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Sometimes it is inestimably useful to be able to approximate functions by polynomi-
als. A local study of differentiable functions is unthinkable without Taylor polynomials,
e.g., the Taylor polynomials of degree two is the one in use in calculus when finding
local extrema. In a somehow more global and advanced setting the Weierstrass ap-
proximation theorem is fundamental. It tells us that any real continuous function on a
compact set in euclidean space Rn can be uniformly approximated by real polynomials
to any degree of accuracy.

Our primary concern in this course is the holomorphic functions, and the question
naturally becomes this: Given a holomorphic function in a domain Ω and a compact
set K ⊆Ω. When can f be approximated by polynomials uniformly on K? That is,
when can one to any ε > 0 find a polynomial P (z) with supz∈K |f(z)− P (z)| < ε?

The first comment is that a positive answer, is both a stronger and weaker statement
than Weierstrass’ theorem. Complex polynomials are very special compared to the real
polynomials, and there are a lot less. The dimension of the real vector space of real
polynomials in two variable whose degree is less than n grows quadratically with n,
whereas the complex ones form a vector space of real dimension 2n. Their properties
are also very different. The real and complex parts of complex polynomials only have
saddle points, whereas real ones of course can have local extrema of any kind.

On the other hand, we suppose that f is holomorphic on an open set containing K,
whereas in Weierstrass one assumes only that f is continuous on K.

There is famous theorem proved by the armenian mathematician Sergei Nikitovich
Mergelyan in , generalizing Weierstrass’s result in this respect. Mergelyan proved
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that any function continuos on a compact set K and holomorphic in the interior K◦ of
K, can be approximated uniformly by complex polynomials as long as the complement
of K is connected, There are also versions admitting rational rational functions as
approximants, e.g., if the complement of K only has finitely many components one
can approximate with rational functions.

The second comment is that the answer to our question is not a clear yes or no. The
topology of K plays a role. An illustrative example is the closed annulus A centered at
the point a bounded by circles about a with radii 1 and 3 say. The function (z−a)−1 is
holomorphic in the interior ofA, but can not be approximated uniformly by polynomials
in A. Indeed, if P (z) is a polynomial one has

∫
C
P (z)dz = 0 for any circle C about a

and lying within A, whereas
∫
C

(z − a)−1dz = 2πi. So an inequality∣∣P (z)− (z − a)−1
∣∣ < ε < 1

for z ∈ A, leads by integration to the contraction

2π =

∣∣∣∣∫
C

P (z)− (z − a)−1

∣∣∣∣ < 2πε < 2π.

In contrast to this, any holomorphic function in the interior A◦ can be uniformly
approximated by rational functions with a pole in a; that’s what we have Laurent
series for!

To some extent, this a constituting example. It describes very well the obstructions
to yes being the answer of our question. Existence of a loop around a component of
X \ K kills any hope of approximating holomorphic functions in K by polynomials;
however it does not prohibit approximation by rational functions since we can allow
poles in the component.

Problem .. Let A an annulus and a a point in the “inner circle”. Show that any
function holomorphic in A can be approximated uniformly by rational functions with
only a pole at a. Hint: Treat first the case with a being the center of A; Laurent
series is then the key-word. X

A few preparations

We begin with some preparations about the space of holomorphic functions H(K) and
we recall some basic facts about the connected components of complements.

Function spaces
To begin with, let K be a compact subset of C. One has the set C(K) of continuous

complex functions on K. It is obviously and algebra; that is, on can add and multiply
continuos functions and result will still be continuos, and since constants are continuous
C(H) is a complex vector space. The algebraH(K) has a topology induced by the norm

‖f‖K = sup
K
|f(z)| .

—  —
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One easily verifies this is a norm, i.e., the triangle inequality is satisfied, and the norm
axiom ‖fg‖K ≤ ‖f‖K ‖g‖K is as well. The latter inequality will be strict when the
maximums of the absolute values of the two functions occur at different points, which is
what one a priori would bet at but which of course not always happens. This topology
is called the topology of uniform convergence, and one sees almost by definition that a
sequence {fn}n converges in C(K) precisely when it converges uniformly on K. Both
addition and multiplication in C(K) are continuous in this topology and the algebra
C(K) qualifies to be what is called a normed algebra: and since the uniform limit of
continuous functions is continuous, C(K) is even a complete normed algebra.

(.) Recall that a function f is said to be holomorphic in K if it is defined and
holomorphic in a domain containing K. In the present context the domain is irrelevant,
and does not appear in the notation. The set of functions holomorphic on K is denoted
by H(K). One has to be precise about this, H(K) is the set of continuous functions
which are restrictions of functions holomorphic in an open set containing K. It is a
subset of the algebra C(K) of continuous complex functions on K, and it is clearly
a subalgebra, and the norm on C(K) induces by restriction a norm on H(H). Hence
H(K) is a normed algebra.

(.) The subalgebra H(K) is not always closed in C(K). An example can be the
unit interval [0, 1]. Take a continuos function φ vanishing on an interval in [0, 1] but not
being identically zero. By the Weierstrass approximation theorem there is a sequence
of polynomials {Pn(x)} that converges uniformly to φ. These polynomials all lie in
H(K), but of course the limit φ is not the restriction of a holomorphic function; the
identity theorem prohibits that.

Problem .. Describe H(K) if K = {a1, . . . , ar}. X

Problem .. Assume that K is connected and has interior points. Two functions
holomorphic in open neighbourhoods of K that restrict to the same continuous function
on K must be equal on a neigbourhood of K. X

Problem .. One may define the space germs G(K) of holomorphic functions around
a compact set K in the following way. The starting point is the set of pairs (f, U)—
which some call function elements—where U is an open set containing K and f is
holomorphic in U . Two pairs (f, U) and (g, V ) are equivalent whenever there is an open,
non-empty open subset W ⊆U ∩ V where f and g agree, that is, one has f |W = g|W ,
and the set G(K) of germs is defined to be the set of equivalence classes. Show that
G(K) is an algebra. If all connected components of K have a non-void interior, show
that G(K) is isomorphic to H(K). X

Problem .. Describe G(K) when K = {a1, . . . , ar}. X

(.) If A is a subclass of functions in H(K), we say that every holomorphic function
on K can be uniformly approximated by functions from the class A, if A is dense in
H. Written out, this means that for any function f holomorphic on K and any ε > 0

—  —



MAT4800 — Høst 2016

given, there is a function g ∈ A with

‖f − g‖K < ε.

The following little lemma is now and then useful:

Lemma . Suppose H is normed algebra and that A⊆H is a subalgebra. Then the
closure A is a subalgebra as well.

Proof: Elements in the closure A are limits of sequences from A, and we get away
with the following reasoning: If ai → a and bi → b, then ai + bi → a+ b and aibi → ab.

o

(.) For open sets the topology of uniform convergence on H(Ω) is slightly more
complicated to define.

Connected components
The connected components of complements C \ A of subsets A of C— A mostly

being compact or open—play a prominent role in the Runge-theory, so it is worth while
saying a few words about them.

(.) Recall that subset of a topological space is connected if it is not the disjoint
union of two open sets, or equivalently, it is not the disjoint union of two closes sets.

A connected component of the topological space X is a maximal connected subset.
As the intersection of two connected sets is connected, the connected components of
X form a partition of X; that is the space X is the disjoint union of its connected
components.

Connected components are always closed subsets of X; for ifC is one and x belongs
to the boundary of C, any open neigbourhood of x has points in common with C, and
whence C ∪ {x} is connected. It follows that x ∈ C since C is a maximal connected
subset.

However components are not always open. For example, the topological space
Q⊆R consisting of the rational numbers with the topology induced from the reals R,
the only connected subsets are the singletons {q}: Two different rational numbers q of
q′, can always be separated by an open interval. Just chose a real number r between
them; then (−∞, r) ∩Q and (r,∞) ∩Q are two disjoint open sets either containing q
or q′. A space having this property—that the points are the connected components—is
said to be totally disconnected .

Luckily the connected components of an open subset Ω⊆C are all open. This
follows from disks being connected: If C is one of the components of Ω and x ∈ C is a
point, there is a disk D centered at x contained in Ω. The union C ∪D is connected
—both D and C are, and their intersection is non-empty— so D⊆C by the maximality
of C.

Problem .. Show that the Cantor-set c is totally disconnected. X

—  —
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Problem .. Let Zp∞ ⊆S1 denote the subset whose points are all the pr-te roots of
unity for a natural number r; i.e., those on the form exp(2πia/pr) for a ∈ Z. Show
that Zp∞ is totally disconnected. X

(.) The complement C\K of a compact set is of course an open set, and its connec-
ted component are all open subsets of C. There is a unique one that is unbounded; if
there where two, K being compact, they would shear a connected neigbourhood of the
point at infinity, e.g., the complement C \D for a disk D of sufficiently large radius.

The other components, have compact closures being compact, but they can very well
be infinite in number. Any sequence of disjoints disks whose radii diminish sufficiently
quickly, and contained in a compact, would give an example. To be concrete let Dn

be the disk centered at 1/n and with radius 1/3n. Then D =
⋃
nDn is an open set

contained in the square I × I, and I × I \ D is compact with all the disks Dn as
components of the complement.

We do not put any further hypothesis on the compact sets, so they need not be
connected, and can have uncountable many connected components; like e.g., c × c
where we as usual c stands for the Cantor set. And they do not necessarily have
interior points.

(.) Recall that a subset Y of a topological space X is called relatively compact if

the closure Y of Y in X is compact. This is equivalent to Y being contained in a
compact subset of X.

If Ω is a domain and K ⊆Ω is a compact subset, the connected components of Ω\K
are all open in Ω. They come in two flavors. They can be relatively compact in Ω or
not, and this distinction is very important in Runge-theory. Let us agree to use the
colloquial—but descriptive—term hole for a bounded component of the complement
C \ A of a set A⊆C.

In figure . below we have depicted a domain Ω containing a compact set K. The
complement Ω \K has three components A, B and C of which only one is relatively
compact, namely B. Among the two others, A is the intersection of the unbounded
component of K with Ω, and this is generally one way of obtaining components that
are not relatively compact. The other way is illustrated by C; heuristically one may
describe that phenomenon as a “hole in the hole”; that is Ω has a hole contained in a
hole of K.

—  —
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Ω

A

K

B C

Figur .: A domain Ω and a compact subset K

One also observes that the part of the boundary ∂Ω that is contained in Ω—in the
figure the boundary of the region B—is contained in K. This is general; one has

Lemma . Let K ⊆Ω be a compact within a domain and let C be a connected com-
ponent of the complement Ω \K. Then ∂C ∩ Ω⊆K. If C is a bounded component, it
holds true that C is relatively compact if and only if ∂C ⊆K.

Proof: Let z be a point in the intersection ∂C∩Ω and assume that z does not belong
to K. Then there is a disk D about z contained in Ω \K. Now, D ∪ C is connected
so D must be contained in C. But C is open in Ω and consequently z does not belong
to the boundary ∂C, which is absurd.

A bounded component C is relatively compact if and only its closure in Ω equals
its closure in C, which is equivalent to the boundary ∂C being contained in Ω. o

An interesting example
The example we are about to describe was found by the Swiss mathematician Alice

Roth in  and described in her article [Rot38]. Subsequently it got the nickname
“Roth’s Swiss cheese “, which you will find appropriate after having seen the construc-
tion (take look at figure . below). Most of the work is left as exercises.

Alice Roth made this example as a counterexample to certain hypothesis about
polynomial approximations by rational functions. It is part of the story that her
example was forgotten and rediscovered by the armenian mathematician Mergelyan;
whose famous approximation theorem we alluded to in the beginning of this chapter.

There is a stronger version of Mergelyan theorem saying that if the diameter of the
bounded components of the complement of K are bounded away from zero, uniform
approximation by rational functions is possible; and the Roth’s Swiss cheese, is an
example that the boundedness condition is necessary.

