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w 1. Introduction 

This paper contains a proof of the following theorem in homotopy-theory. 

Theorem 1.1. I f  H~,_I(S "~) and II4n_l(S ~) both contain elements o[ Ho~'~ 
invariant one, then n ~ 4. 

This theorem, of course, is only significant if n is of the form 2 m. We note 
that  it yields an independent proof of the following theorem of H. ToDA [5] ; 
there is no element of t to rF  invariant one in //sl ($16) �9 

The author conjectures that  this theorem can be improved; it is included 
mainly to motivate and illustrate the methods here introduced. 

These methods depend on a certain spectral sequence. I t  leads, roughly 
speaking, from the cohomology of ~he (mod i~) ST~v,N~OD algebra ~) to the p- 
components of the stable homotopy groups of spheres. This spectral sequence 
may by  regarded, on the one hand, as an extension of ADEM'S method of 
studying homotopy groups by  considering cohomology operations of the 
second and higher kinds. On the other hand, it may be regarded as a reformu- 
lation of the method of l~illing homotopy groups. 

Theorem 1.1 follows from a superficial s tudy of this spectral sequence. I t  
requires, however, some knowledge (though very little) of the eohomology of  
the STE~-ROD algebra. Our methods for studying the cohomology of the ST~.~.~- 
aoD algebra depend on a thorough knowledge of the structure of the Sw~,v.~aov 
algebra. This is obtained by  classical methods (cf. [2]) la). 

k 1) The (mod p) STEEN'J~OD algebra, where p is a prime, has as generators the symbols p~, Pp  
if ~ > 2, Sqb if p = 2. The relations are those which are universally satisfied by the BOC1rS~gIN 
boundary p~ ~nd the STEE~rJaOD operatior~ p k or Sq~ in the cohomology of topological spaces. 
See [2]. 

The cohomology of the STEE~rSOD algebra is defined below. 
la) Note added in proof. I learn that  J .  W. MXLNOR has made an elegant study of the structure 

of the STEE~aOD algebra, which overlaps in con~ent with w 5. 
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w 2. Summary of Results and Methods 

We will next summarise these methods in more detail. We will consider the 
spectral sequence, and its multiplicative structure ; we will give some data on 
the eohomology of the STEEN~OD algebra, and show how to deduce Theorem 1.1. 
We begin with the spectral sequence. 

Let X be a space, let S ~ X  be the iterated suspension of X, and let I I~(X)  
be the stable or S-homotopy group DirLimIl,~+~(SnX). Let p be a prime, 
and let K m be the subgroup of //m s (X) which consists of elements whose order 
is finite and prime to p. Let H ,  (X) be the (augmented) singular homology 
group of X ; we suppose H~ (X) finitely generated for each t. We make the 
convention that  when we write "cohomology", it means "cohomology with 
Z~ coefficients", and when we write " H * ( X ) "  it means " H * ( X  ;Z~)", the 
(augmented) singular cohomology group of X with Z~ coefficients. The group 
H* (X), then, has the structure of a left module over A, the (rood p) ST~.E~-ttOD 
algebra. We give Z~ the trivial A-module structure. That is, the unit in A acts 
as a unit, while a (Z~) ~ 0 if a e Aq with q > 0. (Here the grading q of the 
ST~E~o~ algebra A ~ XAq is defined by degfl~ ~- 1, degP~ = 2k(p -- 1), 

q 

degSq k ~ k.) The group Ext*~(H*(X),Z~) is now defined2). I t  is bigraded; 
the grading s is the grading of E x t , ,  while the grading t arises from the 
grading of H ~ (X) and that  of the STE~N~OD algebra A a). With these notations, 
we have the following theorem. 

Theorem 2.1. There is a spectral sequence, with terms E~'t = E~'t (X) which 
are zero if s < 0 or if t < s, and with differentials 

dr : ~ , t  --,." "~rr'S+r' t + r - i  

satisfying the following conditions. 
(i) There i8 a canonical isomorphism 

E~ ,t _ _~_ Ext~ t (H* (X), Zr) . 

(ii) There is a canonical isomorphism 

Es ,  t ~ H s ,  t . r+l = (E~, d~) . 

Off) There is a canonical monomorphism from E~ t to E~ 't for s <: r < R <~ c~. 
E s + t  (iv) I f  (usin9 (iii)) we regard E~ 't as a subgroup of s , t  /or s < r  <~co, 

we have E*A t = fl -rE"t 

~) See [4]. 
a) See w 3. 

13 Commentarii Mathematici Helvetici 
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(v) There exist groups B " t  such that 

B " t  c B "-~'t-~ c .  �9 �9 c B ~ ~-', B ~ = H~ (X) 
and 

E*' t ~ B"  t/B*+l' r ~ . 

(vi) [1 J ~ ' * =  K 'n. 

This is the  spectral  sequence referred to  in w 1. The convergence s ta tements  
(iv) and  (vi) are not  needed for the  proof  of  Theorem 1.1. 

I f  we take  X = S ~ then  I I~ (X)  becomes the stable group of  the m-stem, 
and the  t e rm E2 becomes Ext*(Z~,Z~).  We shall write this H*(A),  and refer 
to  i t  as the cohomology of  the  ST~Em~OD algebra. 

We tu rn  nex t  to the  products  in this spectral  sequence. 

T h e o r e m  2 . 2 .  I~ X -~ S ~ then it is possible to de/ine products 

_,E~'t |  --> E,~+~' , t+t' 

(in the spectral sequence o/Theorem 2.1) with the ]ollowing properties. 
(i) The products are associative, and anticommutative /or the degree t -- s. 
(ii) The product E~' t ~ ~2~'" t'_~_ ~2~s+8" t+ t" coincides, except ]or a sign (-- 1) t~', 

with the cup-product ~) 

H"*(A)  |  ' ' ' t '  (A) -~ H '+ ' ' '  t+t' (A) . 

(iii) d,(uv) = (dru)v + (--1)(~-8)u(drv). 
,,t ~.~ H "  t(E~ ;dr) and (iv) The products commute with the isomorphisms Er+ 1 _~_ 

with the monomorphism8 /rom E~ t to E~' t (i/ s < r < R ~ c~). 
(v) The products in E ~  may be obtained by passing to quotients/tom the com- 

position product 

We offer nex t  some remarks  on  the in te rpre ta t ion  of  these theorems.  We 
should explain tha t  i t  is possible to  define a fi l tration F s of //~s (S~ b y  con- 
sidering cohomology operations of  higher kinds. We consider only those ope- 
rat ions which ac t  on eohomology with Z~ coefficients. Le t  ~ : S n+~ --> S m be 
a map.  F o r m  a complex K ---- Sn~ E n+m+l by  using ~ as an a t taching map. 
Then  H'*(K) ----- Z~ and  H n+m+l (K) --~ Z~, a t  least so long as a induces the 
zero map  of  cohomology.  Suppose tha t  t he  following condit ion holds : if  ~b is 
any  non-tr ivial  stable cohomology operat ion of the  r ~h kind, with r < s, and 
of degree (m ~- 1), t hen  ~ : H'~(K) ---> H'~+'n+*(K) is defined and zero. Then 
we set  a E F e ; this defines Fsc I I~ (S~  I t  is a subgroup, and Fs~F~+ 1. We 

4) This cup-product will be defined in w 4. 
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complete the definition by  sett ing ~ ~ F 1 if ~ induces the zero map of cohomo- 
logy. 

The au thor  supposes t ha t  this filtration coincides with tha t  given by  Theo- 
rem 2.1 (in case X = S ~ ; t ha t  is, F 8 ---- Bs, s+,~. ~owever ,  he has not  t r ied 
to  prove this proposition, which is not  material  to this paper. 

We have nex t  to  compare the classical method  of killing homotopy  groups 
wi th  the method  of  calculation provided by  Theorem 2.1. I t  is clear tha t  bo th  
rely on the information contained in CA-~CTA~C'S calculation of H* ( / / ;n ) .  How- 
ever, f rom accounts of the classical method,  one obtains the impression tha t  
it  enables one to calculate a great  deal, but  t ha t  one cannot  guarantee in ad- 
vance exact ly  how much. Wi th  the formalism of Theorem 2.1 the situation is 
more clear ; we can effectively compute  the t e rm E2 (to any  finite dimension) ; 
we cannot,  at  present,  give a convenient  method  for effective computat ion of 
the differentials d~, or of the group extensions involved. 

In  the  case X ~- S ~ it is possible to obtain information about  the group 
extensions involved in [ I S ( S  ~ ) from Theorem 2 . 2 ;  for this theorem will in 
par t icular  inform us about  the  composite of  an element in Hs~(S ~ and the  
element  of degree p in //o s (SO). 

The author ' s  interest  is par t icular ly  a t t rac ted  to the phenomena which arise 
because the differentials d~ m a y  not  be zero ; it  will appear  tha t  Theorem 1.1 
is a ease in point.  

I t  is clear t ha t  in order to s tudy  the  spectral  sequence of  Theorems 2.1, 2.2 
we shall need some informat ion at  least about  the t e rm E2. Although H* (A) 
is defined by  means of  resolutions, to s tudy  i t  in this way seems unrewarding. 
We therefore  employ the spectral  sequence which relates the cohomology 
rings H*(A) ,  H * ( F )  and H*(~9) of  an algebra / ' ,  a normal subalgebra A 
and the  corresponding quot ient  algebra ~9 5). To make use of this spectral 
sequence, we prove results on the  s t ructure  of  the STEV, m~OD algebra. Some of 
these concern a descending sequence of  subalgebras .4 r of the STE~.N~OD algebra 
.4 ---- A 1. These are such tha t  

(i) f lAr  has the uni t  as a base. 
r 

(ii) A r is a normal  subalgebra of A s if  r > s ; and A s is then a free module 

over  A ~. 
(iii) The  quot ient  A r / / A  ~+1 is an algebra whose eohomology is known. 
Such results enable one to apply  the  method  of  calculation indicated. Th ey  

form a large par t  of the  technical labour  of this paper. 
We will show nex t  how Theorem 1.1 can be deduced (using Theorems 2 .1  

and 2.2)  f rom a very  superficial knowledge of H * ( A )  (in the case p ~- 2). We 

~) See [4], p. 349. 
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write H s ( A ) =  IHS ' t (A ) ,  and cata logue various facts  we suppose known. 
t 

Firs t ,  we suppose i t  known  t h a t  H~ has  as a base  the  e lement  1 in dimen- 
sion t = 0, and  t h a t  H I ( A )  has as a base  elements  h,, in dimension t = 2 m, 

r e = O , 1 , 2  . . . .  ~). 
We fur ther  suppose known the  following lemma.  

L e m m a  2 .3 .  I /  there is an element o] HoPF invariant one in //an_l(Sn), 
whose S-class is h", then n = 2 "n, and the class h' o[ h" in E ~  '~ passes by the 
canonical monomorphism to the class h~ in E~ '~ . 

Conversely, i~ h,, lies in the image o/E~A a", then there is an element o/ HoPF 
invariant one in TI~,_ 1 (S n) /or n = 2 m. 

This l e m m a  will follow as soon as the  spectra l  sequence is set  up. I n  case 
m = 0, the  l e m m a  is still t rue  wi th  a sui table  i n t e rp re t a t i on ;  we m a y  t ake  
(and now define) a " m a p  of  HO1,F invar ian t  one in / / I(S1) ' '  to  be the  m a p  of 
degree two 7). 

Las t ly ,  we will a ssume the  following theo rem on H* (A) (in case p = 2). 

