1

which stays bounded as ν growths since xe−x logR → 0 as x → ∞ when R > 1.
Hence {zν} is a normal family in C \D in the spherical sense. The sequence converges
spherically uoc to the constant∞. However, the family is not normal in the traditional
euclidean sense since no subsequence converges uoc. e

Problem .. Is {zν} a normal family in the spherical sense in the disk |z + i| < 1?
What about the euclidean sense? X

—  —
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Problem .. This exercise is an example (borrowed from Carathéodory’s book
[Car54], page ) of spherically normal sequence such that the derived sequence is
not spherically normal. This should be contrasted with the traditional Weierstrass’
convergence theorem (theorem . on page ).

a) Show, by using Marty’s theorem, that sequence fν(z) = ν2/(1−ν2z2) of meromorphic
functions converges spherical uoc to f(z) = −z−2.

b) Compute the spherical derivatives of f ′ν(z) and show that the sequence they form
is not bounded at the origin. Conclude, again by Marty’s theorem that {f ′ν} is not a
spherically normal family. Hint: In pure mercy with the students, the derivative of
fν is: f ′ν(z) = −2ν4(1 + 3ν2z2)(1− ν2z2)−3 (Don’t trust me, check it!!).

X

Zalcman’s lemma of Bloch’s principle

Most of what we have done so far was developed in the last quarter of the nineteenth
century or the beginning of the twentieth. The scientific activity around those questions
had a golden age in the first haft of the twentieth century.

In his article [Zal98] from ,Lawrence Zalcman modestly says that he proved his
“little lemma” to give Bloch’s principle precise form. This he already in  in the
paper [Zal75]. Twenty years later the interest in normal families bloomed again, and
Zalcman’s lemma “proved amazingly versatile”, as he himself expresses it in [Zal98].

3.0.1 Zalcman’s lemma
Zalcman’s “little lemma”—now upgraded to the status of theorem—is a criterion

for a family not to be normal (and we speak about families normal in the spherical
sense). Marty’s theorem (theorem . on page ) is one of the main ingredients of
the proof. The lemma deals with families of functions in the unit disk, but normality
being a local property, this is sufficient for the applications.

(.) The statement in the lemma involves functions of type g(z) = f(a+ρz)—where
a is a complex constant and ρ a real number—deduces from a function f holomorphic
in a disk D about the origin by rescaling and translation. If D has radius r, the function
g will be holomorphic in the disk D′ given by |z| < (r − |a|)ρ−1, and provisionally we
denote the radius of D′ by R′; that is, R′ = (r−|a|)ρ−1. (In fact it will be holomorphic
in greater disk, whose centre is −ρ−1a and radius ρ−1r, but we shall be content with
using D′.)

The following easy estimate will be useful. Fix positive real number R with R < R′.
For points z satisfying |z| < R it holds true that

r − |a+ ρz| ≥ r − |a| − |ρz| ≥ r − |a| − ρR ≥ (r − |a|)(1− R

R′
). (.)

—  —
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(.) Here comes the lemma:

Theorem . Let F be a family of holomorphic (resp. meromorphic) functions in the
unit disk D that is not spherically normal. Then there exist a sequence {fν} of function
belonging to F , a positive real number r and a sequence of points {an} with |aν | < r,
and a sequence {ρν} of positive real numbers tending to zero such that following holds
true: The sequence formed by the functions

gν(z) = f(aν + ρνz)

converges to a non-constant entire (resp. meromorphic in C) function g with g](z) ≤
g](0) = 1.

Before starting the proof, we remark that the functions gν are not all defined in the
same domain. However, gν is defined in the disk Dν about the origin of radius Rν =
(r−|aν |)ρ−1ν , and it will appear during the proof that the radii Rν tend to infinity with
ν. This implies that any point in the complex plane C eventually will be contained in
all the Dν ’s, that is will be lying in Dν for ν >> 0.