The construct of the example is a compact subset K of the closed annulus A = { z |
1 ≤ |z| ≤ 3 } which is nowhere dens in A and has Lebesgue measure as close to 8π as

—  —



MAT4800 — Høst 2016

one wants. The complement is a union of disjoint disks. Additionally the intersection1

C2 ∩K is nowhere dens in C2 and of measure zero.
We begin by choosing a sequence {zn} in the open ring A◦ which is dens in A, and

such that subsequence of {zn} lying on the circle C2 forms a dens subset of C2. We
then chose a sequence of positive numbers εn satisfying

∑
n εn = ρ < 1/2.

The construction is of course recursive. The first step being to chose a disk D1

centered at z1 and contained in A◦ having a radius η1 less than ε1, and such none of
the points z2, z3, . . . lie on the boundary.

The recursive step is as follows. Assume that D1, . . . , Dn are constructed. In case
zn+1 lies in the union

⋃
k≤nDk, we let Dn+1 = ∅. If this is not the case, we let Dn+1 be

a disk contained in A◦ , disjoint from all the previously chosen disks , centered at zn+1

and having a radius ηn+1 less than εn+1. Furthermore none of the points zn+2, zn+3, . . .
should lie on the boundary. Finally, the “swiss cheese” is as announced defined by
K = A \

⋃
k∈NDk

Problem .. Show that K is nowhere dense in A and that the two-dimensional
Lebesque measure µK satisfies µ(K) ≥ 8π − π

∑
k η

2
k. Show that we K can have a

measure as close as we want to 8π. Show that the total length of the circumferences
of ∂Dn is at most π, that is

∑
n Λ(∂Dn) < π. X

Problem .. Show that K ∩ C2 is nowhere dense in C2. X

Problem .. Assume that f(z) is a rational function without poles in the set K.
Show, by using Cauchy’s residue formula, that∫

C1

f(t)t−1dt−
∫
C3

(f(t)− 1)t−1dt+
∑
n

∫
∂Dn

f(t)t−1 = 2πi.

X

Problem .. Show there is no rational function f(z) such that

� |f(z)| < 1 for z ∈ K,

� |f(z)| < 1/4 for z ∈ C1,

� |f(z)− 1| < 1/4 for z ∈ C3.

X

Problem .. Show there are continuous functions on K that can not be uniformly
approximated by rational functions. Hint: Find an appropriates linear combination
α |z|+ β. X

1 We denote by Crthe circle centered at the origin and having radius r.

—  —
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Figur .: The Swiss cheese of Alice Roth.

Runge for compacts

We shall follow the exposition of Reinholdt Remmert as in a book [Rem] closely. He
bases the theory on so called step-polygons This gives an easy to follow and rather
elementary proof of Runge’s theorem. Additionally it gives a certain “spin off” in
some near by contexts. A draw back is that the method is kind of sensitive to the
context, and does not generalize easily, e.g., to Riemann surfaces.

The formulation of Runge’s theorem for compacts
The example in the beginning of this chapter can be generalizes easily. If a is any

point in the complement of K belonging to one of the bounded components, say C,
the function (z− a)−1 can not be approximated by polynomials on K (or holomorphic
functions for that matter). Indeed, we may chose ε according to the prescription
ε < supK |z − a|

−1, which is finite (since K is compact) and positive (as a is not lying
in K). Now, if there were a polynomial p(z) such that |(z − a)−1 − p(z)| < ε for z ∈ K,
we would have |1− (z − a)p(z)| < ε |z − a| < 1, for all z ∈ C. And this is a flagrant
contradiction as a lies in C.

(.) The arguments from the previous paragraph show that in order to have a general
approximation theorem, it is necessary to alow poles in every bounded component of

—  —
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C \K, and Runge tells us that this is sufficient as well:

Theorem . Let K a compact subset and P ⊆C be a subset. Every function f holo-
morphic in K can be approximated uniformly by rational functions whose poles all lie
in P if and only if P meets every one of the bounded components of C \K

The proof will occupy the rest of this section and it has three distinct parts. In one
we establish a nice version of Cauchy’s formula allowing us to represent the function f
as a certain integral. In the second, certain Riemann sums for this integral give us some
an approximation by rational function, and finally, a process called “pole-pushing” lets
us conclude.

(.) But before starting on the proof, we formulate two corollaries:

Corollary . Assume that K ⊆C is compact. Every function holomorphic on K can
be approximated uniformly with the help of polynomials if and only if C\K is connected

Proof: As C \K has no bounded component, the set P is empty. o

Corollary . Let Ω be a domain and K ⊆Ω a compact subset. Every function holo-
morphic in K can be approximated uniformly by rational functions holomorphic in Ω
if and only if every connected component of C \K meets C \ Ω.

Proof: To find a set P to use, chose in every component of C \K chose a point not
belonging to Ω. o

A useful version of Cauchy’s formula
Recall that a polygon is a closed subset of C whose boundary consists of finite

number of line segments [ai, ai+1], called edges , that do not meet anywhere else then
in the vertices ai. One also requires that the edges close up, that is for some k it holds
that a1 = ak+1.

Given a grid in the plane with mesh-width δ. The grid has squares, edges and
vertices, the vertices being the points (nδ,mδ) and the edges and the squares are what
common usage tell you.

A step step polygon is a polygon whose edges are either horizontal or vertical. The
step polygons we shall most frequently shall meet, will fit a grid; that is, all their edges
are edges of the grid as well. The vertices of a step polygon is therefore of the form
an,m = (nδ,mδ).

(.) To begin with we prove a very special case of Cauchy’s theorem. The setting
is as follows. We are given a domain Ω and a compact subset K. Our first objective is
to construct a closed chain σ in Ω disjoint from the compact K, such that any function
holomorphic in Ω has a representation à la Cauchy, that is, is an integral along σ.

—  —
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Lemma . Given a compact K contained in the domain Ω, one may find a cycle in
Ω \K satisfying

f(z) =
1

2πi

∫
σ

f(w)

w − z
dw

for all z ∈ K and for all functions f holomorphic in Ω.

The chain σ will be a sum σ = τ1 + · · ·+ τk where the terms τi are closed step polygons
fitting a grid.

Proof: We start by choosing a grid whose mesh-width δ is smaller than the distance
from K to the boundary of Ω, that is, it satisfies 0 < δ < d(∂Ω, K)/

√
2.The boundary

of the squares in the grid has a natural orientation, given by going counterclockwise
round the square.

Our chain σ will be constructed as a sum of edges from the grid, and it will be part
of the construction to give these edges a good orientation.

To proceed with the construction, we let Q be the collection of the squares in the
grid that meet the compact set K. It is a finite set K being compact. Our interest is
primarily in the edges of the grid lying on exactly one of the squares from Q, and we
reserve the notation S for the set of those. They have a natural orientation, the one
they inherit from the unique square in Q they lie on.

The chain σ we are seeking, is the sum of the edges from S oriented in the natural
way; that is we have

σ =
∑
s∈S

s.

The orientation an edge of the grid inherits from the two squares it lies on are opposite,
and therefore it holds true that

σ =
∑
Q∈Q

∂Q.

indeed, if s lies on two squares from Q it appears twice in the sum with opposite
orientations.

Now, the chain σ is disjoint from K: If a point a lies one on an edges s it would
lie on both the squares having s as an edge and would thence not be in S. And, σ is
contained in Ω: The distance from s to K is less than the diameter

√
2δ of the squares,

and in its turn, the diameter is (by choice of the mesh-width δ) less than the distance
d(∂Ω, K) from K to the boundary ∂Ω.

We proceed by attacking the formula for the integral in the lemma, and start out
with a point z lying in the interior of one of the squares Q0 from Q. Cauchy’s formula
then gives us

f(z) =
1

2πi

∫
∂Q0

f(w)dw

w − z
=
∑
Q∈Q

1

2πi

∫
∂Q

f(w)dw

w − z
=

1

2πi

∫
σ

f(w)dw

w − z
. (.)

—  —
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In case z is located on an edge between two squares from Q, we chose a sequence
of points {zn} from the interior of one of the squares that converges towards z. Then
the equality in (.) holds for each of the points zn, and by continuity, it will still hold
in the limit.

Finally, we must show that s is a cycle. One may write ∂σ =
∑

s∈S ∂s =
∑

c∈C ncc
where the coefficients nc are integers only finitely many of which are non-zero. Suppose
one of the coefficients is non-zero, say nc0 6= 0. Let P (z) be a polynomial with P (c0) = 1
and vanishing in all the other points c where nc 6= 0. By the integral formula in the
lemma applied to the function (z − a)P ′(z), where a is any point in K, we find

0 =

∫
σ

P ′(w)dw =
∑
c

ncP (c) = nc0P (c0) = nc0 .

o

K

Figur .: Part of the compact K and the chain σ

Be aware that the chain s can have several distinct connected cycles. This happens if
there are “holes” in the compact set K, at least if the mesh-width is small compared
to the diameter of the hole, so that some squares from the grid are entirely contained
in the hole. In case K has infinitely many holes, the cycle will only encompass finitely
many of them, indeed, there will only be finitely many holes with diameter larger than
a given positive constant.

Problem .. Show that if K ⊆Ω is compact and Z ⊆Ω is closed in C, there is a
cycle σ with n(σ, a) = 0 for a ∈ Z and n(σ, a) = 1 for a ∈ K. X

Corollary . Suppose that the complement of the domain Ω has a compact compon-
ent. Then Ω is not simply holomorphically connected; i.e., there is a function f(z)
holomorphic in Ω and a cycle γ with

∫
γ
f(z)dz 6= 0.

Proof: Let K be the actual compact component and let σ be a cycle like in lemma
., and pick a ∈ K. Then (z − a)−1 is holomorphic in Ω, and we have∫

σ

dw

w − a
= 2πi.

o

—  —
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Problem .. Let K be the compact subset of the closed unit disk D obtained by
removing a countable sequence {Dn} of pairwise disjoint open disks from D. Show
that if Ω is s domain in which K is contained, then Dn will be entirely contained in Ω
except for finitely many indices n. X

Problem .. Let K = c⊆ [0, 1] denote the Cantor set and let Ω = C. Make a sketch
of the chain σ for small values of δ, and convince yourself that Cauchy’s formula holds.

X

Problem .. Show Jordan’s curve theorem for closed, connected step polygons; i.e.,
if τ is a step polygon then the complement C\τ has exactly two connected components.
Hint: Use induction on the number of edges (or vertices). X

Et approximation lemma
The lemma we are about to establish, is by no means deep, it is simply just an

explicit description of some of the Riemann sums for the integrals appearing in lemma
., but to be kind to the students, we shall do it in detail.

(.) The lemma answers in a way the questions we posed in the introduction, but
the answer is unsatisfactory in the sense that we do not control the location of the
poles, except they are lying on the chain σ. We shall regain that control pretty well in
the next section, but the prise to pay will be that the rational functions appearing in
the approximation no more will have simple poles, as they have in the present lemma.

(.) Here comes the announced result:

Lemma . Let Ω⊆C be a domain and K ⊆Ω a compact subset. If σ is a chain like
in lemma . above, every function holomorphic in Ω, can be approximated uniformly
on K by rational functions of the form∑

k

ck(z − ak)−1

where the ck-s are complex constants and all the poles ak lie on σ.

Proof: The function f(w)(w− z)−1 is uniformly continuous in the variables w and z
as long as w ∈ σ and z ∈ K (the product σ ×K is compact). Hence if ε > 0 is given,
there is a δ > 0 with the following property: If si are the segments that constitute σ,
and we chop them up in smaller segments sij all of length at most δ, then∣∣f(w)(w − z)−1 − f(wij)(wij − z)−1

∣∣ ≤ ε

for every choice of constants wij from sij, and for every w ∈ sij and z ∈ K. Integrating
over sij and summing over i and j, we find∣∣∣∣∣f(z)−

∑
ij

cij(z − wij)−1

∣∣∣∣∣ < λε

—  —
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where λ denotes the total length of σ and cij = −f(wij). Re-indexing and rebaptizing
the w-s to a-s, gives the lemma. o

Pole-pushing
The technic—with the euphonious name ‘pole-pushing”—we are about to describe,

is the third ingredient in the proof of Runge’s theorem. It was invented by Carl
Runge and published in his famous paper from  where his approximation theorem
appeared for the first time.

(.) We are literally going to push the poles around, but only within each connected
component of C \ K. The salient point is to push all the poles appearing in one
component into one specific point in that same component.