Theorem 2.4.  The products h,h~ in Ha(A) are subject to the following rela- 

tion only : - hihi+ 1 = O. 

The products h ihj h~ in H a (A ) are subject to the ]ollowing three relations only : - 

h, hi+lh~ = 0 , (h,)~h~+a = (hi+l) a , hi(h~+2) 2 = 0 . 

We will now deduce Theo rem  1.1. Le t  us suppose (for a contradict ion)  t h a t  
h~, h~+ 1 are S-classes containing m a p s  of  ~ o P y  invar ian t  one, and  t h a t  m >//3. 

Consider the  e lement  ho(hm) ~ in E~ '~m+1+1. B y  Theorem 2 .4  i t  is non-zero. 
I t  is a cycle for da b y  Theorem 2.2.  I t  is not  a bounda ry  for d~., because 

daE~ 'a'+l is genera ted  b y  d~h~n+l, and this  is zero because h~+ 1 is in the  image 
~ I  2 ra+l s ~  oI/~7~ ( L e m m a  2.3).  Therefore  h 0 (h~) a yields a non-zero e lement  in Ea 3'am+l+l. 

//am+x_a, the  e lement  ,~0 ~.-mJ is non-zero, t h a t  is, This  implies tha t ,  in s ~ t~/'~a 
2 (h~) a is non-zero.  But  since composi t ion in s table  h o m o t o p y  groups is ant i -  
c o m m u t a t i v e  and  the  dimension of h~ is odd, we have  2(h~)a = 0. This 
cont radic t ion  proves  Theorem 1.1. 

We note  as a corol lary of  the  proof,  t h a t  the  differential  d a : E~ 'it --~ E~ '1~ 
maps  h 4 to  ho(ha) 2, and  is thus  non-zero.  This  r e m a r k  m a y  be  pa raph ra sed  as 

follows. 

Corollary 2.5.  I / ~ q l e  is considered as a cohomoIogy operation o/ the second 
kind, it has a non-trivial decomposition. 

e) These a r e  r e l a t e d  to  the elements ~qq~m in A ,  and  will be defined at  the beginning of w 6. 
7) When  we use this  m a p  as a n  at taching map,  ~qql is non-zero in the result ing complex, 
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The decomposition asserted is of the form 

Sq z6u = X a,~),(u) (mod Q) (if u E g).  

Here a~ ~ 27 A s , #~ is of the second kind, and for the space X concerned 
i~ ]~15  

we have 
H * ( X ) ~ K D  ['l K e r a ,  H * ( X ) ~ Q c  ~ I m a .  

acA] seA] 

Such a decomposition evidently shows that  it is impossible to form a complex 
S ~ ~ E  n+z6 in which Sq TM is non-zero. I t  would be interesting to know whether 
such decompositions can be proved directly by ADEM'S method, or by any other 
method. 

Theorem 2.4 has the following obvious corollary. 

Corollary 2.6. I f  h~, h~, h~ are S-classes of dimensions 2 ~ -- 1, 2t -- 1, 
2 k - -  1 containing elements o/HoPF invariant one, then the S-classes h#.h rr and 

,,j ,,~ are non-zero except perhaps in the/ollowing eases (where ho ~ is to be inter- 
preted as the class 2 L of dimension 0). 

The case which concerns (h~) 2 is due to A v ~  Ill .  
This concludes our summary of results and methods. 

w 3. The Spectral Sequence 

In this section we prove Theorem 2.1 by constructing the spectral sequence. 
We do this, roughly speaking, by taking the homotopy exact couple of a 
sequence Y0 D Yz D Y~...  of spaces. These are such that  Y0 is equivalent to 
an iterated suspension S'~X, and 27H*(Y,, Y,+z) (with the cohomology 

# 

boundary) is an A-free resolution of H*(X) .  Actually we only obtain this 
property for a finite number of dimensions at one time, as we have to keep to 
a stable range. We shall therefore consider a finite sequence Y0 ~ Yz ~ �9 " " D Yk 
of spaces which have the required properties in a finite range of dimensions, 
specified by a parameter 1. By increasing k and 1 we obtain increasing 
portions of the spectral sequence. The reader will lose little (except the details 
needed for rigour) if he replaces formulae containing k and I by suitable 
phrases containing the words "sufficiently large". We conclude by proving 
the convergence of the spectral sequence. , 
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We proceed to give the details. Le t  X be a space and C a chain complex of 
left A-modules, with augmentat ion onto H* (X) : - 

e d 
~Ht(X)t "(-" z~C~ ,t ~---'~Clt , t <--" " "<-- ~t Cs,t "(--"" 

Here, for example, C m a y  be an acyclic resolution of H*(X)  by free left 
A-modules:  it  is understood tha t  a free bigraded module has a base whose 
elements are bihomogeneous. The algebra A is still the (mod p) ST~.wNROD 
algebra. The second grading t is to be preserved by  d and ~ and to become 
the topological dimension in H ~ (X) ; the operations of A on C satisfy 

A~. Cs,~ c Cs,~+~ . 

We suppose t ha t  Ca, t ---- 0 if  t < s  and tha t  each C~,~ is finitely generated;  
it  is always possible to find resolutions satisfying these conditions (recall t h a t  
H*(X) is finitely generated). 

Suppose given also integers k, 1. By  a realisation of the resolution C, we 
unders tand an integer n (n ~ l q- 1) and a sequence Yo~ Y1D. �9 " D :Ir~ of 
CW-complexes and subcomplexes with the following properties. 

(1) Y0 and S ~ X  are of the same singular homotopy type.  (This induces iso- 
morphisms 8) i :  H~(X) ~__4Hn+~(Yo) ). 

Ya is (n -- 1)-connected (for 0 ~ s ~ k) ; 1-I~(Y a, Ya+l) is finite and p- 
pr imary  (for all r ,  0 ~ s < k ) .  

(2) There are isomorphisms q~ : Ca.~ -~AHn+~-s(Ya, Ya+~) for 0 ~ s < k ,  
t~<l. 

(3) The following diagrams are commutat ive  (for t ~ 1 and for s ~ 1 < k ,  
t ~ / respectively). 

d e 
Ca, t " Ca+x,, H~(X) " Co,t 

Hn+t-s(Ya, Y,+x) ! -  1)~a H,~+~_,_l(ys+l ' Ya+~) Hn+~(Yo) �9 H~+~(Yo, Y1) 

We note t ha t  a realisation for some l is also a realisation for any  less I. 
Similarly, f rom a realisation we can obtain realisations with less k, by  ignor- 
ing some subspaces Ya, or with greater n ,  by  suspension. This is the reason 
for the sign ( -- 1)rid ; i t  is inserted so t ha t  the diagram is preserved on sus- 
pension. (The suspension isomorphism is defined using a eoboundary map, 
and  it  ant icommutes  wi th  other coboundary maps.) 

We know t h a t  resolutions of H* (X) exis t ;  i t  is necessary to prove tha t  
realisations of them exist. 

s) The symbol ~---A indicates an isomorphism commuting with the operations from A. 
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Lemma 3.1. Let C be an acyclic resolution o I H* (X) by ~ree left A-modules 
(as above) ; let k, l be integers. Then X ,  C, k,  1 have a realisation. 

ProoL Suppose given X,  C, k and l, as above. We take n -~ l ~- 1. Le t  
Z~,, be the subgroup of cycles in Cs,,. Let  Hom~ (C~,~, Z~) s tand by convention 
for the "component"  of I-Iom~(C,Z~) in dimension (s,t), t ha t  is, the image 
of Hom~ (ZCs, ~,Z~) in I-Iom(C~,~,Z~). Suppose, as an inductive hypothesis, 

t ha t  we have defined a space F~ such tha t  

H~+~-s-I(F~)~__~Z,,~ for t < n .  

Take a space B~+I with 

H~+~_8_l(B~+1) ~ Hom~(Cs+l,~,Z~) , /~+t-a(B~+l) ---- 0 . 

Since ~0~+1, ~ is a free left A-module and C,+x. ~ is finitely generated, we 

deduce tha t  
H~+t-s-I(B~+I) _~C,+1, ~ (for t -- s -- 1 < n )  . 

Take also a CW-complex F:  of the same singular homotopy type  as F , ,  
and take a (singular) equivalence g) F:--> F , .  We m a y  now take a map 
/,+1: F/, --> B,+x such tha t  the following diagram is commutat ive  (for t < n ) .  

$a+1 

l 
( - -  1)rid 

Factor  the map /,+1 through an equivalence and a fibration; we obtain a 
fibre-space E~+ 1 --> E,+ 1 --> B~+I and a (singular) equivalence e, : B,+I --~ $'8. 
The spectral sequence of the fibre-space reduces to an exact  sequence in the 
low dimensions, and we easily show tha t  

Hn+t-s-~'(F,+l) ~-. Z for $ < n  ~ A  s§ $ * 

This induction is started (with s------l) by interpreting E_ I as S~X 
and (--l)~d: Co, ~ -~Z_I,~ as e: Co, ~ -~Ht(X). We use it to define pairs 
E,, F, for s ~ k -- I, with singular equivalences ~s : E~ -~ F~_i. 

Let Y~ be the total mapping cylinder of the maps % for v ~ s ; it is ob- 
tained from F,_~,-, U IxE,, 

$~v~k--1 

by  identifying 0 x x  with l •  ff x ( E ~  for v > s ,  and 0 •  with 
e,(x) ff x ( E, .  We have embeddings Y ~  Y C ~ . . .  ~ Y~. 

I) A singular equivalence is a map inducing isomorphisms of all homotopy groups. 
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I t  is clear that  Y~ is equivalent to S'~X, and tha t  II~(Y~, Y~+I) is finite 
and p-primary. Applying the Hu~.w/cz  isomorphism rood p to F , ,  we see 
that  Y~ is (n -- 1)-connected. With a routine use of spectral theory, we see that  

H'~+'-8(Y',, Y~+I) ~---~C~., (for t - - s < n )  . 

We have also two commutative diagrams, namely those set out in the defini- 
tion of a realisation as condition (3). These follow on setting up the appropriate 
inclusive diagrams, and hold for t < n ,  t - - s  < n  respectively. 

I t  remains only to replace these spaces Y'8 by CW-complexes Y,. The proof 
of Lemma 3.1 is complete. 

I t  is clear tha t  a resolution admits more than one realisation. Therefore, if 
we construct anything from a realisation, we must prove a uniqueness theorem. 
Such a theorem will follow by standard naturality arguments from two natu- 
rality lemmas, which we give as lemmas 3.4, 3.5. We preface them with some 
remarks on realisations. 

Let C be an acyclic left A-complex, and let { Y,} be a realisation of it ; we 
have the following lemma. 

Lemma 3.2. (i) For 8 < k ,  t ~ l  we have the ]ollowing commutative dia- 
gram, i~ which the columns are isomorphisms. 

H~+t_,(y,, y,+,) d H~+~_,_,(ya+,) 

ii) For s < k, t ~ 1 the map H '~+'-8 (Ys) ~ H'~+'-" (Ya+l) is zero. 
This lemma is proved by a trivial induction over s, using the exact cohomo- 

logy sequence of the pair (Y,, Y,+I). 
Now let C be a complex of free left A-modules, and let { Y,} be a realisation 

of it ; we have the following lemma. 

Lemma 3.3. (i) For complexes W o] dimension <n  + l, the compression 
o] a map 1: W---> Y,  into Ys+l is equivalent to it~ compression to a point in 
r,lr,+~. 
(2) i! 

