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Note that if u is u.s.c., it is bounded above on every compact
K C s in fact K is contained in the union of the increasing sequence

of open sets {z ¢ 2| u(z) < v}, so in one of them.

Lemma l. Let u beu,s.c. in Q and bounded above. Then
there is a sequence {“k} of continuous functions on 2 such that uk(z)
decreases to u(z) for all ze Q.

Proof. We set uk(z) = sup {u(Z) - k| £-2z|}, M=sup u(t). Clearly

LeQ LeS2
- < u.k(z) <+ forall ze R We have uk(z) > u(z) - k|z-z]| = u(z).
Further, since the sequence {u(f) - k| ¢{-z|} decreases as k in-
creases (for fixed {,z), u.k(z) decreases for every z. Further, if
z,2' € Q,

u (z) 2u(8) -k|L-z| 2 u()-k[L-2'] ~k|z-2'] , Vien,

8o that uk(z) > uk(z') - k|z-2z'|. Hence |uk(z) -uk(z')| <k|z-2z'|, so
that u, is continuous on .

To prove that uk(z) - u(z) as k - oo, suppose first that
u(z) > -co. Let -€>0 and 2'= {z' ¢ 2| u(z') < u(z)+€ }; 2' is an open
neighborhood of z, and contains a disc |z'- z| < &. Let k_ be such
that M-k 8 < u(z). Then u(z') - k|z'-z| S u(z') <u(z)+€ , for z'e Q',

while u(z') - k|z'-z| < M-koﬁ <u(z) for z'¢ Q', kzko. Hence, for

kao,
u(z) < uk(z) < u(z)+€ , so that u.k(z) -~ u(z) a8 k= oo.

K u(z)= -c0, and c> 0, then
2= {z'e 2 u(z) < -c}
contains a disc |z'-z| <&, so that
uk(z) < max(-c, M-k8)

as before, and “k(z) ~ -0 as k - oo.