Lemma . Let K ⊆C be compact and let C denote one of the components of the
complement C \ K. If a and b are two points in C the function (z − a)−1 can be
approximated uniformly on K with polynomials in (z − b)−1.

Proof:

Let Ua denote the set of points b in C such that (z− a)−1can be uniformly approx-
imated over K with the help of polynomials in (z − b)−1. An elementary observation
is that if b ∈ Ua, then Ub⊆Ua; (use lemma . if you want).

The tactics are to show that Ua is both open and closed, it then equals C, the set
C being connected by hypothesis. It is open since we have the geometric series

1

z − a
=
∑
n≥0

(a− b)n

(z − b)n+1
,

to our disposal. The series converges—uniformly on compacts— whenever |b− a| <
|z − b|, so as long as |b− a| < d(b,K) it converges for all z in K. Hence the disk with
center a and radius d(a,K)/2 lies within Ua, which combined with the elementary
observation shows that Ua is open.

To see that Ua is closed, assume that b lies on the boundary of Ua in C, and let D be
a disk with radius d(b,K)/3 centered at b. I meets Ua, so let c ∈ D ∩ Ua. Observation
above implies that Uc⊆Ua. Then if D′ is a disk about c with radius d(c,K)/2, then
D′⊆Uc by what we did above. By the triangle inequality we get

d(c,K) ≥ d(b,K)− |b− c| ≥ 2d(b,K)/3,

hence

|b− c| ≤ d(c,K)

and b ∈ D′⊆Ua, and we are through. o
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Problem .. Let a and b be points with a ∈ D and b ∈ C \D. Assume that g(z) is
a polynomial in (z − b)−1.

a) Show that ∫
∂D

(
(z − a)−1 − g(z)

)
dz = 2πi

b) Show that
sup
z∈∂D

∣∣(z − a)−1 − g(z)
∣∣ ≥ 1,

and conclude that (z−a)−1 can not be approximated uniformly on ∂D by polynomials
in (z − b)−1.

X

Finishing the proof of Runge’s theorem for compact sets
Recall the theorem we want to prove:

Theorem . Let K be a compact subset and let P be a set that meets every bounded
component of C \ K. Then every function holomorphic in K can be approximated
uniformly with rational functions whose poles all lie in P .

Proof: The rational functions having poles only in P form obviously a subalgebra
AP of H(K). If a lies in a bounded component of the complement of K, the function
(z − a)−1 belongs to the closure AP by pole-pushing, the assumption that P hits the
component of C \K where a lies, and the little lemma . on page  that tells us that
the closure AP is an algebra. A pole lying in the unbounded component of Ω\K can be
push outside a disk centered at the origin and containing the compact K. The resulting
rational function can be uniformly approximated on K by its Taylor polynomials, and
hence (z − a)−1 belongs to AP .

Let f be a function that is holomorphic in a domain containing K. By choosing
a chain σ like in lemma . and appealing to lemma ., we conclude that f can be
approximated uniformly on K by function being linear combinations of terms of the
type (z−a)−1 where a does not belong to K. But all these lie in the closure AP ; hence
f lies there as well, and we are through. o

Runge’s main theorem for compacts
Lemma . Assume that C is a bounded component of Ω\K that is relatively compact.
Then for any holomorphic function f in Ω, one has supz∈C |f(z)| ≤ supz∈K |f(z)|.

Proof: This is just the maximum principle. Since C is relatively compact by lemma
. on page  it holds true that ∂C ⊆Ω. The function f is therefore holomorphic in C,
hence supz∈C |f(z)| < supz∈∂C |f(z)| by the maximums principle. Clearly supz∈∂C |f(z)| ≤
supz∈K |f(z)|, and we are done. o
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Recall that a subset Y in a topological space X is relatively compact if the closure
of Y in X is compact. In our situation with K ⊆Ω a pair of a compact set contained
in a domain; the bounded components of Ω \K can be relative compact or not. If C
is a component, the boundary ∂C

Theorem . The following three conditions are equivalent

1. None of the components of Ω \K are relatively compact;

2. Every holomorphic function in K can be approximated by rational functions holo-
morphic in Ω;

3. For every point c ∈ Ω \ K there is an f holomorphic in Ω such that one has
|f(c)| > supz∈K |f(z)|.

We start by proving the equivalence between 1) and 2 in the theorem. To that end,
recall that the second statement is equivalent to the following

� Every bounded component of C \K intersects C \ Ω.

Proof: We start by proving the implication 1⇒ 2:
So, assume * to be false; i.e., one of the components C of C \ K is contained in Ω.
Then C is a component of Ω\K as well, and as obviously ∂C lies in K, we conclude by
lemma . on page  that C is a relatively compact component in Ω \K, contradicting
the first statement.
We then proceed to prove 2⇒ 1:
Let C be a component of Ω \K that is relatively compact. Choose a point a ∈ C and
let δ be any number with δ > supa∈K |z − a|. The function (z−a)−1 is holomorphic on
K and can by assumption be approximated by a rational function f(z) holomorphic
on Ω to any accuracy, so there is such an f with∣∣(z − a)−1 − f(z)

∣∣ < δ−1,

for all z ∈ K. This gives
|1− (z − a)f(z)| < 1 (.)

for all z ∈ K. In particular (.) holds on ∂C as ∂C lies in K by lemma ., the
component C being relatively compact in Ω. By the maximum principle it follows that
(.) holds for all z ∈ C as well, but that is absurd, since putting z = a we would get
1 < 1.
Then comes the implication 3⇒ 1:
To that end, assume that C is a relatively compact component of Ω \ K. By lemma
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. it follows that |f(c)| ≤ supK |f(z)| for all c ∈ C and all f holomorphic in Ω, and
this contradicts the first statement.

Finally, we prove that 1⇒ 3
The set K ∪{c} is compact and contained in Ω, and its complement in Ω has the same
connected components as Ω \K except that c has been deleted from one of them, but
this does not make that component relatively compact. The auxiliary function given
by

g(z) =

{
0 if z ∈ K
1 if z = c

is holomorphic on K ∪ {c} and can be approximated by functions holomorphic on Ω;
hence there is an f ∈ H(Ω) with

|f(z)− g(z)| < 1/2

from which it easily follows that |f(c)| > supK |f(z)|.

o

Runge for domains

Recall that an exhaustion of a domain by compacts is an ascending chain of compacts
Kn such that the two following properties are satisfied

� Kn⊆Kn+1 for all n;

�
⋃
nK

◦
n = Ω.

Every domain has many exhaustion like this, one can for example use the following

Kn = { z ∈ Ω | d(z, ∂Ω) ≥ n−1 and |z| ≤ n }.

(.) We start with a few words about the space H(Ω) of holomorphic functions on
a domain Ω. It has topology, the topology of uniform convergence on compact sets,
also called the compact-open topology. A sequence fn in H(Ω) converges to g if and
only if it converges uniformly on compacts. It is a metric space with the metric given
as

d(f, g) =
∑
n

dn(f, g)

1 + dn(f, g)
2−n.

A subset A of H(Ω) is dense if and only if for every f ∈ H(Ω), for every compact
set K ⊆Ω and every ε > 0, there is a function g ∈ A with ‖f − g‖K < ε.
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The Runge hull
The setting in this paragraph is the usual one with Ω a domain andK ⊆Ω a compact

set. The components Ω \K are of two types. Some of them are relatively compact in
Ω and some are not. We let K denote the set of the connected components in Ω \K
that are relatively compact in Ω, and we define the Runge hull of K in Ω to be

K̂Ω = K ∪
⋃
C∈K

C

that is, it is the union K and all the relatively compact components in the difference
Ω \K.

When we try to approximate functions holomorphic on K by functions holomorphic
in Ω the obstructions are precisely the components in K. The idea is to replace K by
K̂Ω and in that way plug in those holes that create problems, so that the obstructions
vanish, but of course we need K̂Ω to be compact.

Proposition . The Runge hull K̂C is compact.

Proof: The first observation is that K̂Ω is closed since the complement Ω \ K̂Ω is the
union of the components of Ω \ K not in K; so our task reduces to establishing that
the Runge hull K̂Ω is a bounded set.

Let U be an open and bounded set containing K whose closure is contained in
Ω. Such creatures exist; e.g., let U be the set of the points z in Ω with d(z,K) <
d(K, ∂Ω)/2.

The boundary ∂U is covered by the connected components of Ω \ K. These are
all open and ∂U being compact is contained in finitely many of them. Among these
say that C1, . . . , Cr are the relatively compact ones. We shall see that all the other
components in K must be contained in U : Indeed, let C be one. It has an empty
intersection with the boundary ∂U since ∂U is covered by components different from
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C, and different components are disjoint. The component C being relatively compact
it follows from lemma . on page  that ∂C ⊆K, and hence C ∩ U 6= ∅ as C is an
open neigbourhood of the points in ∂C ∩ K. Because C ∩ ∂U is empty, one has the
representation

C = (C ∩ U) ∪ (C ∩ C \ U)

of C as the union of two disjoint open sets. Since C is connected, and C ∩ U is not
empty, it follows that C ∩ (C \ U) = ∅ and hence C ⊆U . Thus

K̂Ω⊆U ∪ C1 ∪ · · · ∪ Cr,

and because all the sets in the union to the right are bounded sets, K will be bounded.
o

Problem .. Show that if K ⊆L are two compacts contained in Ω then K̂Ω⊆ L̂Ω.
Show that if K ⊆L◦, then K̂Ω⊆ (L̂Ω)◦. X

Problem .. Show that the operation of taking the Runge hull is idempotent; that
is, if you apply it a second time, you don’t get anything new. Formally, one has

K̂Ω = (̂K̂Ω)Ω.

X

Problem .. What is the Runge hull of the unit circle ∂D in C? X

Classical Runge
Theorem . Let Ω1⊆Ω2 be two domains and let P be a closed subset of C set in-
tersecting all bounded components of the difference Ω2 \ Ω1. Then H(Ω2) is dense in
H(Ω1).

We are a little sloppy in formulation as H(Ω2) is not contained in the space H(Ω2),
but it is canonically isomorphic (as a topological algebra) to one, the isometry being
the restriction map.

The conclusion of the theorem can be formulated as follows. For any compact
subset K of Ω1 and any function holomorphic in Ω1, and any ε there is a g ∈ H(Ω2 \P )
with

sup
K
|f(z)− g(z)| < ε.

Proof: We want to use Runge’s theorem xxx for the pair K ⊆Ω2, but we merely
know that P meets the bounded components of Ω2 \Ω1 and not those of Ω2 \K. The
trick as we shall see, will be to replace K by the Runge hull K̂Ω1 .

Let D be a component of Ω2 \K relatively compact i Ω2. If D intersects Ω2 \ Ω1,
it contains a component of the latter which obviously will be relative compact in Ω2.
Hence P meets D. In case D does not meet Ω2 \ Ω1 it is a component of Ω1 \ K.
Hence after having replacing K by K̂Ω1 there will be no such component. By xxx there
therefore is a g with supK̂Ω1

|f − g| < ε, and hence also supK |f − g| < ε o
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Theorem . Assume that Ω1⊆Ω2 are two domains. If there is no compact compon-
ent in the difference Ω2 \ Ω1, then H(Ω2) is dense in H(Ω1).

Some applications of Runge

There is no reason why it should be possible to extend a general function holomorphic
in the unit disk to a continuous function on the closure D, and most2 function can
indeed not be extended, and their boundary behavior can be very complicated. To
illustrate this, and to convince the reader that functions holomorphic in D can be
horribly complicated near the boundary, we shall in this section construct—with the
help of Runge’s approximation theorem—a function with an exceptional bad boundary-
behavior.

(.) Let w ∈ ∂D be a boundary point. For different sequences from D that con-
verges to w the sequences {f(an)} can behave very differently; some may converge an
some may not, and if they converges they can have all kinds of different limits. One
introduces the so called cluster set C(f, w), the points of which are all possible limits
of sequences {f(an)} in Ĉ when {an} run through the sequences in D converging to w.
A slightly smaller set is the set R(f, w) of radial limits at w. The definition is similar
but the sequences {an} are confined to the ray emanating from the origin and passing
by w.