Proof. 
connected and (by the definition of a realisation) 

second, the projection IIr(Ys, Y.+I) -+II.(Ys/Y~+,) 

t < l , t h e n  

II.+t-,( Y., Y.+,) ~ ]-I.+,_.( Y./Y,+I) ~--- Hom ~(C..,,Z~) 

k-+,-,+1 (y,/y,+,) : O. 

The first part depends only on the data that Y. and Y,+I arc (n -- I)- 
> / I +  1. As for the 
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is isomorphic for r ~< 2n  --  2, hence for r < n  -4- l. For  a pr ime p'  distinct 
f rom p the p ' -component  of  I I~(Y, /Y,+I)  is zero, b y  inspecting homology.  
Since t2:Cs,~ is A-free, there  is a map from YJY~+I to  

• K (HomA(C, t ,g~) ,n  -k t - -  s) 
t 

which induces isomorphisms of eohomology in dimensions ~ n -k 1 -- s. 
Next  suppose tha t  we have the following data.  
(1) / : X - - > Z  i s a m a p .  
(2) C, D are left A-complexes,  with augmentat ions  onto H * ( X ) ,  H*(Z)  ; 

C is acyclie and D is A-free. 
(3) {Y,}, {W,} are realisations of C, D.  
We will suppose t ha t  these realisations have the  same n,  k and l ;  this will 

be sufficient for our purposes, by  remarks above. Then  we have the following 
lemma. 

L e m m a 3 . 4 .  There is a map g : Yo -> Wo equivalent to S'~/ with 

g(Y~+Z- ' ) c  W, "+z- '  (for s ~ k) . 

We postpone the proof  of  this lemma unti l  we have s ta ted  Lem m a  3.5.  
Next  suppose t ha t  we have the following data.  
(1) {Y,}, {W,} are realisations, as above.  
(2) go, 9x are homotopic  maps, with 

g cv"+~-s~ W "+z- '  (for s ~ k, e e~--, /C  = 0, 1) 
�9 " 8 

Then we have the following lemma. 

Lemma 3.5 .  There is a homotopy h : go ~'~ gl with 

h ( I  • Y,~+t- ' )c  W "+t- '+x ( 0 < s  ~ k) 
# - - 1  

I t  is clear t ha t  the map g constructed by  Lem m a  3 .4  will yield a map 
g* : D,, t -+ C,, t o f  resolutions (at least for s < k, t < l --  1). Similarly, the homo- 
t opy  const ructed b y  Lemma  3.5 will yield a h o m o to p y  h*:  D,_l,t ~ C,,t 
between two such maps. 

Proof  of Lemma 3.4.  Le t  us assume tha t  ] :  X - ~ Z ,  C, D ,  {Y,} and 
{W,} are as given in the  data.  There  is some map g: Yo ~ W,  equivalent  to  
S'*]: S " X  --> S " Z ;  we have  to examine the  obstruct ion to  compressing i t  so 

W "+ ~-' Suppose we have  compressed i t  so t h a t  t ha t  _,Vn+~-' maps into . . ,  

vc'n+ l - u  9 ( Y ~ + t - ~ ) c . . u  for u ~ s .  
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By Lemma 3.3 we can deform g l .+i- , -1  Y,+I through W, into W~+I if (and only 
if) the map 

H~+~-~ (W,/W8+1) ~ H ~+*-~ (Y~+I) 

is zero {for t < l). But this map can be factored through 

Hn+~-~( y,)  --> H,~+t-~( y~+~) , 

which is zero by Lemma 3.2. This completes the proof of Lemma 3.4 by 
induction over s. 

The proof of Lemma 3.5 is analogous to that  of Lemma 3.4 ; the obstruc- 
tion is the composite map 

H ~+~-s+l (W~_l/W,) --> H ~+'-8+1 (I • Y~, ] • Y~) 

-~//~+'-~+1 (I  • Y~+~.,/• Y.+I) �9 

We next proceed to obtain the spectral sequence of Theorem 2.1. As indi- 
cated above, this is that  determined by the homotopy exact couple of the 
complexes Ya. Each particular group or homomorphism in it may be obtained 
from some realisation with finite k and l. Corresponding terms obtained from 
different realisations may be identified, using homomorphisms constructed 
with the use of Lemma 3.4. 

The details are as follows. Let X be a space, C an acyclic A-free resolution 
of H*(X), and let {Y~} be arealisat ion o f C w i t h  k / > s q - r ,  l > r q - t .  
Let G~'t, D~'t be the images by i,  d of H~+~_~{Y~, ]r +~), //n+t_,+l(y~_~+l ' y,) 
in TI,+~_,(Y~, Y~+I). (If s - - r  -1- 1 < 0 ,  Y~-r+l is to be interpreted as }To.) 
Then we may define E~' t = G~' t/D$' t. 

Similarly, let { Y~} be a realisation with k / >  s q- 1, 1 > t q- 1. Let G~t, 
D*s t be the images of//~+~_8{Y~), II~+~_~+l(Yo, Y~) in Iln+~_,(Y~, Y8+1). Then 

= (-4s, t l l  ~, t we may define E~ t _.~ ,_= . 
The map dr: E~ 't--> E~ +r't+'-1 is obtained (if both groups are defined)by 

passing to the quotient from the homotopy boundary (--1)nd. (The sign is 
introduced so that  dr is preserved on suspension.) 

I f  we consider only the terms which can be obtained from a single realisa- 
tion, the formal properties of a spectral sequence are easily verified. In par- 

,,t ~ H"'t (Er" dr)" there is a canonical monomorphism ticular, we have Er+ 1 ~__ , , 
/~/t--~E~ 't for s < r < R ~ o o ;  and E~t--~ B " t / B  '+1't+1, where B s't i s the  
image of f/,+t_~ (Y~) in// ,+~_, (IT0). Thus E~ t , for t -- s = m, is a quotient 
obtained by filtering B ~  I'IS(X). We may also identify E~ 't. In fact, if 
k ~ s q - 2 ,  l > t q - 2  we have 



On the Structure and Applications of the STEENROD Algebra 191 

E, . t  _ _ / / ~ + t _ , ( y ,  ' Y~+I) :~ Hem  ~(C, , . Z , )  1 , , 

and similarly for (s -{- l). The map d l :  ~* t , . , ~ ,  t �9 .~' - ~ ,  ' is obta ined by  trans- 
position from d:  C~+,., --~ C,, t, as one sees by using the pairing o f / / .  and H*. 
Thus 

E~" ~ E x t  ~ t (H* ( X ) , Z ~ ) .  

The next  point  we should consider is the identification of corresponding 
terms obta ined f rom different realisations. This follows by  s tandard  methods 
from Lemmas  3.4, 3.5,  and is omit ted.  

I t  remains only to  prove the convergence of the spectral  sequence, by  
proving 

(vi) ['l B ' ' t - -  K ~ , (iv) f] E~ ' t =  E ~  t . 

The inclusions 
fl B * ' t ~ K  m , [1 E ~ ' t ~ E ~  t 

t -  s ~ m  r ) s  

are e lementary  ; we have to prove the opposite inclusions. 
We begin with (vi), in the case when H , ( X )  is finite and p-pr imary  for 

each t, so tha t  the same is t rue of l l~ , (X ) .  Given m, we will construct  a reali- 
sation {Ys} and an integer u such tha t  I I ,+ m , (Y , )  ~- 0 for m'  ~ m.  The 
corresponding complex C will be A-free bu t  not  necessarily acyclic. The con- 
struct ion is by  induction, as for Lemma 3.1. Suppose constructed a space F8 
with finite p-pr imary homotopy  groups;  let lln+,~,(Fs) ( ~  G say) be the 
first tha t  is not zero. Let  F :  be an equivalent  complex, and let 

fs: F:  ~ K ( G / p a ,  n + m ' )  

be a map inducing the project ion G --> G/pG of homotopy  groups. Fac tor  ]~ 
through an equivalence and a fibration ; let the fibre be F,+ 1. The  induction 
is s ta r ted  with F 1 ~ S n X .  I f  we form a mapping-cyl inder  and take 
equivalent  complexes, as in the proof  of Lemma 3. I, we obtain a realisation 
{Y,} with the required properties.  

This construct ion gives the integer u ;  for if integers /~ are t aken  so tha t  

pl~ / /~(X)  ~ 0 (0 ~ i ~ m) it is sufficient to take u ~ ~ Z f~. Thus u depends 

only on X .  We see t ha t  n ,  k and 1 can be taken  as large as required. 
Now let (Y~} be a realisation of a resolution C' of  H * ( X ) ,  for the same n .  

According to  Lemmas  3.4,  3 .5  there  is a well-defined map from tha t  par t  of  
a spectral  sequence defined by  { Y~} to tha t  par t  of  a spectral  sequence defined 
by  {Y~ Now, in the la t ter  we have 

f l  B ~  = 0 . 

a~u 
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Therefore, i f  k and 1 are t aken  large enough, we have 

n B ' , t (Y  ' ) - - - 0  

s~<u 

in the former. This concludes the proof in this ease. 
We next  transfer this result  to the case in which Ht(X ) (though finitely- 

generated, as always) is no t  necessarily finite or p-primary. In fact, let 

x ( x )  

be an element not  in K m, t h a t  is, not of finite order prime to p.  Let  ] be such 
an integer t ha t  the  equation x ~ pry  has no roots y in IIS(X). Let  Z be 
formed by  a t taching the cone on S X  to S X  by  a map of degree p! on the sus- 
pension coordinate. Then there is an inclusion map S X  -~ Z ; this induces a 
map of spectral sequences. The image of x in / / s + l  (Z) is non-zero ; so it  does 
not  lie in 

rl B"t(Z) 
t--8=m+l 

(for a certain u). Therefore z itself does not lie in 

n B' , ' (X)  . 
$--8=m 

e~<u 

This argument gives a value for the integer u ; for if /TS(X) is non-zero for 
jus t  g values of i wi th  i ~ m ,  then  it is sufficient to t ake  u -~ 2Ig. 

At  this point we have completed the proof of  (vi). 
We turn  next  to  the  proof of (iv). Here we have  to argue from the structure 

of / /u+t-,(Y,).  Now this s tructure is not  invariant ,  presumably,  unless we 
restrict {Y,}. We therefore proceed as follows. 

We call a resolution C minimal if  the numer  of  A-free generators in C,. ~ is 
the  least possible, given the  structure of  C~,~, for t ~ < t  and  of C , , , ,  for s' < s .  
Since each C,., is finitely-generated, one can prove by induct ion tha t  if  C, C ~ 
are minimal resolutions of H* (X), then  any  map  1: C --> C ~ (compatible wi th  
the  ident i ty  map of  H*(X)) is an isomorphism. I t  follows from this (using 
the  five-lemma) t h a t  if {Y~}, {y/,} are realisations of C, C ~, and if 

I :  {r,} -* {r:} 

is a map constructed by L e m m a  3.4, then  1, maps  H~§ (Y,) isomorphically 
(for 8 ~ k,  t < l  --  1). In  the  same range, H~+~_,(Y,) is preserved on sus- 
pending {Y,}. 

We suppose, then,  tha t  C is a minimal resolution of H*(X).  Let  {Y,} be 
S,$ S,$ a realisation of (T wi th  k ~ 2 8 - } -  1, / > s ~ -  1-~-t ,  so tha t  E,+x, E~ are 
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deiined. Let  F~' t be the p-component of the torsion subgroup of 

//~+~-~:1 (Y~+~) ; 

let K~'t be the image (by d) of H~+t_ ~(Y~+~, Y~+~) in II~+t_~_l(Y~+~). Then 
$ t S~$ S,$ K~' c is finite, and there is a monomorphism (induced by  d) from 

E~,t/EsAt" to s,t s,t F~ / K  r (if r > s ) .  I f  we take this monomorphism for two 
values of r ,  it  commutes with the maps induced by  inclusions. 