Proof: The family F not being normal, Marty’s theorem (theorem . on side )
tells us that the family formed by the spherical derivatives f ] of functions from F is
not bounded on compacts in D. In clear text this means that there is a compact K
contained in D and a sequence {fν} from F with the sequence of sup-norms ‖f ]ν‖K
tending to ∞ with ν. The compact K has a positive distance ρ to the boundary ∂D
strictly less than one, hence we may choose a radius r with r < 1 so that the disk Dr

given by |z| < r contains K.
The crux of the proof is to consider the spherical derivatives f ]ν modified by the

“cut-off-factor” (1− |z|2 /r2), and their maximum values in Dr. We put

Mν = max
z∈Dr

(1− |z|2 /r2)f ]ν(z),

and we let aν be a point in Dr where the maximum value is achieved. Since ‖f ]‖K →∞
one easily sees that Mν →∞ when ν →∞; indeed, one has Mν ≥ (1− ρ2/r2)‖f ]‖K .

We put ρν = 1/f ](aν), so that ρν = (1−|aν |2 /r2)/Mν . Hence ρν → 0 when ν →∞.
Furthermore it holds true that

Rν = (r − |aν |)/ρν = Mνr
2/(r + |aν |)→∞

as Mν growths beyond limits when ν → ∞, whereas the denominator in the fraction
to the right stays greater then r. The functions

gν(z) = fν(aν + ρνz),

are holomorphic in the disks Dν with radii Rν about the origin, and plan is to use
Marty’s convergence theorem to show that these functions form a normal family. To

—  —
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that end, observe using the chain rule that g]ν(z) = ρνf
]
ν(an+ρνz), and hence by simple

manipulations using the definitions we obtain the estimate:

g]ν(z) ≤ r2Mν

f ](aν)(r2 − |aν + ρνz|2)
≤ r − |aν |
r − |aν + ρνz|

· r + |aν |
r + |aν + ρνz|

(.)

The last factor clearly stays bounded as ν → ∞ and tends to one as ν → ∞.
Attacking the first factor we confine z to a given compact disk |z| ≤ R, thence Rν > R
if ν >> 0. For such ν the denominator stays uniformly bounded away from zero by
the estimate (.), and hence the first factor tends to one as well. Consequently g]ν is
bounded in the disk |z| < R, independently of ν.

The limit function g is thus entire (meromorphic in C) by Marty’s theorem. The
inequality g] ≤ 1 follows from (.) when we let ν go to infinity—both factors tend to
one. o

Example .. An illustrative example is the following. The domain will be the unit
disk and the family will be

F = { fν(z) = 2νzν | ν ∈ N }.

This family is not normal in the region |z| > 1/2, it is not even pointwise bounded there.
We short cut the recipe in the proof, and take aν = 1/2 for all ν and ρν = α/2ν, where
α is any real number. With this data we find gν(z) = (1 + αz/ν)ν which approaches
g(z) = eαz when ν →∞. e

Bloch’s principle
According to Robert Osserman as he tells in the very readable article [Oss99], that

André Bloch is probably best known on three counts, one is his tragic story. He killed
his brother, his aunt and his uncle and passe most of his life in a psychiatric hospital.
A second one called “Bloch’s principle”, which is a very vague statement. As Osserman
says, it is more a heuristic device than a result. it states in essence that whenever one
has a global result, there should be a stronger, finite version from which the global
result follows. The origin of Zalcman’s lemma seems to be his wish to make this foggy
principle into a theorem, and indeed he did. Below we give a very short description of
Zalcman’s version of Bloch’s principle.

(.) Let P be a property of holomorphic functions in domains U . Properly speaking,
it is a property of pairs (f, U) where f is holomorphic in the open set U . Such pairs are
frequently called function elements . Example of such a property could be “bounded
in U” or “injective in U” or “locally injective i U”— there are plenty of possibilities.
Formally one may say that a property P is just a set function elements; that is, of
pairs of the type (f, U) above.

—  —
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(.) There are three conditions on function elements that enter into Zalcman’s ver-
sion of Bloch’s principle.