Lemma . The cluster set C(f, w) and the radial limit set R(f, w) are closed.

Proof: This follows from the equality

C(f, x) =
⋂
r

closure { f(z) | |z − w| ≤ r }.

o

We shall construct a function all of whose cluster sets are equal to Ĉ, and even the
radial limit set at every point in ∂D will equal Ĉ!

2It is in context possible to give a precise meaning to the term “most” involving the topology on
H(D).
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(.) The setting will be as follows. We are given a sequence of disks Dn all centered

at the origin with strictly increasing radii so that they satisfy the inclusions Dn⊆Dn+1

for all n ∈ N. The disks will eventually form an exhaustion of the unit disk, but for
the moment there are no constraints. We denote by D the union of the disks Dn.

The second ingredient we need is a sequence of compacts sets Σn. They are subjec-
ted to two conditions. Firstly, their complements should all be connected, and secondly,
they should “lie in-between” the circles ∂Dn and ∂Dn+1; in clear text the inclusions
Σn⊆Dn+1 \Dn should be valid.

The third ingredient of the set up is a sequence of functions σn each σn being
holomorphic on the compact set Σn; recall that by convention such a function is defined
and holomorphic in an open set containing Σn.

Using Runge’s approximation theorem, we shall show the following result:

Proposition . Given η > 0. There exists a function φ holomorphic in D such one
has for any k the following

‖φ− σk+1‖Σn < 2−kη.

Proof: The idea is to recursively construct a sequence {φn} of polynomials subjected
to the two conditions below where sn denotes the partial sum sn =

∑
k≤n φk.

� ‖φn‖Dn
< 2−nη;

� for all k ≤ n one has ‖sn − σk‖Σk
< (2−(k−1) − 2−n)η.

Since every z ∈ D lies in Dn for n >> 0, the first condition implies that the series∑
k φk converges upk to a function holomorphic in D, and in the limit when n tends

to infinity the second condition becomes the estimate in the proposition.

So to the construction; assume such a sequence of functions has been constructed
for k = n−1. Since C\Dn \Σn is connected and Dn and Σn are disjoint compact sets,
we may define a function on their union by letting it be σn on Σn and zero on Dn. By
Runge’ approximation theorem there is a polynomial φn approximating this function
uniformly on Σn ∪Dn to any degree of accuracy. Hence we may have

‖φn‖Dn
< 2−nη and ‖φn + sn−1 − σn‖Σn < 2−nη.

Let k < n. Since Σk is contained in Dn one obtains by induction the searched for
inequality:

‖sn − σk‖Σk
= ‖φn + sn−1 − σk‖Σk

≤ (2−n + 2−(k−1) − 2−(n−1))η = (2−(k−1) − 2−n)η

o
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(.) Let ΣI,r be the circular arc obtained by deleting the set { reit | t ∈ I } from
the circle of radius r about the origin. That is one has

Σr,I = { reit | t ∈ [−π, π] \ I }

We choose any sequence of positive numbers {rn} the only requirement is that they
tend to one as n → ∞. The choice of the intervals is slightly more juicy: Let αn be
a sequence of positive numbers in [−π, π] monotonically decreasing to zero, and let In
be a sequence of disjoint, open intervals centered at αn.

With this in place, it is easy to find disks Dn that together with the just introduced
compacts Σn = ΣIn,rn satisfy the hypothesis in the beginning of this section. The
functions σn will all be constant, and we choose them in the following way. Let Q⊆C
be any enumerable dense subset (for instance Q×Q) listed in any way you want; say
Q = {cn}. Then we let σn be constant equal to c1 in every other of the n’s, equal to c2

in every other of the remaining n’s etc.
The salient point is that any radius of D with at most one exception intersects

each Σn in exactly one point, hence it intersects infinitely many of the Σnk
’s where the

constant value of σnk
is cn. In the intersection point znk

one has |φ(znk
)− σ(znk

)| =
|φ(znk

)− ck| ≤ 2−nkη, so the sequence {φ(znk
)} converges to cn. We have thus estab-

lished

Proposition . There are functions f holomorphic in the unit disk such that the
cluster sets C(f, w) and the radial limit sets R(f, w) at all points are equal to Ĉ.

(.) The function f we constructed in the previous paragraph can obviously not
be extended to any domain U properly containing the disk D; in that case f would
have a continuous extension to some part of the boundary ∂D and the cluster sets in
the points in that part would reduce to singletons. This shows that D is a so called
domain of holomorphy , that is a domain where there is a holomorphic function that
can not be extended to a strictly larger domain.

Inhomogeneous Cauchy Riemann

Given a domain Ω in the complex plane and a function φ of class C∞ in Ω. The
differential equation

∂h = φ (.)

has many important applications, and it goes under the name of either the “∂-equation”
or the “inhomogeneous Cauchy Riemann equation”. The explanation of the last name
being that homogeneous equation associated to (.), i.e., the case when φ = 0, is
just the Cauchy Riemann equation. Split into its real and imaginary parts the Cauchy
Riemann equations are two couples first order differential equations. When the func-
tions h and φ are split in their real and imaginary parts; that is h = u + iv and
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φ = ξ + iη, they become

∂xu− ∂yv = ξ

∂xv + ∂yu = η.

The solutions of the ∂-equation (.) are not unique. The Cauchy Riemann equa-
tions tell us that ∂f = 0 when and only when f is a holomorphic function, hence the
solutions of the ∂-equation are only unique up to the addition of holomorphic functions.

(.) The only aim of the present section is to show that the ∂-equation always has
a solution; that is, we shall demonstrate the following.

Theorem . Given a domain Ω in the complex plane and a function φ of class C∞

in Ω. Then there exists a function h of class C∞ in Ω such that

∂h = φ.

There is a slightly sharper version of this theorem. One may relax the regularity
condition on φ and only assume it be Ck for some k ≥ 2; but then, of course, one
merely gets the weaker conclusion that h is Ck. The proof is basically the same as for
C∞-functions, and we prefer to stick with these.

The proof is a two-step process. The initial step is two solve the ∂-equation with
the additional hypothesis that φ be a function with compact support, and the final
step consists of choosing a compact exhaustion of the domain Ω and Runge’s theorem
to patch together solutions from each compact of the exhaustion.

The case of compact support
In this paragraph the function φ will be of compact support, that is vanishes identic-

ally outside of a compact subset K, and it will of class C∞ that is, twice continuously
differentiable. The solution of (.) will be given by an explicit integral formula. The
proof relies on an argument using Greens’ integral formula and the fact that under
mild regularity condition on the functions involved, one can differentiate an integral
depending on a parameter by differentiating the integrand.

Green’s theorem in the complex setting takes the form∫
A

∂f(w)dw ∧ dw =

∫
∂A

f(w)dw.

Lest A is a domain of a simple kind, one must be careful with how to interpret the
boundary ∂A; in our present situation, however, A will just be an annulus. We also
remind you that the differential operator ∂ comply to Leibnitz’ rule for the derivative
of a product. It follows that ∂(fg) = f∂g whenever f is holomorphic, since in that
case ∂f = 0.
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(.) Our first observation is of an elementary nature. The function (w − z)−1 is
integrable over any compact set K, as one sees by switching to polar coordinates; that
is, putting w = r+reit. The chain rule gives dw = eit dr+rieit dt, and upon conjugating
one finds dw = e−it dr − rie−it dt so that dw ∧ dw = 2ir dr ∧ dt. Thence∣∣∣∣∫

K

(w − z)−1dw ∧ dw
∣∣∣∣ ≤ ∫

K

|w − z|−1 |dw ∧ dw| = 2

∫
K

drdt = 2µ(K),

where as usual µ(K) denotes the area of K. With this in mind we can formulate the
first step in the two-step process, the function h in the statement is well defined by
what we just did:

Proposition . Let φ be a function of class C∞ with compact support. The function
h(z) defined by

h(z) =
i

2π

∫
C
φ(w)(w − z)−1dw ∧ dw

is of class C∞ and satisfies the equation ∂h = φ.

(.) The main ingredient in the proof of the proposition . just formulated, is
a representation of φ as an integral, resembling the Cauchy formula for holomorphic
functions. We prefer to give as a lemma:

Lemma . Assume that φ is a C∞-function with compact support. Then∫
C
∂φ(w)(w − z)−1dw ∧ dw = −2πiφ(z)

Proof: Fix a complex number z.
Let r < R be two positive real numbers and let A = A(r, R) be the annulus

centered at z. The radius R is chosen so big that the compact K where φ is supported
is contained in the disk DR = {w | |w − z| < R }. The smaller radius r will be very
small, and eventually we shall let it tend to zero. We put Dr = {w | |w − z| ≤ r }.
Under these circumstances the following holds true:∫

C
∂φ(w)(w − z)−1dw ∧ dw =

=

∫
A

∂φ(w)(w − z)−1dw ∧ dw +

∫
Dr

∂φ(w)(w − z)−1dw ∧ dw (.)

the latter integral is bounded above by 4πr2M where M = supK
∣∣∂φ∣∣, and hence tends

to zero when r → 0.
The two circles bounding A will be denoted by CR and Cr. They are parametrized in

the standard manner so that the boundary chain of A equals ∂A = CR−Cr. Applying
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Green’s theorem and observing that ∂(φ(w)(w − z)−1) = ∂φ(w)(w − z)−1, we obtain
the equality∫

A

∂φ(w)(w − z)−1dw ∧ dw = −
∫
Cr

φ(w)(w − z)−1dw = −i
∫ 2π

0

φ(z + reit)dt,

since the function φ vanishes along CR. The integral to the right tends to φ(z) as r
tends to zero (verifying this is standard and we leave it to the zealous student), and in
view of equation (.) above, the announced identity in the lemma is established. o

This ends the proof of the proposition . since the integrand is C∞, we can appeal
to xxx in the appendix and switch integration and derivation. That gives indeed

∂h(z) =
i

2π
∂
( ∫

C
φ(w)(w − z)−1dw ∧ dw

)
=

i

2π

∫
C
∂φ(w)(w − z)−1dw ∧ dw = φ(z).

Proof in the general case
Now let Ω by any domain and let φ be a C∞-function in Ω. The thing to do is to

chose an exhaustion of Ω by compacts Kn such that

� Kn⊆K◦n+1

�
⋃
nK

◦
n = Ω

� K̂nΩ = Kn

Secondly, we need a sequence of auxiliary compacts Ln with Kn⊆Ln⊆Ln+1, and for
each index n we choose a C∞-function αn of compact support with αn|Ln = 1—that is,
αn is identically equal to one on Ln—and we let φn = αnφ. The important things are
that φn has compact support and coincides with φ on Kn. By the previous paragraph
we can solve the equation ∂hn = φn

On Kn one has ∂(hn+1 − hn) = φn+1 − φn = 0 since both coincide with φ on Kn.
Hence the difference hn+1− hn is holomorphic on Kn and by Runge there is a function
gn holomorphic on Ω satisfying the inequality

|hn+1(z)− hn(z)− gn(z)| < 2−n

for z in the compact Kn. The series
∑

m≥n(hn+1 − hn − gn) is dominated by the con-
vergent series

∑
2−n on Kn and converges uniformly in Kn to a holomorphic function

there.
We looking for a function h on Ω solving the ∂-equation. The clue is to write down

a formula for h on each of compacts Kn, however, for this to be legitimate one must
of course verify that the two definitions coincide on Kn ∩Km, and the Kn forming an
ascending chain it suffices to do this when m = n− 1.
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On Kn we put

h = hn +
∑
m≥n

(hm+1 − hm − gm)−
∑
i<n

gi. (.)

On Kn−1 one has

h = hn−1 +
∑

m≥n−1

(hm+1 − hm − gm)−
∑
i<n−2

gi =

= hn−1 + (hn − hn−1 − gn−1) +
∑
m≥n

(hm+1 − hm − gm)−
∑
i<n

gi =

= hn +
∑
m≥n

(hm+1 − hm − gm)−
∑
i<n

gi.

Since hn is C∞ clearly h is C∞ in K◦n for all n, hence in Ω, and over K◦n one has
∂h = ∂hn = φn = φ as both series in (.) above are holomorphic in K◦n. This finishes
the proof of theorem ..