Next  take r ~- s ~- 1, and take an element e =fi 0 in P,~'t/pa,t For  each ~ s q - l / ~ o o  " 

member x of the corresponding coset e' in ~ ' t  IK' , t  the equation x Iot y - - ,e~ I / ' ~ S - F 1 ,  

is insoluble in I[n+f;_s_l(Y2s+l), provided tha t  ] is suitably chosen; for ex- 
ample, let p! be the order of F~' t. 

I t  is next  necessary to suppose tha t  the realisation { Y~} has n,  k and 1 so 
a , t  large tha t  E,+~§ ~s defined. This is possible, because by our supposition 

tha t  C is minimal, we may  replace { Y~) by  another  realisation with increased 
n,  k and l, wi thout  changing f.  

Next  note tha t  for suitable n',  {S w Y~,} (over s' ~ 2s ~ 1) is a realisation 
of a resolution of H* (Y~+~). Applying to this our results on (vi), we see t ha t  
for each x ~ e', S'~'x is not in the image of //~,+,+~_~_l(SwY2~+l+~yr 
Desuspending, we see tha t  for each x ~ e', x is not  in the image of 

//~+~-~-1 (Y2~+1+21c~-,+1~) �9 

Therefore e is not in the image of E~'+tl+2f{t_s+l} . 
This concludes the proof of (iv), and of Theorem 2.1. 

w 4. Multiplicative Properties of the Spectral Sequence 

In  this section we prove Theorem 2.2, by  establishing the multiplicative 
properties of  the spectral sequence in case X ~ S ~ For clarity, we proceed 
in slightly greater generality. Let  X ,  X ~ be spaces, and let X "  ~ X •  r. 
We will show tha t  there is a pairing 

E ~ , t ( X ) |  ') --~ E~+S',t+t'(X,, ) . 

Our method is to take  realisations {Ys}, (Y~,} corresponding to X,  X '  and 
form a realisation {Y~,}, using the join operation, so tha t  Y~ is the join 
Y0* Y~. I f  Y o ~  S n X ,  ]rio ~'~ Sw  X ' ,  then Y~ ,~  Sn+w+'(X").  We have a 
join operation in relative homotopy groups;  i t  will appear tha t  i t  gives a 

pairing I I .  ( Ys , Yu) | H .  ' t lr (rs,,  ; / ,  (r.,., 

for s" -~ s + s', u" = Min(s  § u ' , u  ~ s'). Such pairings yield a pairing of  
spectral sequences, by  passing to quotients. 
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I t  is convenient to begin the detailed work by describing the cup-product 

Ext, '  t(H* (X), Z,) | Ext~ ' ' t '  (H* (X'), Z 0 -+ Ext~ +~'' t+ t' (H* (X"), Z~) . 

This depends on the diagonal map A : A -+ A | A of the STEE~nOD algebra, 
which is defined as follows. There is one and only one universal formula for 
expanding the result of an operation a applied to a cup-product u v  ; let it be 

a ( u v )  ---- ~ (-- 1)iq(aL'iu)(alC'~v) 

where a ~ A, deg(v) = q, a ~,i ~ A i ( j  = i ( i ) )  and a R,i E A .  Then we set 

A a  = ~,aI~'i |  R,i 
i 

One verifies tha t  this defines a diagonal map ~o). 
We next remark that  since our cohomology groups are augmented, we have 

H * ( X " )  ~ H *  ( X ) |  (X'); the isomorphism is defined using the external 
cup-product. The operations of A on H *  (X")  are given by 

a ( u Q v )  : ~ ( - - 1 ) i q ( a I ' , i u Q a R , i v )  ; 

here v ~ I t q ( x ' ) ,  while a, a L'i, a n'i and ?" are as above. 
Next suppose that  C, C ~ are resolutions of H * ( X ) ,  H * ( X ' ) .  Then we may 

make 
8----0, 

C |  into an acyche A-complex, 
s' = 0 is H* (X"). In fact, we set 

d ( c |  = d c |  + ( - - 1 ) s c |  ' 

a ( c |  = ~ ( - - 1 ) J t ' ( a L ' i c |  ') 

whose homology in dimension 

(c ~ C,,~) 

(c '~  C , , , t ,  ) . 

I t  follows that  i fC"  is a resolution of H * ( X " ) ,  there is a map m : C " - - > C |  
On the other hand, there is a pairing 

# : Hom~ (C, Z~) | Hom~ (C', Z~) -+ Hom~ (C | C', Z~) 

defined by ( l ~ ( h | 1 7 4  = (hc)(h'c ') .  The composite m*~u* yields the 
required cup-product 

Ext~ t(H* (X), Z~) | Ex t , "  t' (H* (X'), Z~) -* Ext~ +"''t+ t' (H* (X"), Z~) . 

Now that  we have considered the acyclic A-complex C | C',  we will con- 
sider a realisation of it. Let { Ys}, {Y',,} be realisations of C, C'. We will 
define Y" by setting Y~' ---- Yo* Y~, and subeomplexes of Y~ by setting 

Y,",= U Y~* Y~, �9 
8+$'=8" 

10) The products in A ~ A  are defined by (a ~b)(c  ~ d )  = (--  1)il(ac ~bd)  (for a~Ai ,  
d e  Al). 
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We may suppose that  Y0, Y~ are enumerable CW-complexes ; ]To' is then an 
enumerable CW-complex. We repeat that  since Yo ~'~ S n X  and YI o ,~  S'~'X I 
we have Yt o' ~-~ S~+~'+*(X"). 

In order to show that  " {Ys,,} is a realisation of C |  we must display 
H* (Ys~',,, Y~,,+x)- Let 

q~: Q , t  --~ Hn+t-a(Y~,Y~+*) , 

qj : Cr,t" ---> H~,+u_s,( , , Y r ,  Y,'+*) 

be the given isomorphismsl*). Then we may define a map 

, . . . . . .  z :Ys"+ 1) q~" : C,,tQCs,,t,---> H'~ + t -~ (Y,,,, " 

(where n " = n - ~ n ' +  1, s " = s + s ' ,  t " = t A - t ' ) b y s e t t i n g  

qJ (u | v) : ( - -  1)(t-e)n'+ts'  E (q~u" q~' v)  . 

Here we employ the fact that  Yo* Y~o ~ S ( Y o  x Yro/YovY~). The element 
q~u.qJv is defined using the exterior cup-product ; the map E is defined using 
excision and suspension. The map 

! y 
q~" : X C~.~| ~ H~"+~"-r ) 

$-~ St ~ S  rt 

t +  t" = t"  

is an isomorphism. One verifies that  it commutes with the operations of A. 
One also verifies that  it satisfies the third condition imposed on a realisation, 
by making the diagrams for d and e commutative. (The sign in the definition 
of ~v" is essential at these points.) 

We have now verified that  " { Ys',} is a realisation of C | C'. Maps or 
homotopies of {Y~} or {Y'~,} induce maps or homotopies of { " Yr I t  follows 
that  the spectral sequence associated with " { Ys"} is well-defined. Since C | C' 
is acyclic, there is (by Lemmas 3.4, 3.5) a well-defined map from this spectral 
sequence to that  associated with X". I t  remains, therefore, to define a pairing 

s t 8 A - ~ ' , t + t '  tt E, '  (Y) |  ( Y  ') --+ E ,  (Y ) . 

To do this, we now introduce the join operation in relative homotopy groups. 
This is defined by the join of maps of oriented cells*~). We obtain a pairing 

H ,  (K, L)  |  N )  ~ TI~+,~,+, ( K . M ,  K *  N ,-, L . M )  . 

This is natural with respect to maps of K,  L and M,  N.  I f  a, fl lie in the groups 
paired, then 

]d(a* fl) = - -  i (da* fl) + (--1)~+~i'(~*dfl) . 

11) I n  this section we omit to make explicit the finite ranges of dimensions in which these iso. 
morphisms axe supposed to hold. The details are similar to those in w 3. 

12) The join K * L  i s  oriented as S ( K x L / K v L ) ,  and we suspend over the first coordinate. 
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Here j, i ,  i' are the canonical maps with values in II~+,,,, (K* N u L * M ,  L*  N) .  
The products we require, however, represent composition products, not join 

products ; the two differ by  a sign. With this in mind, we define the product 

17- [ V H  ir H.+~_A Y., r~) | (Y'.., Y'u.) - ~ , , + , , , - s , , ,  = , , , ,  Yu,,) 

by axfl----(--1)(~-s~'a*fl .  (Here we have n " - - - - - n A - n ' +  1, s " : s + s ' ,  
t" =- t -q- t', u" ---- Min(s + u ' , u  q- s').) We now have the boundary formula 

i(--1)n"d( a xfl) = i ( ( - -1)nda  • + ( - -  1)l~-s)i'(a x(--1)'~'dfl) . 

The following statements are now open to verification. Firstly, the pairing 
of relative homotopy groups passes to quotients, and defines a pairing 

E , . t ( y ) Q E ~ ' . t "  ( y , )  _+ Er,+,' . t+t" (y , , )  

Secondly, the boundary dr satisfies 

dr(uV) = (dru)V -if- (--1)( '-S~u(drv) . 

Thirdly, the products are natural with respect to the isomorphisms 

E,+I., t -~-~" H "  t (Er ; dr) 

and with respect to the monomorphisms E~/t _+ E~' t for 8 < r < R ~< c~. 
Fourthly, the composite map 

E'er(x) | ''t" (X') ~ E~+'"t+t'(X ") 

coincides, except for the sign ( - -1)  ~s', with the pairing 

Ext , '  t ( g *  (X), Z,) | Ext , "  t' (H* (X'), Z,) ~ Ext~t +' ' ' t+ t , (H.  (X"), Z~) . 

(This follows from the description above, on considering the pairing of 17. 
and H*.) 

Fifthly, the products are associative, and anticommutative for the grading 
(t -- s). This follows from analogous facts for the join operation, together with 
naturality arguments. We note that  the products in Ext*(Z~,Z~) are asso- 
ciative, and satisfy the anticommutative law 

uv  .-~ (--1)sg+U'vu (for u E Ext  s't , v E Ext  ̀ ' ' r )  . 

Sixthly, consider the case X = X' ---- X" = S ~ Then a composition prod- 
uct is defined in //,s (So). This passes to the quotient and defines products in 
E~, t {So), which coincide with those considered above. (This follows from the 
known equivalence between composition products and join products.) 

This concludes the proof of Theorem 2.2. 
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w 5. The Structure o! the ST~.ENRO~ Algebra 

We collect our results on the subalgebras of the (rood p) STEEN~OD algebra 
A in Theorem 5.1. This theorem is followed by  explanatory definitions, and 
a great deal of proof. This is followed by two further theorems (5.12, 5.13) 
giving further  information needed in considering H* (A). One concerns a self- 
map A --> A ; the other concerns the commutators  in A.  

I f  p > 2  we have :  

Theorem 5.1~. (a) Any linite set of elements of A generates a finite algebra. 
(b) A contains subalgebras A R'~" for each 1 ~ R < o o ,  1 ~ T ~ c r  with the 

following properties. 
(c) AR'r=AI 'r , - ,AR'% I /  Q <~T, then A I ' Q c A  l'r. I f  P <~R, then 

A P ' ~ A  R'*o. A R'f is the unit subalqebra if R > T .  The subalgebra A 1,~ is 
that generated by fl and P~ for k < p T-I. We have A 1,00 = A . 