� The first condition is that the property be compatible with restrictions . This
ought to be self-explanatory, but means that the restriction f |U ′ has the property
in U ′ whenever f has it in U and U ′ is any open subset of U . Or phrased
differently, if U ′⊆U and the function element (f, U) belongs to F , then (f |U ′ , U ′)
belongs to F as well.

� One may call the second compatibility with affine coordinate changes . This means
that if φ(z) = a+ρz is any affine change of coordinates with a ∈ C and ρ ∈ R, then
the function f(φ(z)) = f(a+ ρz) has the property in the open set ρ−1(U − a) =
φ−1(U) whenever f(z) has the property in U ; or phrased with functions elements:
If (f, U) belongs to F , then (f ◦ φ, φ−1(U)) belongs there also.

� The third and final property is somehow more subtle and one may call it compat-
ible with uoc-convergence. For any ascending chain {Uν} of open sets, and any
sequence {fν} of a function each holomorphic Uν and converging uoc toward f ,
the limit function fν is required to have the property on

⋃
ν Uν whenever each fν

has it in Uν .

These three conditions are of course made to perfectly match the setting coming out
of Zalcman’s lemma, and hence the following proposition—which is Zalcman’s version
of Bloch’s principle—is an immediate consequence of it.

Proposition . Assume that a property P fulfils the three requirements above. As-
sume further that the only entire functions having the property are the constants. Then
for any domain Ω the family of functions having the property P in Ω is spherically nor-
mal.

Problem .. Show that the family of derivatives of univalent functions in Ω is
normal. Hint: Show that any entire univalent function is of the form az + b, hence
has a constant derivative. X

Picard’s big and Montel’s second

We now turn to the second theorem of Montel’s which may be is the more famous one,
being equivalent to Picard’s big theorem. Recall, when we studied isolated singularities
we proved the theorem of Casorati and Weierstrass saying that a function comes ar-
bitrarily near every complex value in every neighbourhood of the singularity. Picard’s
big theorem is a significant strengthening of this result. It states that the function in
fact achieves every value, with at most one exception, infinitely often. The function
e1/z has no zeros, so one must accept an exception.

—  —
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(.) Frequently Picard’s big theorem is cited as a statement about entire functions,
and the conversion is not particularly deep. If f(z) is entire, the function f(1/z) has
an isolated singularity at the origin. This singularity is essential if and only if f(z) is
not a rational function—and non-rational functions go under name of transcendental
functions. So Picard’s big theorem about entire functions reads says that an entire,
transcendental function takes on all complex values infinitely often with at most one
exception.

(.) As there is a big Picard theorem, there must also be a little one. And indeed,
there is one: Given two different complex numbers a and b. If an entire function avoids
the two complex numbers, then it is constant. There is a version for meromorphic
functions as well, but in that case three values are need. If a, b and c are three complex
numbers and f a meromorphic functions avoiding all three, then f is constant. As any
two sets of three different complex numbers can be mapped to each other by a Möbius
transformation, both these statements are equivalent to the statement that the only
entire functions not assuming the values 0 and 1 are the constants.

Montel’s second theorem
With Picard’s theorem in mind, it quit natural to study the family of function in

a domain Ω avoiding the values 0 and 1, and one of Paul Montel’s main results is that
this is a normal family. Fairly easy and standard arguments, that we shall give below,
show that this implies Picard’s big theorem. But, for the moment it is about Montel’s
result:

Theorem . Let Ω be a domain. And letM be the family of holomorphic functions
in Ω avoiding 0 and 1; that is holomorphic functions f : Ω→ C \ {0, 1}. Then M is a
spherically normal family.

Proof: Since being normal is a local property of families we may very well assume that
Ω is a disk, and after a translation and a rescaling, we can without loss of generality
assume that the disk is the unit disk D.