The Mittag-Leffler theorem

When one starts thinking about meromorphic function a very natural question is
whether the poles of a meromorphic function cab be prescribed arbitrarily. The set
of poles has to be discrete, this is imposed by the identity theorem, but are there
other constraints? In the case of f being meromorphic in a plane domain the answer
is as we shall see no, there are no other constraints. However, for compact Riemann
surfaces there are subtle conditions; the famous Riemann-Roch theorem is important
in explaining of these conditions. The next natural question is of the behavior of a
function near a pole. Are there conditions that the function must satisfy, or can any
feasible “polar behavior” be realized?

The famous Swedish mathematician Gösta Mittag-Leffler used most a large part
of his carrier to answer these questions, and he showed that, even with most liberal
understanding of the term any “polar behavior”, the answers are positive. One can
arbitrarily prescribe the so called principal parts at all points from a set without accu-
mulation points.

Principal parts
A function f with an isolated singularity at a point a can be developed in Laurent

series. Such a series is split into two parts, a part that one can call the negative part,
where the summation indices run through negative values, and a positive part where
the indices are non-negative. Denote these two parts by respectively f+ and f−. The
two parts have representations

f− =
∑
n≥1

a−n(z − a)−n and f+ =
∑
n≥0

an(z − a)n,
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and, of course, the Laurent series of f is the sum of the two.
The series for f− converges for all z 6= a; indeed, the substitution w = (z − a)−1

converts the series into a power series in w whose radius of convergence must be infinity
since the series for f− converges in a punctured disk about a.

Hence f− is holomorphic in C \ {a}, and additionally, since the series for f− is
deprived of the constant term, it tends to zero as z tends to infinity. We call f− the
principal part of f at a, and including the point a in the notation we shall denote it
by fa in what follows.

The principal part fa is characterized by being a function g holomorphic in C\{a},
tending to zero when z tends to ∞ and having the property that f − g is holomorphic
in neigbourhood of a. Indeed, if g1 and g2 were two functions like that, their difference
would be entire and would have the limit zero when z goes to ∞. Hence the difference
would be bounded, and by Liouville’s theorem constant. Taking the limit when z →∞,
one sees that the constant must be zero.

It is convenient to call any function p that is holomorphic in C\{a} with limz→∞ f(z) =
0 a principal part at a.

2.0.1 The Mittag-Leffler theorem
The question was posed and answered by Mittag-Leffler formulated in precise man-

ner is the following: Given a set A⊆C, and for each point a ∈ A a principal part pa.
Can one find a function f holomorphic in C \ A whose principal part at a equals the
given pa?

There are two perturbations of the question to be done. The first is rather small.
By the Identity Theorem it is excluded that f be defined and holomorphic in any
of the accumulation points of A, and there is no hope having f defined there. The
natural domain to consider is therefore C \ A where A as usual is the closure of A.
The second perturbation is a generalization. In stead of searching for functions in the
entire complex plane C, one may look for functions only defined in a plane domain Ω,
and thence the natural setting is this: We are given a discrete set A in Ω and for each
point a ∈ A a principal part pa and quest for a function holomorphic in Ω \ A having
pa as principal part at a.

The Mittag-Lefflers theorem is was proven in its final form by Weierstrass in ,
but most of the background was laid by Mittag-Leffler. There are of course several
approaches to the proof and among them one by Runge which appeared in his sem-
inal paper from . We give a version3 built on the ∂-equation. There is also an
elementary proof that goes back to Weierstrass using Taylor series in a juicy manner.

Theorem . Given a discrete set A⊆Ω and for each a ∈ A a principal part pa.
Then there exists a function f holomorphic in Ω \ A whose principal part at a equals
pa for a ∈ A.

3This is in fact a concealed version of Runge’s proof. The trick in Runge’s proof is basically the
same we used when solving the ∂.equation. A magicians first rule is: Never show a public the same
trick twice!

—  —



MAT4800 — Høst 2016

Proof: For each a choose two disks Da and D′a both centered at a with D′a⊆Da

and so small that they do not meet A elsewhere. Let Ra be the open annular region
between the two disks. Further we need a “bump-function” βa near a; that is, a smooth
function with support in Da and constant equal to one in D′a.

The heros of the play are the the functions

qa = ∂(paβa) = pa∂βa,

where the last equality holds since pa is holomorphic near a. The function qa is smooth
and supported in the annular region Rα where β is not everywhere constant. The
support of the different qa’s are disjoint and the sums

q =
∑
a∈A

qa and

is meaningful and defines a smooth function in Ω \ A′
Since one can solve the inhomogeneous Cauchy-Riemann equation, there is a smooth

function φ in Ω \ A′ with ∂φ = q. In the same manner the sum

ψ =
∑
a∈A

paβa

is well defined and defines a smooth function away from the points a and their limit-
points, that is in the domain Ω \ A. We claim that the difference f = φ − ψ is our
guy. Off A one has ∂ψ = q = ∂φ so f is holomorphic there. In the small disks D′a the
function βa is constant equal to one and dβa=0. Hence f is holomorphic there, and ψ
equals pa in the punctures disk D′a \ {a}; so f − pa is holomorphic in a vicinity of a. o

2.0.2
What about zero’s of holomorphic functions? Can they be prescribed arbitrarily,

well of course with the constraint given by the identity theorem that they do not
accumulate. The answer is yes, and follows almost directly from the Mittag-Leffler
theorem. One can even prescribe the order of vanishing arbitrarily.

So Ω be a domain and let m be a function in Ω with values in N ∪ {0}, its use is
to determine the order of vanishing we desire. The function m must be locally finite;
that is, any point a ∈ Ω has a neighbourhood in which m has finite support. This
equivalent to the support of m being a discrete subset of Ω.

Proposition . Given a plane domain Ω and a locally finite function m in Ω with
non-negative integral values. Then there exists a holomorphic function f in Ω with
ordaf = m(a) for all a ∈ Ω.

Proof: Recall that the logarithmic derivative dlogf has a pole at a with residue
m(a) = ordaf , it is tempting to try to reverse this process. So let A be the support of
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m and let pa = m(a)(z − a)−1. Let g be holomorphic with principal part pa in point a
in A.

We are going to define a function G in the following manner. Choose a base point
z0 in Ω. For any γ joining z0 to z, let

G(z) = exp

∫
γ

g(z)dz.

The salient point is that this expression is independent of the path γ. Indeed, if γ′ is
another one, α = γ′ · γ−1 is a loop in ω o

Problem .. Determine the principal part of (ez − z − z2/2)z−6 at the origin. X

Problem .. Show that fro each natural number k the series

Ak =
∞∑
m=0

1

m!(m+ k)!

converges. Show that the principal part of eze1/z at the origin is given as∑
k≥1

Akz
−k.

X

Problem .. Let η = exp 2πiα where α is an irrational number. Show that the
set { ηn | n ∈ N } of positive powers of η is dense in the unit circle ∂D. Hint:
Use Dirichlet’s theorem on rational approximation which says that for infinitely many
natural numbers p and q on has |qα− p| < k−1 where k is any natural number. X

Problem .. Let rn be a sequence of positive real numbers tending to 1 as n→∞.
Let η = e2πiα where α is not a rational number, and let A = { rnηn | n ∈ N }.
a) Show that A accumulates at every point on the unit circle, that is A′ = ∂D.

b) Show that C\A is not connected. Hint: By exercise . the powers ηn are dense
on the circle.

c) Show that there is function meromorphic in D having principal part (z − an)−1 at
an = rnη

n and is holomorphic everywhere else in the unit disk.

X

Problem .. Let g be meromorphic function in the unit D disk all whose poles are
of order one and all whose residues are integers.

a) Show that if γ is closed path in D not passing by any of the poles of g, then the
integral

∫
γ
g(z)dz is an integral multiple of 2πi.
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For a point z in D let σz be any path joining 0 to z that does not pass by any of
the poles of g.

b) Show that

G(z) = exp

∫
σz

g(z)dz

is a well defined (that is, it is independent of the choice of the path σz) and meromorphic
function in D whose logarithmic derivative equals g.

c) Show that if all the residues of g are positive, then G is holomorphic.

X

Problem .. Let rn be a sequence of positive real numbers tending to 1 as n growths
ant η = exp 2πiα where α is a rational number. Let an = rnη

n. Show that there is a
function h holomorphic in the unit disk that has a simple zero at an for n ∈ N and no
other zeros. X

Problem .. The aim os this exercise is to derive the partial fraction development
of the function v(z) = π2 sin−2 πz (The constants are there not to make life difficult
but to make the formula simple.) Let u(z) be the series

u(z) =
∑
k∈Z

(z + k)−2,

and let R be the rectangle R = [−1/2, 1/2]×[−y, y] where y is any positive real number.

a) Show that series u(z) converges normally in C, and that it is periodic with period
one.

b) Show that one has |z + k| ≥ |k| /2 for all k and all z ∈ R. Conclude that one has∣∣u(z)− z−2
∣∣ ≤ 4π2/3

if z ∈ R is nonzero. Hint:
∑

k≥1 k
−2 = π2/6.

c) Show that |sin πz| ≤ 16π on the boundary ∂R and use the maximum principle to
conclude that v(z)− z2 is bounded on R.

d) Show the identity

π2 sin−2 πz =
∑
k∈Z

(z + k)−2,

where the series converges normally in C.

X
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Convolution
We end this section by a paragraph that more has the flavour of an appendix than

a main stream part of the course. In our restricted context, we treat the problem of
smoothing a function β by the convolution integral

h(z) =

∫
C
α(w + z)β(x)dw ∧ dw (.)

where we suppose that β is integrable over the entire complex. For example if β has
compact support this is certainly the case. For the sake of simplicity we suppose from
the outset that α is twice differentiable.

(.) The letter D stands for a first order differential operator with constant coeffi-
cients. Any complex linear combination of the partial derivative operators ∂x and ∂y
will do, of particular interest is the ∂-operator.

Lemma . If α is C2, then h(z) is C1 and

Dh(x) =

∫
C
Dα(w + z)β(w)dw ∧ dw

that is, we can compute the derivative of the integral by differentiating the integrand.

Proof: Assume that D is the derivative Dξ in the direction of the vector ξ in the
plane (e.g., either ∂x or ∂y). That α is D-differentiable at w + z means that there is
an expression

α(w + z + tξ) = α(w + z) +Dξα(w + z)t+ ε(w + z, t)t (.)

were the salient point is that |ε(w + z, t)| tends to zero when t → 0. This limit is in
fact uniform in w as long as w is restricted to a compact set.

Multiplying by β(w), integrating (.) over C and having the definition (.) of h
in mind, we obtain

h(w + z + tξ) =

= h(x+ z) + t

∫
C
Dξα(w + z)β(w)dw ∧ dw + t

∫
C
ε(w + z, t)β(w)dw ∧ dw.

Hence we are trough once we know that the absolute value of the last integral to the
right tends to zero with t, but as |ε(w + z, t)| tends uniformly to zero, this is certainly
the case. o

A successive application of this lemma shows that in case α is of class C∞, the integ-
ral will be as well, and we may compute any derivative of any order by differentiating
the integrand.
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(.) The second point we want to make is the existence of a smooth function α with
compact support being constant equal to one on a given compact K. It is easy to find
a continuous function with these properties. Just use

ψK(z) = max{1− d(z,K), 0}.

The tactics is then to smoothen this function by convolution, i.e., integrating it against
a smooth bell shaped function κ of unit mass supported on a (small) disk Dr about
the origin (the convolution is smooth by the previous lemma). That is, we define α by
the integral

α(z) =

∫
C
κ(w − z)ψK(w)dw ∧ dw,

well, almost! It is convenient to replace the compact K by the slightly lager compact
set L of the points whose distance to K is less than or equal to a small chosen threshold
r, and let

α(z) =

∫
C
κ(w − z)ψL(w)dw ∧ dw.

If the disk Dr is centered at K, it is entirely contained in L. Thence ψL is constant
and equal to unity in Dr, and we get∫

C
κ(w − z)ψL(w)dw ∧ dw =

∫
Dr

κ(w)dw ∧ dw = 1.