(d) I f  R <~ T<oo,  the rank of A R'~' ks 2Vp v, where U = T - - R  q- 1, 
V = �89 -- R)(T -- R + 1). 

(e) I f  P <Q, A Q'~ is normal in A P'T, so that AP'T//A Q'~ exists ; and A P'~ 
is free, qua (left or right) module over A Q'~'. 

(f) I / P  <Q < R ,  then Ar R'~' ks embedded monomorphicaUy in AP'T//An'~; 
the former is normal in the latter, with quotient isomorphic to A P'T //A Q'~. 

(g~) Moreover, if R ~ P + Q, then Ar R'T is central in AP'T//A R'~', 
in the sense that if a~,j c A ~'~, bk, l ~ A Q'T, then in AP'~//A R'T we have 

DilC b - {a,,~}{bk,l} = (- -  , t k,~}{a~,~} 

(h~) I /  R <~ T, we have 
R-~  R--I 

A~'~//A ~+~'T _~ E(X  p ~, 1 ) |  (Z pt, O ;pT-R) . 
t=O t~O 

I f  p = 2  we have :  

Theorem 5.1~. The statements (a) to (f) hold word for word on interpreting 
" p "  as 2, "fl" as Sq x and " P ~ "  as Sq ~. The statements (g~), (ht) become: 

(gz) Moreover, if R <~ P + Q, then, AQ'~//A a'~' is central in Ar'~'//A rt'~ . 
(ha) I f  R <~ T, we have 

An'~'//A n+x'T ~--- P(2 n -- 1 ; 2 T-n+x) . 

Explanatory definitions. All our algebras are algebras with uni t  and with 
diagonal [4, p. 211] over the field Z~. They are graded if  p ---- 2 and  bigraded 
ff p > 2. Their components in dimension 0 or (0,0) are their  uni t  subalgebras 
(here the  uni t  subalgebra has the uni t  as a Z~ base). All our maps of algebras 
preserve this  s tructure ; in particular, the injections of subalgebras and pro- 
jections onto quotient  algebras do so. 

14 Commentarfl Mathemattci Helvetici 



198 J . F .  ADAMS 

The STEENROD algebra A (over Z~) .is defined as above. If  p :> 2 it may be 
bigraded by setting Deg(P~) ----- (k,0), Deg(fl~)-~ (0, 1)13). The single grad- 
ing q corresponding to the bigrading (i , j)  is given by q = 2(p -- 1)i + j .  

The other algebras introduced are as follows. The exterior algebra E ( i , j )  
Cover Z~) has a Z~-base {1,]'}. The element 1 is the unit ; the element ]' has 
bidegree (i,j). The product is given by (],)2 _ 0; the diagonal is given by 
A(/ ' )  = ] ' |  + 1 |  The integer j must be odd (if p > 2 ) .  

The truncated divided polynomial algebra P ( i , j ;k)  (over Z~) has a Z~-base 
containing one element/~ of bidegree (li ,  lj) for each 1 such that 0 ~ l < k .  
The product is given by  /~. ]~ ---- (l, m)/~+~ ; the diagonal is given by 

A / ,  = 2 :  
r a + n = l  

Here the binomial coefficients modp are defined by (l,m) -- (1 + m ) ! ~  The 
l! m! ]" 

integer j must be even (if p :> 2) ; and k must be a power of p, or else oo. 
I f  k = r the algebra is not truncated. The algebra P ( i  ;k) is similarly 
defined, but  graded instead of bigraded. For the tensor product of algebras, 
see [4]. 

I f  A is a bigraded algebra, as above, we define I ( A )  =: ,Y, A~,j ; 
(i,~)~(o,o) 

similarly for a graded algebra. If  A is an algebra containing B as a subalgebra, 
we call B normed in A (cf. [4] p. 349) if A . I ( B )  = I ( B ) . A  ; we then define 
A / / B  = A / I ( B ) . A .  

Since the word "dimension" is already in use for the grading, we speak of 
the rank of a subalgebra, meaning its dimension when considered as a vector 
space over Zp. 

This concludes the explanatory definitions. 

Proof. The proof will proceed in several stages. Following S~.~RE, THO~ and 
C~RTA_~, we shall make use of a faithful representation of the STV.ENROD algebra, 
obtained by  allowing it to operate on a Cartesian product of spaces of type  
(Z~, 1 ). We take first the case p > 2. 

Let X be the Cartesian product of n + n' spaces, each of type (Zp, 1) ; let 
? ! 

their fundamental classes be x l , . . . , x ~ ,  x l , . . . , x , , .  Set 

y ,  = = 

! ! 
Let u �9 H I~+~ (X) be the cup-product Yl. �9 �9 Y, xl.  �9 �9 xn,. 

H* (X) is the tensor product of exterior algebras generated by the x~, x~ 
and polynomial algebras generated by  the Yi,Y~. We shall need a notation 

ta) I n  [2] the  second grading is called the " type" .  
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for certain polynomials D~, n, lying in H* (X). Le t  

I = {~1, ~1 . . . . .  ~ ,  h~ . . . .  } 

be a sequence of integers with h i ~ 0, s~ ~- 0 or 1 ; only a finite number  are 
to be non-zero. Following CARTA~ [2], we define the polynomial  r Dn, n, as follows. 
Among the monomials y~l . . . y~n,  consider those in which just  hi exponents  
are pi (for each i), the  remainder  being 1. Le t  the sum of such monomials 

! f be s14). Next  consider the monomials obtained from x i . . .  xn, by  replacing 
r by  (y~)p~ for just  ~t+1 values of ~" (this for each i). Each  such monomial  is to x j  

be t aken  with a sign, namely  the signature of a certain permuta t ion  ~ of  
in the monomial  to the left (arranged 1 . . . . .  n ' .  Here  Q brings the factors x k 

f rom left to  r ight  in increasing order of b) and the factors (y~)~i to the right 
(arranged in increasing order of  i). Let  the  sum of such signed monomials be t. 
Then  we define D~,~, ~- st .  

The elements D~, n, in H ~+~'+q (X) generate a snbmodule D 2~+~+q ; they  
are l inearly independent  if n, n' arc sufficiently large (depending on q). 

Ev iden t ly  a Z~-linear function 0 : A -~ H* (X) is defined by  0 (a) ~ a (u). 
This  is the representat ion used. 

Theorem 5.2.  I] n,  n' are su//iciently large (depending on q) then 
Oq : Aq --> H ~n+n~+q (X) ha8 kernel zero and image D 2n+nl+q. 

This theorem is due to C~TAN [2]. His proof  shows also tha t  0 preserves 
the bigrading, if  the second degree of polynomials D,,,,x is defined by  j ~- iZe~ . 

We nex t  note  tha t  this representat ion has a convenient  relation to the diag- 
onal  in A.  In  fact,  i f  the space Y is defined using m ~- m' factors of 
type  (Z~, 1), then  X • Y is homeomorphic  to  the space Z defined using 
(n ~ m) ~- (n' ~ m ~) factors of  t ype  (Z~, 1). I f  v and w are the analogues of 
u for  Y and Z ,  then  uv  corresponds to w in this homeomorphism.  Le t  Ox, Or, 
0 z be the  functions 0 for the  three  spaces. By  evaluat ing a (u v) and a (w) we 
have the following obvious lemma. 

I Lemma 5.3. I] aeA  and Oza-~ D,+m,n,+, ", then 

(Ox| = ~ ( - -  1)eJD~n,,,,| m, . 
J-~ K=I 

Here,  for sequences I - ~  (~,) l ,} ,  J--~ (~i,#~} and K-----{~,v~}, the  equa- 
t ion  J % K ---- I means tha t  W -4- ~ ---- ~ and /x i % v~ ----- h~ for each i /> 1. 
The  sign is given by  e ~ 2: ~ ~k , 

14) Thus,  s will be zero if ~:)'t > n.  Similarly, later, for t. 
i 
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Since Aa has among its components the term a | 1, Lemma 5.3 has the 
z then Oxa l following corollary: if Oza = Dn+~,n,+~,, = Dn,~,. I t  follows that 

we may write Oa = D r to mean that Oxa x n' : Dn, ., for all n, ; similarly 
for the equation Oa == Xz 2zDX. 

Theorem 5.2 allows us to exhibit certain distinguished elements in the 
ST~.v.N~OD algebra. In fact, let us define I (r, k) ( r />  I, k 7> 0) by 2r : k. 
2 ~ = 0  for i C r ,  e ~ : 0  for all i .  Define e r ,~ �9  by 0(er, k ) : D  l(''k~. 
DefineI~ ( r ~  1) by 2 i : 0  for a l l i ,  e r =  1, e l = 0  for i C r .  Define 

! 
e , r  by  0 ( e ~ ) : D  v~') 

These elements have the following properties, which indeed characterise 
them. 

(1) er, 0 is 1, the unit. 
T--1 

(2) Dege,,~ = (k 27pt,0) . 
t = 0  

r--2 

Dege~ = (Xp t ,1).  

(3) Ae,,~ = X e~,~| 
i + i f k  

Ae; = e ; |  + l |  . 

(4) I f  x, y are the generators of H* (Z~, 1 ;g~), then 
f ~ ?  -- 1 e~,k (x)  = 0 e~ (x )  = 

y (~: = o) 
e , , ~ ( y ) =  y ~ r ( k =  1) e ~ ( y ) = O  . 

0 otherwise 

For  example, (3) follows immediately from Lemma 5.3 by  using Theorem 5.2. 
From (3) and (4) we deduce the following property by  induction : 

{ yp' (k = O) 
(5) e~,l,(y~') = y~"+" (k = ~ )  e' ( y f )  = O . 

0 otherwise 

Our next theorem will show in what sense the elements e,,~, e~ are generators 
for A. In order to state it, let us regard e~,~, for each r > /1 ,  as an expres- 
sion in the variable k~. Let us order together in some fixed order the expres- 

Let us form monomials by  omitting from this ordering all sions er r and e r .  

but  a finite number of terms, and then inserting integer values kr ~ 1 for the 
remaining variables kr These monomials then represent elements of  A.  The 
identity element is included, as the empty  product. We then have : 
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Theorem 5.4. For each fixed ordering, such monomial8 ]orm a base/or A.  

Proof. Le t  M be a typical  monomial,  of  single grading q. By  Theorem 5.2, 
it  is sufficient to  show t h a t  the elements M(u) form a base for D 2'~+n'+q (for 
n ,  n'  sufficiently large). To this end, we order the base D I of  D 2n+"'+q b y  or- 
dering the  sequences I .  Following C~mTA~ [2], we order them lexicographi- 
ta l ly  f rom the r ight  ~5). 

Using (3) and (5), we deduce:  

(6) er,~D ~ : (,~,k)D J ~ X#KD K 
g > J  

e~D x ~ - ( - - 1 ) ~ D  L (if e ~ : 0 )  

e~D ~ : 0  (if e~---- 1) . 

Here  I---- {ei,2i}, J : I - k I ( r , k ) ,  and L : I q - I t ( r )  i f  e ~ : 0 ;  t h e s i g n  
is given by  e --~ 2: e~. 