For any natural number n one has the n-th roots of unity. They constitute a set
µn contained in the unit circle ∂D; one has µn = { z | zn = 1 }. Their union is dense
in the circle, and in fact for any prime p (for instant 2) the sets µpn form an ascending
chain whose union (frequently denoted by µp∞) is dense.

For a natural number n we let Mn be the family of holomorphic functions in D
that in addition to avoiding 0 avoid all the n-roots of unity; i.e., functions φ : D →
C \ µn ∪ {0}. It is clear that f ∈Mn if and only if fn ∈Mn.

Now, when |f(z)| is bounded by M in a set A clearly |f(z)n| is bounded by Mn.
It follows that the family Mn being locally bounded in D entails that M is locally
bounded as well. The converse holds equally true since members of M all avoid zero
and consequently have an n-th root. The end of the story is that M is normal if and
only if Mn is.

—  —
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So assume thatM is not normal. By Zalcman’s lemma there is for each n an entire
function gn which is the limit of scaled and translated versions of functions from Mn:

gn(z) = lim
k
fk(ak + ρkz).

They satisfy g]n(0)=1, and g]n(z) ≤ 1. So by Marty’s theorem they form a normal
family (in the spherical sense)!

We concentrate on the indices n being powers of 2. The functions g2k form a
normal family, and hence there is an entire function G being the spherical uoc-limit of
functions of this type; it is not constant since G](0) = g]2n(0) = 1 (hence it can not be
constantly equal ∞ either and is entire). Now, each gn avoids µn by Hurwitz’ theorem
on values (theorem . on page .), and as the µ2k-s form an ascending chain, the
function G must avoid all 2k-roots of unity, that is µ2∞ .

The image G(C) of G is an open set avoiding the set µ2∞ that is dense in ∂D, and
must therefore be disjoint from ∂D. It follows that G(C) is either contained in the
unit disk D or in its complement. In both cases Liouville’s theorem implies that G is
constant, which is a contradiction. o

Picard’s big theorem
There are several version of this theorem, the backbone being the following:

Theorem . Let f have an isolated and essential singularity et the point a ∈ C.
Then f assumes all complex values in every neighbourhood of a with at most one
exception.

Proof: We can without loosing generality assume that a = 0. If f is a function
for which the conclusion does not hold, there are two numbers b and c and a disk D
about the origin where f does not assume the value b and c. Clearly, replacing f by
(f − b)(c− b)−1, we can assume that the two values avoided by f are 0 and 1, and by
scaling the variable, we may also assume that D is the unit disk.

It therefore be suffices to see that if f avoids 0 and 1 in the unit disk, either f or
f−1 is bounded near the origin; indeed, this entails that f is regular or has a pole there,
and the singularity is not essential.

The family {f(z/n)}, being contained in the family of functions avoiding 0 and 1, is
spherically normal in the domain Ω\{0} by Montel’s second theorem, . Hence there is
subsequence, say {f(z/nk)}, that converges spherically uoc—either to a holomorphic
function or to the constant ∞.

The circle |z| = 1/2 is compact, and either f(z/nk) or 1/f(z/nk) is uniformly
bounded there; that is, there is a constant M such that either |f(z/nk)| < M or
1/f(z/nk) < M holds for |z| = 1/2. Indeed, if {f(z/nk)} converges uoc to a holo-
morphic function f this is clear as f has a maximum on |z| = 1/2. If f(z/nk) tends to
∞ uniformly on compacts, it holds that f(z/nk) > 1 for |z| = 1/2 and k > N for some
N .

—  —
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With is in place assume that |f(z/nk)| < M for |z| = 1/2. Hence |f(z)| < M
when z |z| = 1/2nk, and the by the maximum principle it holds that |f(z)| < M in the
annulus 1/2nk+1 ≤ |z| ≤ 1/2nk. As nk tends to infinity with k, it follows that |f(z)| is
bounded in ∂D \ {0}. The case that |f(z/nk)| < M on the circle |z| = 1/2 is treated
mutatis mutandis in the same way. o

—  —



Bibliography
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