On the other hand, the disk Dr is entirely contained in the complement of L when z
belongs to the compact {w | d(L,w) ≤ 1 + r }, and as then ψL vanishes identically in
Dr, the convolution α vanishes in z.

Infinite products

The first infinite product to appear in the history of mathematics seems to be the
Viéte’s formula for π:

2

π
=

√
2

2

√
2 +
√

2

2

√
2 +

√
2 +
√

2

2
. . . .

Francois Viéte published this in . He was a french lawyer (as an other famous
french mathematician) and we can thank him for having introduces the use of letters
like x and y in the algebraic notation. The formula is a special case of the identity

sinx

x
= cos

x

2
cos

x

4
cos

x

8
. . . (.)

due to Euler. Nowadays infinite products have large number of applications, and there
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are many peculiar identities. In the the end of this section we’ll give a few of the
most known and may be most frequently applied products. Their influence in the
realm of holomorphic functions, comes from they making it possible to construct holo-
morphic functions with prescribed zeros. They were first systematically exploited by
Weierstrass, in an article from , where he introduced the so called “convergence
producing” factors to force convergence of products. This works has had an enorm-
ous influence and, to site Reinholdt Remmert, revolutionized the thinking of function
theorist. ([Rem], page 79)

Convergence of infinite products

There seems to be no standard of introducing the infinite products. The different
text deviate substantially. We follow to a large extent Rudin in his book [Rud74]—it
is a short way to the Weierstrass products.

(.) Consider a sequence a1, a2, . . . of complex numbers. When can one give a
reasonable meaning to the infinite product

∏
i ai = a1a2 . . . ? The obvious try is,

in analogy to what one does with infinite series, to consider the partial products
pn =

∏
i≤n ai = a1 . . . an and require that the sequence {pn} they form converges.

However, this approach has some flaws; the most serious one being that the limit can
vanish without any of the factors vanishing. So, if we insist on keeping the good old
rule that a product whose factors are non-zero do not vanish, we must proceed slightly
differently.

The clue is to disregard any finite number of factors when taking the limit. The
formal way to do this is by introducing the modified partial products belonging to the
sequence {ai}. They are defined as pm,n =

∏
m≤i≤n ai. With those in place, we are

ready to define what convergence of a product should mean and what the limit should
be:

Defenition . The product
∏

i ai of a sequence {ai} of complex numbers is said to
converges if for some m the modified partial product {pm,n} converges to a value dif-
ferent from zero. If P is this value, we let the product

∏
i ai be equal to a1, . . . , am−1P .

The first obvious comment is that only finitely many of the ai’s can be zero when the
product converges. The second is that the number m occurring only plays an auxiliary
role; as long as it is large enough, any natural number will do and will give the same
value of the product—and large enough means am being beyond the last vanishing ai;
i.e., m is such that ai 6= 0 for i ≥ m. With this in mind, one is convinced that the
good old principle survives: The product

∏
i ai vanishes if and only one of the factors

ai equals zero.

In analogy with series, for which a necessary criterion for convergence is that the
general term tends to zero, if an infinite product converges, the general factor tends to
one. Indeed, one has an = pm,n/pm,n−1 where both the numerator and the denominator
tend to the same non-zero limit.

—  —



MAT4800 — Høst 2016

Example .. The product
∏

2≤i(1 − 1/i) diverges to zero. To use a term from the
theory of series as taught in calculus course, it is “telescoping”:

pn =
∏

2≤i≤n

(i− 1)/i = 1/n.

On the other hand the product
∏

2≤i(1− 1/i2) converges to 1/2. By an easy induction
one finds that the partial products are given by

pn =
n+ 1

2n
.

e

Problem .. Prove the identity . by establishing that

sinx = 2n sin 2−nx
∏

1≤k≤n

cos 2−kx

and use that sinx/x→ 1 when x→ 1. X

(.) The immediate impulse of a mathematician when seeing a product is to take
the logarithm. So also with infinite products; one would like that a product

∏
i ai

converges exactly when the series
∑

i log ai does. There are however two some small
issue.

First, for the terms log ai in the series to be defined the ai’s must all be non-zero;
this is however easy to get around. One just considers the partial product pm,n with
m is sufficiently so that the ai’s are non-zero for i > m.

The second issue is about the logarithm having several branches. However, if one a
priori assumes that the ai’s tend to one, this will not infer with convergence questions.
In the the following proposition log z can be any branch of the logarithm provided the
branch is defined for positive real numbers—for instance, the principal branch of the
logarithm will do.

Proposition . Assume that {ai} is a sequence of non-zero complex numbers that
tend to one when i tends to infinity. Then the product

∏
i ai converges if and only if

the the series
∑

i log ai converges. Furthermore, in case of convergence, it holds true
that exp(

∑
i log ai) =

∏
i ai.

Proof: To simplify the notation denote the partial sum of the log-series by sn =∑
i≤n log ai and the partial product by pn =

∏
i≤n ai.

We start by assuming that the log-series converges, say to s. That is the sequence
{sn} tends to s. Clearly exp sn tends to exp s by continuity of the exponential function,
and since we have

pn =
∏
i≤n

ai = exp sn,
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it follows that {pn} converges to exp s.

For the implication the other way, assume that pn converges to p. One has

log pn =
∑
i≤n

log ai + 2πikn (.)

where kn ∈ Z. Hence

log pn+1 − log pn = log an+1 + 2π(kn+1 − kn)i

Now, as n growth the difference log pn+1 − log pn tends to zero, as do log an+1 since by
assumption the ai’s tend to one. It follows that 2π |kn+1 − kn| is less than any given
positive number, for example 1/2π, if n is sufficiently large. For such n, the kn’s being
integers, it must be true that kn are all equal, say to k, and (.) becomes

∑
i≤n

log ai = log pn − 2πik. (.)

So, if pn converges to the number p different from zero, it follows that
∑

i≤n log ai
converges as well. o

(.) One says that the product
∏

i ai converges absolutely if for some natural num-
ber m the series

∑
i≥m log ai converges absolutely, that is if

∑
i≥m |log ai| converges

absolutely. Of course, this implies that product converges.

Any rearrangement of the factors does neither influence the convergence nor change
the value of the product; indeed, when the series

∑
i≥m log ai converges absolutely, one

can freely rearrange the terms without destroying convergence or altering the sum.
One can as well insert parentheses in an absolutely convergent product at will without
loosing convergence or changing the value for the same reseason; this does not affect
the series

∑
i≥m log ai.

(.) A necessary condition for convergence of the product
∏

i ai is, as we saw, that
the ai’s tend to one as i→∞. It turns out to be convenient to write ai = 1 +ui. Then
the necessary condition translates into the condition limi→∞ ui = 0.

When it comes to absolute convergence of products, on can read off the behavior of∏
i(1 + ui) from the behavior of the series

∑
i ui, and this series is substantially more

maniable than the product. In fact one has

Proposition . The product
∏

i(1 +ui) converges absolutely if and only if the series∑
i ui does.
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Proof: This follows immediately from the comparison criteria for convergence and
the following estimates of the principal branch of the logarithm

|z| /2 ≤ |log(1 + z)| ≤ 3 |z| /2, (.)

that holds when z is close to 0. One deduces these inequalities from the Taylor expan-
sion of log(1 + z) around the origin; indeed, one may write log(1 + z) = z(1 + zφ(z))
where φ(z) is analytic. When z is sufficiently near 0, the absolute value |1 + zφ(z)| lies
between 1/2 and 3/2. o

Example .. Let {ai} be a sequence of real numbers all lying in the open interval
(0, 1). If the series

∑
i(1− ai) diverges, the product

∏
i ai diverges to zero. Indeed, the

inequality x ≤ exp(x− 1) gives∏
i<n

ai <
∏
i<n

exp(1− ai) = exp
(
−
∑
i<n

(1− ai)
)
,

and the last term tends to zero, since
∑

i<n(1− ai) tends to ∞ when n does. e

Example .. This is an example of convergent product that is not absolutely con-
vergent. Let u2n−1 = 1/

√
n and u2i = 1/n − 1/

√
n. Then clearly the series

∑
n un

diverges, being almost the harmonic series. However, the product of two consecutive
factors in the product is

(1 + 1/
√
n)(1 + 1/n− 1/

√
n) = 1 + n−3/2.

The product converges
∏

n(1 + n−3/2) converges since
∑

n 1/n
√
n converges, and one

deduces from this that original product converges. e

Example .. One also wants to see example of divergent products such that
∑

i ui
converges. For instance, let un = (−1)n/

√
n. Then the series

∑
n un converges. As to

the product, we find

(1− 1/
√

2n− 1)(1 + 1/
√

2n) ≤ 1− 1/2n

and the product
∏

n(1 − 1/2n) diverges to zero by example . above. Hence the
product

∏
i(1 + ui) diverges to zero as well. e

2.0.3 Infinite products of functions
In this course we are mostly concerned with holomorphic functions, and hence their

infinite products are of interest, not to say great interest. The fundamental result is
the criterion in . for a product to converges normally.

—  —



MAT4800 — Høst 2016

(.) The criterion is as follows:

Proposition . Given a sequence of functions holomorphic in a domain Ω.Assume
that the series

∑
i |ui(z)| converges upk in Ω. Then the product

∏
i(1+ui(z)) converges

upk on Ω to a holomorphic function p(z) in Ω. The product p vanishes at a point if
and only if one of the factors vanish there.

Proof: Let K be a compact subset of Ω. Since
∑

i ui converges uniformly in K, the
norm ‖ui‖K tends to zero as i growths and there can only by finitely many indices
such that ‖ui‖K ≥ 1. Discarding the corresponding factors from the product we can
assume that the functions log (1 + ui) are all well defined (and finite) throughout K.
The series

∑
i |ui| represents a continuos function in K, and has an upper bound M .

From the freshman inequality 1 + x ≤ ex, valid for positive x, one deduces that the
partial products pn all satisfy |pn| < eM throughout K.

By (.) the sum S =
∑

i log(1 + ui) converges uniformly and absolutely in K
since

∑
i |ui| does, and given δ > 0 there is an N such that the “tails” satisfies

sup
K
|
∑
i>n

log(1 + ui)| < δ, (.)

when n > N .
The sum S is a holomorphic function in K, and its exponential P = expS is

holomorphic as well. We shall show that our product converges uniformly to P in K.
To that end, let ε be given, choose a δ so that |exp z − 1| < e−Mε once |z| < δ, and let
N be so large that (.) is fulfilled. We then find

‖P − pn‖K ≤ ‖pn‖K
∥∥p−1

n P − 1
∥∥
K
< eMe−Mε = ε

when n > N ; since p−1
n P = exp(

∑
i>n log(1 + ui)). And by that, the proof is complete.

o

(.) One say that the product
∏

i(1 + ui) converges normally in the domain Ω is it
converges absolutely and upk in Ω, as in the proposition.

It is worth while making the following observation that the obvious formula for the
logarithmic derivative of a normally convergent product holds. Indeed, in a compact
subset K of Ω where none of the factors vanishes one has

dlog
∏
i

(1 + ui) =
∑
i

u′i
1 + ui

This follows since

log
∏
i>N

(1 + ui) =
∑
i>N

log(1 + ui) + 2πki

and the log-series converges uniformly on K. The term 2πik is there since the branches
of the logarithms may mix up, but it disappears on differentiation.
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Example .. The product
∏

n≥1(1 + z2n) = (1 + z)(1 + z2)(1 + z4) . . . converges upk

to (1 − z)−1 when |z| < 1. Since
∑

i z
2i converges absolutely for |z| < 1, the product

converges upk. It easy to compute the partial products; indeed one has

(1 + z)(1 + z2) . . . (1 + z2n) = 1 + z + · · ·+ z2n+1−1 =
1− z2n+1

1− z
;

where the second equality is just the good old formula for the sum of a geometric series
and the first is easily seen by induction:

(1 + z2n+1

)
∑

1≤i≤2n+1−1

zi =
∑

1≤i≤2n+1−1

zi +
∑

1≤i≤2n+1−1

zi+2n+1

=
∑

1≤i≤2n+2−1

zi.

e

Weierstrass products

We now come to important question of finding holomorphic functions with prescribed
zeros in a domain Ω. This must, as usual, be interpreted in the wide sense including
multiplicities of the zeros. From the Identity Theorem the set of zeros of a holomorphic
function is a discrete subset of the domain of definition—and this is as we shall see,
the only constraint. A part from that condition, zeros can be prescribed arbitrarily.