Le t  I ' : { e t i , 2~ }  be another  sequence, J ' - ~ I ' - b I ( r , k ) ,  and L ' : I ' q - I ' ( r )  
if  e~ --~ 0. Then we have, t r ivial ly : 

/ 0 .  (7) I f  I < I ' ,  then  J < J ' ,  and  L < L '  if  e ~ : e , - - -  
F rom  (6) and (7) we deduce, b y  induction, t h a t  : 

(8) I f  M is a typical  monomial,  then  

M (u) ---- ~TD x q- X # jD  J , 
J • I  

where ~ ----- • I ,  and  the sequence I is determined b y  M as follows, er is 1 
i is in M or omit ted  ; 2r is 0 if  e~,~r is omit ted from M,  and or 0 according as e r 

otherwise i t  is the  integer subs t i tu ted  for k~. 
We see t h a t  there  is a (1 --  1) correspondence between M and I .  Therefore 

the elements M (u) in D ~'~+n'+q form a base for it. This concludes the proof  of 
Theorem 5.4 .  

The s ta tement  and proof  of  Theorem 5 .4  remain valid if, instead of using 
expressions e~.~, one for each r ,  we use expressions (er,~i)dr, i, o n e  for each r 
and each i ~ 0. We have then to  substi tute,  for the variables dr,~, integer 
values such tha t  0 ~ d r , ~ p .  

We m a y  now obtain  the  subalgebras A R'T. Given a fixed ordering, as in 
Theorem 5.4,  we m a y  consider the monomials M in which the factors e~,~ have  

t have R ~ r ~ T .  These form a base for r ~ R,  k < p  ~-r and  the factors e r 

~) However, our argument differs from his in that  our inductions (if stated) would proceed in 
t h e  opposite direction along the ordering. Since the bases o r d e r e d  are  finite (for each q) this is 
immaterial. 
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a submodule A R'T of A. This is so whenever 1 ~ R<oo ,  1 ~ T ~c~  ; but 
we note tha t  the base reduces to the unit element if T < R .  The inclusion 
and intersection properties in Theorem 5.1 (c) are trivial. 

Theorem 5.5. A ~'T is independent o] the ordering chosen. I t  is a subalgebra 
o] A and closed/or the diagonal. 

Proof. Consider the polynomials D ~ for which the sequence I = {e~, ~} sat- 
isfies )t~<=p T-~ for eachi ,  ) t~-  0 for i < R ,  and e~ = 0 unless R ~ i ~ T. 
These generate a submodule D ~'T of H*(X) .  

Lemma 5.6. e~,~DR'~cDR'T i/ r ~ R,  b < p  T- ' ,  

e, ~ T _  D ~,~ if R ~ r ~ T f 2 . )  ' t . .  

We will defer the proof of this lemma in order to show how the theorem 
follows from it. In fact, the lemma clearly implies that  O(A~'T)cD ~'T. But 
further, if T is finite, A ~'~ and D a'~ have the same rank, namely 2~p r where 
U = T - - R  + 1, V = �89 - - R ) ( T  - - R  + 1). Therefore O(A ~ ' T ) :  D u'T 
ff T is finite; this implies the same equation with T infinite. The equation 
O(A ~,~) = D ~,~ shows that  A ~''2 is independent of the ordering chosen; 
and with Lemma 5.6, it implies that  A a'w is a subring. Lastly, it is clear from 
Lemma 5.3 and the definition of D a'~ that  O-I(D a'T) is closed for the diag- 
onal. This concludes the deduction of the theorem from the lemma. We note 
tha t  we have proved Theorem 5.1 (d). 

Proof of Lemma 5.6. The property (6) above shows trivially that  

e ' ~ T = D ~ ' ~  i/ R ~ r ~ T  f . [ . ~  ' 

Let us take D z, where I = (e~,;t~}, and form the expansion 

erj:D I : ~ ).K D K 

The sum may be given explicitly as follows, by using (3) and (5). I t  extends 
over sequences J = {/ao,Vl,pl, . . . ,  V~,p~ . . . .  } with .Z(p~ + V~+l)p ~ : ~. 

$ 

The term given by J will correspond to the summands in which, for each i ,  
just #~ of the factors y~ (1 ~ ] ~ n) and just ~+1 of the factors (y~)~ 
(1 ~ ~ ~ n') are operated on by e,,~. The sequence K ----- ($~, ~} is given by 

~ = 2 ~ - - ~ §  , 

I f  ~ - - / ~ 0 ,  e~ - - ~ < : 0  or ~ - -~i  ~- ~ - ,  --~ 2, then the term given by 
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J is zero. The coefficient 2 K is given as follows. 

w h e r e  e - ~  X (e~. - -  ~7j)~7i . 
i < j < i + r  

We now introduce the assumption that DZ eD R'T, r ~ R,  and k ~ p  ~'-r. 
In fact, since DIED R'T, we have 2 i ~  0 and ei-~ 0 for i < R ;  we also 

have r ~ R .  Using the formulae for *i, ~ we see that  v ~ - 0  and ~-----0 
for i ~ R . 

Similarly, since 
~(~i + ~ +~)pt = k < p r - ,  , 

wehave  ~7,+~= 0 unless i < T - - r .  Thus ~7 , -~  0 unless i ~ T .  We also 
have e t =  0 unless i ~ T ;  thus r unless i ~ T .  

Lastly, we have 2~<pT-i, SO ~ __/~<pT--~. We also have 

Zi (~ ~ + ~+~)pi = k < p r - ,  , 

so # i < p  T-r-i  and /~,_r<pT-i. I t  follows that  (~t t --ju~,/~,_~)= 0 whenever 

These remarks in combination show that  i f D ~  D a'~, r ~ R, and k<=p ~-r, 
then the non-zero terms of the expansion 

e~,~D ~ ----- Z2~D ~ 

lie in D a' ~. The proof of the lemma is complete. 
The statement and proof of Theorem 5.5 remain valid if, in defining A ~'~, 

we use, instead of the expressions er,~, the expressions 

(e~,,~)~,~ (0<d~,~<p) . 

We have to take those for which r ~ R and i < T -- r. 

(~orollary ~. 7. A ~,~ is the subalgebra generated by fl and by P t  /or k < p ~-~. 

it lies in A ~'T for T ~/ 1. Since P t  it lies in Proof. Since fl -~ e~, ~ ex,~, 
A ~'T for k <p~-~. On the other hand, by the remarks immediately above, 

r - - 1  

A x'~ admits a system of multiplicative generators in bidegrees (pi Xpt ,  O) 
r - - 2  0 

(where i ~ T -- r) and (27 p~, l) (where r .~ T). These can be written in terms 
0 

of the elements fl and P~, and by their dimensions we shall have k ~ ~ - ~ ,  
each k. This concludes the proof of the corollary. 

Corollary 5.8. Any/ ini te  set F o/elements of A generates a/inite subalgebra. 
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Proof. The elements o f F  may be expressed in terms offl and P~ for k < p T - ~  
some finite T. Thus the subalgebra generated by F is contained in the finite 
subalgebra A 1'~. 

In order to obtain our next result we will consider the representations of A 
by its operations on a different space. Let YQ be the Cartesian product of n 
lens spaces Y , , . . . ,  Yn of dimension 2p ~ -- 1 and n' lens spaces Y' . . . .  , Y~, 
of dimension 2p ~-1 -- 1, so that  we have 

H*(Y, )  =- E ( 1 ) |  ~) , 

H*(Y~) ~- E(1) |  ;pQ-~) , 

where T is a truncated polynomial algebra. We introduce notations for the 
elements of H* (Y~) exactly as before, writing v instead of u, and E / instead 
of D I for the distinguished polynomials. The submodule E R'~ of H*(Yr is 
defined word for word as D R'T is. Consider the sequences I---- {e~, 2~} of 
grading q which satisfy e~ ~ 0 and 2~ ~- 0 if i >/Q ; the corresponding poly- 
nomials E x are linearly independent and form a base of E ~+~'+q (at least if 
n, n '  are sufficiently large, depending on q). All other polynomials E 1 of grad- 
ing q axe zero. 

Theorem 5.9. A O,T is normal in A P'T if P <Q. The rule O{M} =- M(v) 
defines a Z f l inear function 

I f  n,  n' are sufficiently large (depending on q) then Oq has kernel zero and image 
E P , T  ~ E~n+n' +q . 

Proof. The proof that  A ~,T is normal in A P'T will be as follows. Each ele- 
ment of A P'~ gives a Z~-linear map f~om H*(Y~)  to itself; these maps 
constitute a quotient ring AP,T/K of A P'~. We will show that  the kernel K 
is both I (AQ'T) .A P'~ and AP'~-I(A~'T). 

Let us use the representation of Theorem 5.4, with the ordering e~, e,. ~,  e~, 
e2,~,,. �9 �9 Let us divide the monomials of A P'~ onto two classes ; one, say B, 
shall consist of monomials formed from factors e~,~ with P ~ r-<Q, k < p T - ,  
and e~ with P ~ r~<Q ; the other, say C, shall consist of the remaining mono- 
mials. C is a base for a submodule L .  Then, by the choice of ordering, 
LcAP,~. I (A~'~ ' ) .  We also note tha t  ff  r >t Q, then 

% ~ H * ( Y ~ )  = 0 , e ' H * ( Y ~ )  = 0 . 

This shows tha t  A ~ ' ~ . I ( A ~ ' ~ ) c K .  On the other hand, let M run through 
B ; then, by property (8) (which remains valid for Y~) the elements M(v) are 
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linearly independent elements of H* (YQ). Hence the classes {M} are linearly 
independent elements of AP'T/K, and K = L .  We conclude tha t  

AP'T . I (A  Q'r) = K ; 

by using the opposite order in the monomials, we see tha t  

I(AQ'T).A P'T = K . 

We have shown tha t  A Q'~' is normal in A P'f ,  and incidentally established the 
representation 0 of A~'T//A Q'~. The proof of Theorem 5.9 is complete. 

Corollary 5.10. I t  P < Q < R ,  the injection AQ'T//A R'~' ---~-AP'T//A R'T i8 
monomorphic. 

Proof. Both quotient algebras are represented by operations on the same 
module H* (YR). 

This corollary, with Theorem 5.9, implies Theorem 5.1 (f). 
For  Theorem 5.1 (g), it  is sufficient to prove the an t icommuta t iv i ty  relation 

when a~,~ and b~. z are generators e~., or e, r . This is easily done by  expanding 
abv and bay. 

I t  remains to obtain the structure of AR'~//A R+I'~ (for R ~< T). We have 
eR, k ~ A R'~ if k < p  T-•, e~ E A R'~ ; let their images in AR'r//A R+l'r be f~, ]'. 

Lamina 5.11. The elements [~([,)e (e = 0 or 1, 0 ~< k < p  T-R) /orm a baze 
/or AR,T//A R+I,f. The product is given by 

{(k,l)/~z(l ' f  +" (8 + ~ = 0 or 1) 
1~(/')~'/~(/')' = o (~ + n = 2) 

The diagonal is given by 

AI~(I')~= ~ h ( / ' ) , |  ~ . 
i+]=k  
~+r 

Proof. According to Theorem 5.9, the elements {M} of AR'T//A e+l'f are 
faithfully represented by the corresponding elements M(v) of H*(YR+1). The 
image module E R'~' has as a base the  polynomials E I , where I runs over the 
sequences {ei,~,} for which 0 <~ ~ < p T - a ,  e R = 0 or 1, and ~, ----- 0, 
e, ---- 0 if  i v~ R.  By  (6), such a polynomial E z is exactly eR,k(e~r)eV with 
k = ~R, e = e a.  Therefore the elements /~ ( / ' f  form a base of AR'T//A 11+1'T . 

The product  formula for M~ M~ now follows by  expanding M~(M~v), 
using (6). The diagonal formula follows similarly from Lamina 5.3. 