A convenient way to prescribe the zeros—which also takes care of the multiplicities—
is to give a function m in Ω with m(a) being the multiplicity at the point a we ask
for. That m vanishes at a point, means there should be no zero there, and the zero set
A is therefore equal to the support of m. The identity theorem imposes that the zero
set of a function holomorphic in Ω be a discrete set. In other words, the function m
must be locally finite; around every point in Ω there must be a neighbourhood where
m vanishes in all but a finite number of points.

The function m is traditionally called a divisor , and in many contexts it is symbol-
ically written m =

∑
a∈Ω m(a)a, where the sum is just a formal sum.

The question is: Given such a function in a domain Ω, can it be realized as the
divisor of a holomorphic function? Or phrase differently: Can one find a function f
holomorphic in Ω with ordaf = m(a) for all a? And, as Weierstrass taught us, the
answer is yes.

The Weierstrass factors
The convergence producing factors of Weierstrass are built on functions of type

En(z) = (1− z) exp(z + z2/2 + · · ·+ zn/n). (.)
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One recognizes the sum in the exponential as the initial part of the Taylor series
for log(1− z)−1; indeed, it holds true that

log(1− z)−1 =
∑
1≥i

zi

i
= z + z2/2 + · · ·+ zn/n+

∑
n<i

zi/i.

The exponential in . gets closer and closer to (1− z) as n grows, and hence En(z)
is close to one when n is large.

Lemma . E ′n(z) = −zn exp(z + z2/2 + · · ·+ zn/n).

Proof: This could be an exercise in any first year calculus course; and the hint would
be to introduce tn(z) = z + z2/2 + · · ·+ tn/n and use that t′n(z)(1− t) = 1− zn. o

Lemma . For |z| ≤ 1 one has the estimate

|En(z)− 1| ≤ |z|n+1 . (.)

Proof: The trick is to use the formula

En(z)− 1 = z

∫ 1

0

E ′n(zt)dt.

Using that |ew| ≤ e|w| and that |tn(w)| ≤ tn(|w|) one finds∣∣∣∣∫ 1

0

E ′n(zt)dt

∣∣∣∣ ≤ ∫ 1

o

|E ′n(zt)| dt ≤ |zn|
∫ 1

0

tn |exp(tn(zt))| dt ≤ |zn|
∫ 1

0

tn exp(tn(t))dt = |zn| ,

as the integrand in the last integral equals −E ′n(t) by lemma . above and thence
the integral equals one. o

Weierstrass products in the entire plane
Now, let {ak} is a sequence of complex numbers tending to infinity. We search for

a holomorphic function vanishing precisely at the ak’s. The naive try would be the
product

∏
(z − ak) which obviously is a very bad try, as the general factor does not

approach one. A better try would be
∏

(1− z/ak). However, neither works in general.
Just take ak = −k, thence the series

∑
k z/ak diverges, and by . the product diverges

as well.
The ingenuous idea of Weierstrass was to remedy this by introducing convergence

promoting factors, replacing the simple minded factors 1 − z/ak by smart factors
Enk

(z/ak). The liberty to chose nk depending on the behavior of the sequence {ak} is
a clue to this ; choosing nk large enough will make Enk

(z/ak) tend to 1 sufficiently fast
to make the product converge.

—  —
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Theorem . Assume that {ak} is a sequence of non-zero complex numbers tending
to ∞ as k tends to ∞. Assume that {nk} is a sequence of natural numbers such that
the series ∑

k

(r/ |ak|)nk+1

converges for all r. The the Weierstrass product∏
k

Enk
(z/ak)

converges normally in C. The product defines an entire function whose zeros are
precisely the elements in the sequence {ak}, and the multiplicity of a zero a of the
product equals the number of times a appears in the sequence {ak}; i.e., one has
ordaf = #{ k | ak = a }.

The series in the theorem resembles a power series in r, and when it is, the condition
is that the radius of convergence be infinite. If nk all are equal, say to m, the condition
simply imposes that the series

∑
k |ak|

−m converge.

Proof: We are to show that the product converges uniformly on compacts, and as
usual it suffices to consider disks about the origin. So let r > 0 be given, and let z
be a point with |z| < r. By hypothesis ak → ∞ as k → ∞, so one has |ak| > r for
k >> 0, and as

∑
k(r/ |ak|)nk+1 converges, it follows that

∑
k(|z| / |ak|)nk+1 converges.

By lemma . the series
∑

k |1− Enk
(z/ak)| converges and consequently, appealing to

proposition . on page , we are through. o

(.) If the sequence {an} does not tend to∞, it must be finite; indeed, it is discrete
so no infinite subsequence can be bounded. In this case an appropriate polynomial will
have the prescribed zeros with the correct multiplicities.

For any sequence {ak} tending to infinity, there are plenty of sequences nk that
fulfill the condition of the theorem. For instance, one may take nk = k. To see this,
observe that ak > 2 |z| for k >> 0. Hence |z/ak|k < 2−k, and then the series

∑
k |z/ak|

k

converges, being dominated by the convergent series
∑

k 2−k.
Combined with theorem . these considerations give the following result.

Theorem . (Prescribed zeros) Let m(a) be a function in C taking non negative
integral values. Assume that m has locally finite support. There exists an entire func-
tions whose orders satisfy ordaf = m(a) for all a. Such a function is unique up to a
factor of the form eg(z) where g(z) is an entire function.

Proof: Most of this is done; it remains to allow for a zero at the origin. So if m = 0,
the search for function will be

f(z) = zm
∏
k

Ek(z/ak).
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For the unicity statement, suppose that f1 and f2 have the same zeros with the same
multiplicities. Then the fraction f1/f2 vanishes nowhere in C, and consequently has a
logarithm in C, so we just put g(z) = log f1/f2. o

Weierstrass products in domains
The next result we go form is the generalization to any domain Ω. So let m(a) be

any function whose values are non-negative integers with locally finite support. The
support A has no limit points in Ω but certainly can very well have such in C.

Theorem . Given an open subset Ω of C, and a function m in Ω taking non-
negative integral values. Assume that m has a locally finite support in Ω. Then there
is a Weierstrass product f holomorphic in Ω with ordaf = m(a) for all a ∈ Ω.

Proof: To begin with we assume that the complement of Ω is compact. We may also
assume that the sequence {an} is bounded: Let R be so large that C \ Ω is contained
in |z| < R, and let {ank

} be the subsequence of {an} with |ank
| > R. Then {ank

} tends
to infinity, (if not, there would be an accumulation point Ω), and we can take care of
the zeros located at that subsequence by theorem ..

Let {ak} be a listing of the points with m(ak) > 0 each one repeated m(ak) times.
Then d(ak,C \Ω)→ 0 as k →∞ (if this were not the case, the set {ak} would have a
limit point in Ω) and we may find a sequence {bk} of points not in Ω with |ak − bk| → 0
as k →∞.

Let K be a compact in Ω, and let d = d(K,C\Ω). For k sufficiently large |ak − bk| <
2−1d, hence for such k’s we have |ak − bk| < 2−1 |z − ak| for all z ∈ K. This gives∣∣(ak − bk)(z − bk)−1

∣∣k < 2−k

and the series
∑

k |(ak − bk)(z − bk)|
k converges. By . and ?? the Weierstrass product∏

k

Ek((ak − bk)(z − bk)−1)

converges normally in K. The factors in the product have the form

Ek((ak − bk)(z − bk)−1) =
z − ak
z − bk

exp(tk((ak − bk)(z − bk)−1))

so they vanish simply in ak, and we are through since each ak is repeated the correct
number of times.

Finally, if the complement of Ω is not bounded, pick a point a ∈ Ω and let Ω′ =
{ (z − a)−1 | z ∈ Ω, z 6= a }. Then C \ Ω′ is bounded, indeed let |z − a| < ε be
disk in Ω, then the points w with |w| > ε−1 all lie in Ω′. Do the construction for Ω′

with multiplicity prescribing function m(w−1 + a) to find a function f(w) solving the
problem. Then f((z − a)−1) will solve the problem for m and Ω. o
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Example .. To give an idea about how complicated the zero sets can be, we give
the following example of a set A contained in and locally finite in the unit disk D that
accumulates at every point at the boundary ∂D.

A holomorphic function f with A as zero set can not be prolonged to a larger
domain U . Every domain U strictly containing D must meet the boundary ∂D, for if
U ∩ ∂D = ∅, one would have the decomposition

U = U ∩ D) ∪ U ∩ (C \ U),

and U would be the disjoint union of two non-empty open sets which contradicts that
U is connected. Hence it follows that A has limit points in U and is therefore prohibited
as zero set by the identity principle.

the boundary, not even as a continuous function. Indeed, if that were the case, the
function would vanish in the accumulation points of A which form a dense set of ∂D,
hence it would vanish identically along the boundary ∂D. The maximum principe then
would imply that f vanishes identically.

The set A is constructed in the following way. The points are the numbers of the
shape q−1e2pπi/q where p and q are two relatively prime natural numbers. Clearly A
is contained in the open unit disk D and it is locally finite: Given 0 < r < 1 there
are only finitely many natural numbers q with q−1 < r, and for each such q there are
only finitely many residue classes mod q. Hence in the disk Dr = { z | |z| < r } there
are only finitely many points from A. However, every point on unit circle ∂D is an
accumulation point for A; indeed if η = e2παi with α an irrational number, Dirichlet’s
approximation theorem guaranties that there will be infinitely may natural numbers p
and q such that |α− pq−1| < k−1q−1, where k is any natural number. Then of course
for any ε > 0 it holds that |α− pq−1| < ε for infinitely many pairs p and q. e

Figur .: 10 000 of the points in A.

Interpolation and osculation
Given a certain set A in a domain Ω and for each member a of A a complex

number ba. Can one find a function f holomorphic in Ω such that f(a) = ba? Such a

—  —
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problem is called an interpolation problem. This kind of problem is of interest not only
for applications, but there are as well theoretical reason to asked it. A fundamental
questions is: What are the constraints on the values a holomorphic function can take?
The answer is that beyond the usual one imposed by the Identity Theorem, there is
none. The only constraint is that set A must be without accumulation points in Ω.

One may go further and ask about values of both the derivative of f and of its
higher derivatives. If one is moderate and only asks for finitely may derivatives in each
point of A, the answer is the same: No constraints except the usual one.

(.) A slightly different way of formulating the question is to ask for a function
with prescribed Taylor polynomial around the points of A. Combining Weierstrass’
results about products and the Mittag-Leffler theorem one obtains easily the following
interpolation result:

Proposition . Given a set A in the domain Ω that does not accumulate anywhere in
Ω, and for each a ∈ A a polynomial Pa(z) of degree na. Then there exists a holomorphic
function f in Ω whose Taylor polynomial of degree na around a coincides with Pa.

Proof: By Mittag-Leffler’s theorem one can find a meromorphic function f in Ω
whose principal parts at the different a’s are (z− a)−naPa(z). By Weierstrass’ product
theorem, there is a holomorphic function g in Ω vanishing to the order na at a. Then
the product gh has the desired Taylor polynomials. o

(.) Another class of problems are the so called osculation problems . They consist
of finding a function f that agrees with a given function g at least to a given order at
given points! One say that f osculates g to the given order.

Proposition . Given a holomorphic function g in the domain Ω. Given a discrete
subset A of Ω and for each a a natural number na. Then there exists a holomorphic
function f in Ω such that orda(g − f) ≥ na.

Proof: The proposition follows at once from the previous proposition. o

2.0.4 The ring of holomorphic functions
To a domain are associated to algebras. The algebraH(Ω) of holomorphic functions

on Ω and the algebra K(Ω) of meromorphic functions on Ω, which in fact is a field.
The algebraic structure of these rings are very complicated, they are far from being
noetherian for instance, but still they have some simplicity. For example the ring H(Ω)
is a so called Prüfer ring. All finitely generated ideals are principal, that is generated
by one element.