The proof of Theorem 5.1~ is now complete. 
The proof of Theorem 5.12 is analogous, bu t  somewhat simpler. As al ready 
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remarked, we interpret  "T"  as 2, "fl~" as Sq ~ and ,,pk,, as Sq 2k . We replace X by  
the  C~RTESIA~ product  of n spaces, each of type  (Z~, 1), and  delete all refer- 
ence to the other n '  factors. H* (X ;Z~) is now a polynomial algebra. In  the 
arguments,  we replace each Yt (1 ~ i ~ n) by  x i, and delete all references to 
x~. Thus, we take  u ~ x~x~. . ,  x~, the product  of the fundamenta l  classes. 
Our indices I become sequences {a 1, a ~ , . . . ,  a t , . . .  } ; a t replaces ~t and si is 
deleted. D z is the  sum of all monomials (in the xt) in which exactly a t expo- 
nents  are 2 i, the  rest being 1. We define I(r,/~) by  ~ r ~ k ,  a t ~ 0  for 
i ~ : r ;  we define e~,~cA by  e~,~(u)-~D r(~'k). Thus D e g e ~ , ~ : k ( 2 r - - 1 ) .  
These e~,~ replace those defined for p > 2; we do not  define any  err, and  
delete all references to them. In  the proof of Theorem 5.4, we order the 
sequences {at} lexicographically from the right. In  defining A R'T and D R'~, 
and  in all subsequent arguments,  we replace T by T ~- 1 in each inequal i ty 
restricting the choice of generators e~, ~ or of entries a i in sequences. The rank 
of A ~'T is thus  2 V where V ~ � 8 9  1)(T - - R ~ - 2 ) .  We represent 
AP'~/ /A o'T on a CART~:S~ product  YQ of n real projective spaces of  dimen- 
sion 2 ~ --  1. In  Theorem 5.11, we obtain base elements /~ --~ (es,~} without  
elements r .  

Wi th  these alterations and interpretations,  all our intermediate theorems 
remain valid. 

We next  pass on to the last theorems of this section. I f  p > 2, we have 

T h e o r e m  5.12~. There is a homomorphism h:  A ---> A o/algebras with diag- 
onal such that 

{e~,k/~ i~ k ~ 0 m o d p  h ( e ~ ) = O 
h(e~,~) = 0 otherwise 

D 

I f  p ~ 2, the  theorem remains valid on interpreting " p "  as 2 and omit t ing 
all reference to e~. 

P r o o f .  Let  us take the  space X as before, bu t  with n I -~ 0; and in what  
follows, let us suppose as necessary t ha t  n is sufficiently large. 

Le t  I be a sequence. Let  the polynomial  E x be formed from D z by  sub- 
s t i tut ing (y~)~ for Yt (1 ~ i  ~ n) ;  similarly, let v ~ y ~ y ~ . . ,  y~. Let  E 
be the  submodule of H* (X) generated by  the E I ; it  is clearly closed under  A.  

Each element of A induces a linear map of E ,  and these consti tute a quo- 
t ient  ring R of A .  We will next  show tha t  the  linear map (a} is determined 

�9 ; ~ . X a  |  ' ,  by  a(v). In  fact,  we have an analogue of L e m m a  5 3 if  Aa L,~ _• 

then  a(v) determines aL'~(v), a~'~(v). This implies the  following s ta tement .  
Suppose t ha t  a (v) determines a (w) and a (z) for all a �9 A and certain w, z. Then 
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a(v) determines a(wz) for all a E A.  But  a(v) determines a(y~) for all a and 
each i ; therefore a (v) determines a (EI). 

This a rgument  shows t ha t  in the  epimorphism A -+ R,  the diagonal map 
passes to  the quotient .  

Next  let S be the  subalgebra ~Ai ,  0 of A .  We will identify R with S.  In  

fact,  let J run over the sequences in which e~ ----- 0 for all i ; and define a func- 
t ion g:  R - ~ S  by  g{a} : b where 

a(v) : ~ j E  J and b(u) : jX;tjD J . 

I t  is clear t ha t  g commutes  with the  diagonal. We will show tha t  g is a homo- 
morphism. In  fact,  by  the  definition of  g, we have the following s ta tement ,  in 
which y s tands for a fundamenta l  class y~ : 

~- 2 : ~  ~ then  (g(a})y : Xi~y~. I f  a e A ,  and ay~ J j~ , 

F rom this we deduce, by  passing to products,  t ha t  : 

I f  a e A ,  and a y e ' k :  ~l~,y ~l, then  ( g ( a } ) y k :  ~l~ly t. 

I t  follows tha t  g {a}((g(b})y) -~ (g (ab})y . 
Again, since g commutes  with the diagonal, the s ta tements  

g ( a}g ( b}w  ~-- g{ab}w , g (a )g (b}z  -~ g (ab}z  (for all a ,  b) 

imply g ( a } g ( b } w z  -~ g ( a b } w z .  Therefore,  for the fundamenta l  class u ,  we 
have g ( a } g ( b } u - ~  g ( a b ) u .  Thus g(a}g(b}  : g{ab}, and g is homomor-  
phie. 

I t  is also clear t ha t  g is monomorphic.  

Lastly,  the  composite h : A --> R-~g S satisfies 

= /e~.~/~ if h ~ 0 ( m o d p )  
h(e~,~) ( 0 otherwise 

h ( e ; )  = 0 

Thus g is epimorphic.  The existence and propert ies  of  h are established. 
We s ta te  explicit ly tha t  h does not  preserve the grading. We have 

h(A~s)~_~A~l~,.o ff i ~ 0 ( m o d p )  and ~ - - 0  
' / 0 otherwise 

The proof  remains valid for p -~ 2 on interpret ing " y / '  as x~ and "S"  as A .  
For  the  nex t  theorem,  we will fix on an ordering of the generators e~ and 

! 
(e~,~i)dr,i. Fo r  definiteness, we take  the ordering e 1, (ex,1)dl, 0, (el.~)dx. 1 . . . . .  

! ! e~, (e~,~)d~,0, (e~,,V~,',.. . ,  e~, . . .  
Next  consider the  an t i commuta to r  [e,[] ~-- e/ -- ( - -  1)e/e. Here  e, ~ are 
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dist inct  generators ,  wi th  indices r ,  s say  : s ~ 1 if  e ~ err, f ~ e~ and  s ~ 0 
otherwise. One of  e l , / e  is a pe rmi t t ed  monomia l  for the  ordering above  ; the  
other  is not.  The  a n t i c o m m u t a t o r  can be expanded  as a sum of pe rmi t t ed  
monomials .  The  dimension concerned contains a t  most  one genera tor  g, i f  a n y  ; 
let its coefficient in this expans ion  be 4, or  i f  there  is no genera tor  in this 
dimension,  set 2 ~-- 0. Since the  a n t i e o m m u t a t o r  maps  to  zero in A 1, ~//A r+s, oo 
(by Theorem 5.1)  its expansion t akes  the  following fo rm : 

[e, / ]  = ;tg + Zi M , N  , . 

Here  M t ~ I ( A ) ,  g, N i ~I(Ar+*'| and g is a generator .  I f  p > 2  we have  the  
following theo rem : 

Theorem 5.13~. ~ ~= 0 (mod p) in the following cases, and in these only. 
(a) The pair e, f is e~,~, e,,~,+i in either order. 
(b) The pair e, ] i8 e~ , e,,cr-1 in either order. 
I f  p ~-- 2 the  t heo rem remains  val id on in terpre t ing " p "  as 2 and  omi t t ing  all 

references to  elf, including case (b). 

Proof. We  m a y  first e l iminate  the  case e ~ e~, f ---- e~, since there  is then  
no g.  

/ i The dimensions mus t  We t ake  nex t  the  case e ~ - e , ,  f-~e~,~i,  g = e  t. 
sat isfy , -2  , -1 t-2 

Z p "  + id Z p  u = Z p "  . 
u = 0  u = 0  u ~ 0  

The only  solution is i - - - - r - - l ,  t = r + s .  W e t h e n h a v e  [ e , / ] - ~  - - g  by  
direct  use of  the  CA~T~'~ representa t ion.  

We t ake  thi rd  the  case e = e~.~(, / -~ e,.~j, g ---- e,.~,. The dimensions mus t  

sat isfy ~-1 ,-1 t-1 

u = 0  u = 0  u = 0  

There  are only  two  solutions ; one is b ---- i ,  ~ ---- r ~- i ,  t ---- r ~ s ; the  o ther  
is ob ta ined  b y  in terchanging e and  f .  I t  is sufficient to  consider the  first. 

Consider the  case i = 0. Here  [e, /]  -~ - -  g by  direct  use of  the  C~a~T~'~ 
representat ion.  

Consider the  case i > 0. F o r m  the  expans ion  

[e,l] ---- ]tg + ~ M , N ,  . 

Apply,  i t imes  over ,  the h o m o m o r p h i s m  h of Theo rem 5.12~. We  ob ta in  (say) 

M , N ~  . [ e ' , t ' ] =  + ' ' 



On the Structure and Applications of the ST]~W.~r~tOD Algebra 209 

Here the monomials M~ N~ are still permi t ted  (by the special choice of  
ordering);  while e ' ~ - % 1 ,  ['--~ e,,~r, g' ~ e~+~,l. We have 2 ---- 1 by  the  
case i ~ 0. 

This concludes the  proof  in case p > 2. 
r We have also to consider two In  case p --  2, we omit  all references to e~. 

fur ther  solutions of  the  equat ion for the  dimensions. 
Case(i)  i ~ - - j ,  and  ei ther  r :  1 or s-----1; say s =  1. Then t - ~  1 and 

k = r + i .  
Case (ii) i - - ~ ,  bu t  nei ther  r--~ 1 nor  s - ~  1. We then have / ~ i +  1 

= ~ +  1, t = r = s .  
Both  cases may  be eliminated, since g ~ A ~+~'~, so tha t  t i> r ~- s. 
This concludes the  proof  in case p --~ 2. We have now obtained sufficient 

da ta  on the s t ructure  of the S T ~ . ~ O D  algebra. 

w 6. The Cohomology of the STEENROD Algebra 

In  this article we prove Theorem 2.4.  The results of  this section, therefore,  
are ve ry  far  f rom complete,  compared with those of w 5. 

We take  p ~ 2 th roughout  this article, and will be free to use the  letter p 
for o ther  purposes. Tensor products  are t aken  over  Z,~ unless otherwise stated.  

When we wish to display specific elements in H*  (A), we use the  notat ion 
of the bar  construct ion (see [3] p. 3-09). Thus we define 

I ( A )  = X A q  , ( I (A) )  ~ = Z,  and ( I (A ) )  8- -  I ( A ) |  s-~ . 
q~O 

We define B ( A )  = Z ( I (A))% and write a typical  element as [al[az l . . . [a ,] .  
s~>O s 

The second grading t of  B(A)  is defined by  t : Zq~ when a~ ~ Aq,. A bound- 

ary  in B (A) is defined by  1 

d [ a l [ . . . [ a , ] :  27 ( - 1 ) i [ a l ] . . . l a ,  a , + l [ . . . l a , ]  ; 

d is of degree ( --  1,0). The cohomology group H' , ' (B (A) ,Za )  is Ext~t(Zs,Za),  
tha t  is H "  t (A). 