Our first observation is that K(Ω) is the field of fractions of the ring H(Ω):

Proposition . Any function f meromorphic in Ω is a quotient f = g/h of two
holomorphic functions.
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Proof: Let h be the Weierstrass product formed by the poles of f . Then g = fh is
entire, since the zeros of h kill the poles of f . o

Proposition . Given a simply connected domain Ω and a holomorphic function f
in Ω. A necessary and sufficient condition for f to have an n-th root is that n|ordaf
for all a.

Proof: Apply the theorem about prescribed zeros (theorem . on page ) to
the integral valued function m(a) = ordaf/n to find a Weierstrass product w with
n ordaw = ordaf . The function f/wn is then entire and without zeros in Ω, and con-
sequently it has as an n-root, say g. Thence wngn = f . The other implication is
obvious an valid in any domain: One has ordaf

n = n ordaf . o

Problem .. Relaxing the hypotheses in the two propositions above only assuming
that Ω be open, show they still hold. X

(.) Given two functions f1 and f2 in a domain Ω and assume they have no common
zero. In case f1 and f2 both are polynomials the division algorithm implis that there
are polynomials p and q with

pf1 + qf2 = 1,

and infact, the same holds for holomorphic functions. One can find two holomrophis
function a and b such that the equality

a1f1 + a2f2 = 1

is valid throughout Ω. The proof goes as follws. We search for a function a2 so that
ordz(1 − a2f2) ≥ ordzf1 for all z. Then clearly a1 = f−1

1 (1 − a2f2) is holomorphic in
Ω and we are done. But 1/f2 is holomorphic near any zero of f1, so by the osculation
theorem . there is a function a2 such that ordz(a2 − 1/f2) ≥ ordzf1 in all zeros of
f1. Hence ordz(1− a2f2) ≥ ordzf1, as we wanted. We generalise this , by induction,to
hold for any number of functions:

Proposition . If f1, . . . , fn be holomorphic functions in the open set Ω, without
common zeros. Then there are holomorphic functions b1, .., bn in Omega satisfying∑

i

bifi = 1.

Proof: The case n = 2 has already been established, so assume n is at least three. The
functions f2, . . . , fn may of course have common zeros in Ω, but they form a discrete
set. For any a ∈ Ω we let m(a) = min ordafi. It is a locally finite function with support
the set of common zeros of f2, . . . , fn. Choose a function g with ordag = m(a). Then
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f2/g, . . . , f2/g do not have common zeros and neither do f1 and g. By induction we
may hence write

b2f2 + · · ·+ bnfn = g,

where b2, . . . , bn are holomorphic in Ω, and by the case of two functions, there are
holomorphic functions a1 and a2 in Ω so that a1f1 + a2g = 1. Hence

a1f1 +
∑
i≥2

a2bifi = 1.

o

(.) Just like in any ring where ideals generated by two elements is a principal ideal,
one has the notion of greatest common divisor:

Corollary . Any two holomorphic functions f1 and f2 in Ω has as greatest com-
mon divisor. That is, a function h such that one can factor fi = gih with the gi’s
holomorphic in Ω, and if h′ is any other function having this property, one can write
h = gh′ for a holomorphic g in Ω.

Proof: The ideal (f1, f2) is principal, and a generator is the greatest common divisor.
o

(.) The ring H(Ω) has the property that any finitely generated ideal is principle, so
as far as finitely generated ideals are concerned is has some resemblance to a discrete
valuation ring. However it is far from being noetherian, and has a lot of maximal
ideals that are not finitely generated. Readers interested in the finer points of the ideal
structure of H(Ω) can consult the two papers [Hen53] and [Hen52].

If I = (f1, . . . , fn) is a proper ideal, it follows from proposition . above that the
fi’s have common zeros. Let m(a) = inf ordafi, and pick a function g with ordag =
m(a). Then one may write fi = aig with ai holomorphic in Ω, so it follows that I is a
principal ideal generated by g.

The finitely generated maximal ideals in H(Ω) are easy to describe, they are of the
form (z − a) for a points in Ω. To exhibit other maximal ideals one has to rely on
Zorn’s lemma that guarantees that any proper ideal is contained in a maximal one,
and are very difficult to lay hands on.

Example .. In this example we exhibit ideals in the ring H(Ω) that are not finitely
generated. Take any sequence {ak} that does not accumulate in Ω. Call the set
Σn = { ak | k > n } for a final segment of the sequence {ak}.

The ideal we shall study, is the set I of functions holomorphic in Ω that vanish in
a final segment of {ak}. This set is an ideal since two functions f and g respectively
vanish in Σn and Σm, their sum f + g vanishes in the final segment Σk with k being
the greater of n and m, and I is trivially closed under products.

The ideal I can not be contained in a principal ideal. Indeed, given any a in Ω,
by Weierstrass, there are functions in I that do not vanish at a. Any maximal ideal
containing I, and such ideals exist by Zorn’s lemma, can therefore not be principal. e
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Problem .. Show that if M is a maximal ideal in H(Ω) then there is an f ∈ M
with µ(f) = supa∈Ω ordaf = 1. Hint: Let f be an element in M with µ(f) minimal.
If µ(f) > 1, one can factor f as f = gh with µ(g) = 1. X

Problem .. Show that a prime ideal P inH(Ω) is maximal if and only if it contains
an element f with µf = 1. X

Problem .. Given a domain Ω. Let S be the set of functions such that µ(f) =
supa∈Ω ordaf < ∞. Show that S is multiplicatively closed and hence, by general
princiles in commutative algebra, any g not in S is contained in a prime ideal P that
does not intersect S. Show that P is not maximal. Hint: Every maximal ideal
contains elements with µ(f) = 1. X

Problem .. Show that any prime ideal in H(Ω) is contained in a unique maximal
ideal. X

Domains of holomorphy
As an application of the Weierstrass products we discuss the concept of “domain

of holomorphy”. When f is a holomorphic function in a domain Ω it is a frequently
surfacing question whether f can be extended to a holomorphic function in a lager
domain. For example a Weierstrass product W associated to the set A in example .,
can not be extended across the boundary ∂D to bigger open set, it can as we saw, not
even be extend to a continuous function on D.

One says that a domain Ω is a domain of holomorphy if there is a holomorphic
function in Ω that does not extend to any larger domain. Every domain in C is a
domain of holomorphy. One technic to show this is to mimic what we did in example
., and we shall illustrate this in the case the boundary is compact.

Proposition . Every domain Ω in C is a domain of holomorphy

Proof(For domains with compact boundary): Assume that the boundary ∂Ω
is compact. For each natural number k cover ∂Ω by finitely many disks Di,k all having
radius 1/k and being centered at a point in ∂Ω. Each of these disks meets Ω, and we
may pick a point aik in Dik ∩ Ω.

The first point is that the sequence {aik} is locally finite in Ω. Indeed; for any
natural number n the set Un = { z ∈ Ω | d(z, ∂Ω) > 1/n } is open and contains only
the aik’s with k < n, and those are finite in number. The second point is that the aik’s
accumulate at every point in the boundary ∂Ω: For every k at least one of the disks
Dik contains a given point a ∈ ∂Ω and that disk contains the point aik as well.

The argument from example . works generally. A Weierstrass product with zero-
set {aik} does not extend continuously across the boundary ∂Ω to a larger domain.
Such an extension would violate the identity principle. o
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2.0.5 Two famous products
This sections treats two of the more famous Weierstrass products; the so called

sine-product, which is product development of the sine function, and the so called
Weierstrass σ-function; an important function in theory of elliptic function.

(.) The sine-product One of the more famous products and one of first to be
studied is the sine-product. It was intensively studied by Euler. One can represent
sin z as a infinite product in the following way

sin πz = πz
∏
k≥1

(1− z2

k2
). (.)

This product is strictly speaking not a Weierstrass product, but with slight modifica-
tions it can be written on Weierstrass form:

sin πz = πz
∏

k∈Z,k 6=0

(1− z

k
)ez/k (.)

Weierstrass products converge absolutely, so the factors of (.) can be rearranged
will. Grouping the factors corresponding to k and −k together and observing that

(1− z

k
)ez/k(1 +

z

k
)e−z/k = (1− z2

k2
),

one brings (.) on the form (.). To derive the formula (.) one starts with the
partial fraction development of π2/ sin2 πz from exercise . on page 

π2 sin−2 πz =
∑
k∈Z

(z + k)−2 = z−2 +
∑
k 6=0

(z + k)−2. (.)

An easy local study reveals that the two functions π2 sin−2 πz−1/z2 and z−1−π cotπz
both have a removable singularity at the origin, and that the former is the derivative
of the latter. Hence upon integration of (.) along any path joining zero to z not
passing through any integer, one obtains the equality

π cot πz = z−1 −
∑
k 6=0

((z + k)−1 − k−1) =z−1 − lim
n→∞

∑
1≤k≤n

((z + k)−1 + (z − k)−1) =

=z−1 −
∑
k

2z

z2 − k2

where the last expression is just the logarithmic derivative of the product (.). It
follows that the two sides in (.) are equal up to a multiplicative factor c. Dividing
both side by πz and taking the limit when z tends to zero, shows that c=1.
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(.) The Weierstrass σ-function Let Λ be a lattice in C generated by the two
complex numbers ω1 and ω2; recall that Λ = {n1ω1 + n2ω2 | n1, n2 ∈ Z }, and that
ω1 and ω2 are linearly independent over the reals, so they form a basis for C as a real
vector space. This is equivalent to Imω1ω

−1
2 6= 0. To avoid clumsy notation, we let

Λ′ = Λ \ {0}.
We are searching for an entire function vanishing to the first order precisely in the

points of the lattice. Such functions play a decisive role in the theory of elliptic function,
and was first constructed by Weierstrass. Soon it will be established that the series∑

ω∈Λ′ |ω|−3 converges, and thence, after theorem . on page  about convergence of
Weierstrass products, the appropriate Weierstrass factors will be E2(z/ω). We deduce
that the product

σΛ(z) = z
∏
ω∈Λ′

(1− z/ω) exp(z/ω + z2/2ω2)

converges normally in the entire plane, and of course it vanishes to first order precisely
in the points of the lattice.

For the needed convergence, one has the following criterion which is a two dimen-
sional analogue of the criterion for series

∑
n n
−s we remember from our freshman days:

Lemma . The series ∑
ω∈Λ′

ω−s

converges absolutely if and only if s > 2.

Proof: There are of course many ways one can follow to establish this lemma, but
we prefer the integral criterion. And to that we are going to reduce the question to the
lattice Λ0 generated by 1 and i; that is the lattice whose points are the points having
integral coordinates.

Indeed, if A is the R-linear map that sends 1 to ω1 and i to ω2, then one has the
inequality α |Aω| < |ω| < β |Aω| where α and ω are the maximal respectively minimal
value of |A(z)| on the unit circle, from which one easily deduces that

∑
ω∈Λ′ |ω|−s =∑

ω∈Λ′
0
|A(ω)|−s converges if and only if

∑
ω∈Λ′

0
|ω|−s do.

Let N be a natural number, and let RN be the square with the corners (±N,±N)
and let QN be the annular region whose larger radius in N/

√
2 and whose smaller

radius is
√

2/2. As |r|−s is a decreasing function one has

∑
ω∈RN

|ω|−s ≤
∫
QN

r−sdxdy =

∫
QN

r−(s−1)drdθ = π2s/2(1−N−(s−2))/(s− 2),

and the right side is bounded when s > 2, implying that the series
∑

ω |ω|
−s converges.

The other way around is done similarly, but instead of the circumscribed annular region
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QN one uses the annular region Q′N inscribed in the square RN , that is the one with
larger radius equal to N and smaller equal to one. Thence one finds if s 6= 2, that∑

ω∈RN

|ω|−s ≥
∫
Q′

N

r−sdxdy =

∫
Q′

N

r−(s−1)drdθ = 2π(1−N−(s−2))/(s− 2),

and the right side tends to infinity with N . In case s = 2, it is left to the zealous
students to evaluate the appropriate integral. o

Blaschke products
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