For  example,  let us calculate H I(A). (Here, by  convention, H s (A)-~ XtH" r 

There are no coboundaries (except the  zero cochain) ; while a eoeycle is a 
Z2-1inear funct ion [,  wi th  values in Z~, defined for arguments  [a] (a ~ I ( A ) ) ,  
and such t ha t  [[axas] ~ 0 (each ax, % ~ I (A) . )  By  the known s t ruc ture  of  
the STraNdeD algebra, there  are unique cocyeles [~ of  dimension t = 2 m 
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(m ~ 0) such tha t  /m [Sq t''] ----- 1 ; and these form a base for the cocyclcs. 
Define h~ ~ (fro}; we have a base for Hi(A) .  

The cup-product of two cocycles is obtained by transposition from the diag- 
onal map 

A:  B ( A )  ~ B ( A ) |  . 
This is defined by 

A [ a l l a ~ I . . . l a , , ] =  Z [al] . . .[a~]|  ] . 
O ~ p ~ n  

As stated in w 2, our methods depend on a spectral sequence ([4], p. 349) 
relating the cohomology rings H* (A), H* (F) and H* (.Q) of an algebra F, 
a normal subalgebra A and the corresponding quotient  algebra • = F/ /A .  
I t  is sufficient to take A central in F ;  this has the result tha t  the operations 
of D on H* (A) become trivial, and  we have E* ~ H* (A) |  (D). 

I t  is convenient to have a specific construction for the spectral scquence. We 

may obtain i t  by filtering B(F) .  A chain [ a l l . . . l a , ]  is of  filtration p if 
a~ ~ I ( A )  for (s -- p) values of i ; we thus  obtain homology and cohomology 
spectral sequences, in good duali ty.  The isomorphisms 

Hq(A) +-- E~, q, E~2 ,~ +__ Hv(~)  

are induced by  the natural  maps B(A) --> B(F) ,  /~(/ ') -+ B(~J). The (coho- 
mology) spectral sequence has good products ;  these induce the isomorphism 

H ~ (~) | m (A) -~ E~ '~ | ~ ' q  + E~ '~ . 

Since this section is not  a final t rea tment ,  the reader will perhaps excuse it if 
we do not  give the details more fully. 

We next  proceed to the details of the calculation. We will write A ~ for A t, oo, 
so t ha t  A 1 = A.  We recall t ha t  A r//A r+l is a divided polynomial algebra, 
with a Z2-base {fk}. Take a cocycle/~,i  in dimension (1,(2 r -- 1)2 ~) such 
tha t  /~,~[/~] ~-- 1 ; let h~.~ be its cohomology class. Then H*(A~/ /A r+l) is a 
polynomial algebra with generators h~.~ (for i >t 0). 

Le t  h~ be the  image in H*(A1//A r) of hl,~, in H*(A1//A2). This is con- 
sistent, for the  original h~ in H * ( A  ~) is the image of h~,~. By  the same argu- 
ment as before, HI(AI / /A  ~) has as a base the elements h,, in it. 

Now take A.=A'+~//A'+',  F = A ~ / / A  ~+~, D = A ~ / / A  r+~. Let  d~: E~ ,~ --> E~2 ,~ 
be the  differential in the spectral sequence. Since 

H '  (A'/IA'+Z) ..+ H '  (A '+VIA '+ : )  

2 1 is zero (for r >~ 1), the classes dlhr+1, ~ must  be non-zero elements of  H (A IIA r+l). 
Let us write 

d~hr+l,~ ~-- gr,~ ~ H2(A1//A r+~) �9 
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In case r ~  1, we have g~.~h~h~+~. This is proved as follows. In  H~(A~//A z) 
we have one non-zero class in dimension t ~ 3.2 ~ ; it  is dual  to  h~h~+~, and 
may  be represented by  the cycle 

By Theorem 5.13~, we have in A a relation 

where 

( =  z, say). 

e I ~ie I 21-~1 -~- e I ~ i + l e  I ~i --~ ZM~N~ ~ e~ ~ 

M~eI(A1), N~eI(A~). The chain 

[el,~lei,2i+l ] -~ [ e l , ~ + l l e l ~ ]  -~- ~[M~[N:~] 

has as boundary  [e~.2~] ; it  is thus  a cycle in E~, o and by  the map A x -->AI//A 2 
it passes to z. Thus d2{z } = {[e2,2i]}. Transposing into cohomology we have 
d2h2,i = hihi+l, as asserted. 

In case r > 1, we must  consider the  behaviour of the class g~,~ in the spectral 
sequence which arises when A = Ar/ /A "+1, F = A1//A r+l, Q = A1//A r. We 
know t h a t  H~(A1//A r+l) is filtered. The class g,,, will have an  image in the 
first quotient,  which is isomorphic to a subgroup of E~ '2 ; and if  this image is 
zero, then  g~,, will have an image in the second quotient,  which is isomorphic 
to a subgroup of E~ '1. Now E~ '~ ~ H2(A'//A'+I), which we know ; the image 
of g,,~ is necessarily zero, by  considering the grading t. 

We seek, therefore, the image of g,,, in a subgroup of E~ '1. We will show it 
is exact ly 

hr,~+lhi ~ h~,~h~+~ ; 

here the products are formed by considering h~ as an element of  E~ '~ and hr.j 
as an element of E~ 'x. In  fact, by  transposition, it is sufficient to  determine 
the pairing of g,,~ with a certain quotient  module of E~,~. We will construct 
representative cycles for E z By  Theorem 5.13 3 we have relations 1 ,1  " 

e,,~+lel,2i + el.z~ e~ 2i+1 = X MINt  + e,+l,~ 
' i 

er,2i e12r+1~-e12r+1er21 :XPjQj  ~-e,+l,~ 

where M~,P~ ~ I (A~), N~,Qj c I (A~+I). Thus the  chains 

[ef, a~+llel, zi] + [el,~ ]er.~+~] ( :  w, say) 

[e,,2~ lel,~,+~] + [e~,~,+~le,,~] ( =  z, say) 

give classes in H z (A~//A'+I). These chains are of filtration 1, and yield a base 



212 g.F. ADAMS 

for E~,, in dimension t = (2 t+l -- 1)2 i (as one verifies, knowing the s t ructure  
of  E~'I). On applying the  map dz : H~(A~//Ar+~) _+ H~ (A ~+~//A'+~), we have 
d~{w} = d~{z} = {[e,+L~]}. (This is proved by  exact ly  the  same argument  as 
was used in the case r = 1 ; note  tha t  this d~ lies in the spectral  sequence for 
A = Ar+X//A r+~, etc.) We have, then, 

{ w } g , . ~  = { z } g , . ,  = ~ . 

On transposing, we have in E~'* the relat ion 

as asserted. 
{g,,~} = h,,~+l h~ + h,,~ h,+, , 

Lemma 6.1.  I n  HS(A~//A "+1) the elements g,,~, with the elements h~h~ /or 
which ~ ~ k --  2 or ] -= k,  are linearly independent. The elements h~h~+t are 
z e r o .  

In  fact,  if  r >  1, then  H Z ( A t / / A  r+l) is filtered ; the elements g,,~ map to a 
linearly independent  set in 1,1 E 2 , while the  elements h~h k map to zero. I t  re- 
mains to  prove  (by induction over  r) t ha t  the elements h~h~ (] ~< k --  2 or 

-= k) are l inearly independent .  I f  they  are so in HZ(A1//Ar),  then they  are 
so in HS(AI//A~+I), unless in the  spectral  sequence concerned some linear 
combinat ion of  elements h~hk is equal  to  dZ(h,,t). This is impossible, by 
considering the  grading t. To begin the induction,  the elements named  are 
l inearly independent  in H 2(A1//Aa). 

The elements hjht+ x are zero in H2(A'/ /A3),  being dt(h~,~). 
We nex t  consider again the spectral  sequence which arises when 

A ----- A , / / A  ,+1 F = A~//A "+~ .(2 = A1//A ~ ~ �9 

Since g,.~ lies in HS(AI/ /A'+I) ,  the  elements h~.~+lh~+h,.ih,+t in E l  '1 are 
cocyclos for  d ~. Thus  the  elements (h,.~+~h~ + h,.~h~+~)h~ ( =  z,.~.~ say) in ~ ' t  
ere eocycles for d ~. 

I f  r ) 2, the classes {z~,~, ~} in E~3'I satis/y the lollowing rela- Lemma 6.2 .  
tions only : 

{ z , . , . , + ~ + l  + z~.,+l,~} = 0 (r >1 2)  , 

{ z j , t . ~ §  = 0 (r = 2) . 

I f  r >~ 2, E~ '2 has as a base the classes {(h,o~)2}. 

Proof.  We have  to examine d I : E~ ,2 --~ E~2 ,1. Here  E~ '~ has as a base the 
elements h,. ~h,. ~. In  E~z'* (if r > 2) the  elements 

h,.ig~_l.~, hr,~h~hk (j ~ k  - - 2  or ] = k) 
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are l inearly independent ,  while the  elements h,.~h~ h~+~ are zero ;  this is b y  
L emm a  6.1.  The boundaries are given by  

d2(hr.,h,,~) = h~.ig,-l.~ + h,.~gT-l.~ �9 

F r o m  this, the conclusion follows. 
In case r = 2, E~2 '1 has as a base the elements h2.~hjh~, while the bound- 

aries are given by 

d~(h~.ih~.~) = h~.ihjh~+l + h~.~h~h~+t . 

The conclusion is again elementary.  

L e m m a 6 . 3 .  I] r ~ 2, the classes {g~.~h~} in Ha(A~//Ar+~)/p*Ha(AI//A ") 
satisly the [ollowing relations only : 

(i) gT,ihr+i+l + 9,.,+1h~ = 0 (r ~ 2) , 

(~) O , . , h , + d  = 0 (r = 2) 

Proof. The image of  g,.~h~ in E~a '1 is {z,,~,j}. On applying Lemma 6.2, 
we obtain the results of this lemma, except  for the exact  relat ion (i). This 
follows immediately from the remark  (above) t h a t  hr,~+lhi + h~,~h,+~ is a 
cocycle for d ~. 

Lemma 6.4.  In  Ha(AI/ /A TM) (r ~ 3) the elements h~hr are subject to 
the [ollowin 9 relations only. 

(i) h~hi+lhj - 0  . 

(ii) (hi)2h~+~ = (h~+l) a . 

(iii) ht(h~+2)2= 0 . 

ProoI. We know the s t ructure  of  Ha(A1//A ~) and will prove the lemma 
by induction over r .  We have to consider the  spectral  sequence in which 
A := A'+I/ /A ~+2, F = AI / /A  r+~ and ~ --  A~//A "+~. In  this we have to con- 
sider the  differentials d~: E~ '~ -~ E~2 '~ and da: E~a '~ -+ E~s '~ 

We have  da(h,+~.~h~) = g~,~h~. B y  Lemma 6.3 this introduces no new rela- 
tions into p*Ha(AX//A ~) if  r > 2 .  I f  r = 2, we ,have  only to  consider the  
case ~ = i +  1. We verify t ha t  

d ~ (h~.oh~) = he (h~) ~ 

by a direct  calculation (given below) ; the result 

d ~ (h~0~h~+~) = h~ (h~+~) ~ 

follows by  using the homomorphism of  Theorem 5.12~. I f  r = l ,  we have 

d~ (h,,,h~) = h~ h~+~ ha �9 

16 Commentarii Mmthematici Helvetici 
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We next consider ds. By Lemma 6.2, ~ ' a  has as a base the classes 

{(h~+i,,) ~} 
By considering the grading t, we see that  d a introduces no new relations be- 
tween the classes hihch~ unless r ----- 1. We then verify 

d~{(h~,0)q = (h0)~h~ + (h~) ~ 

by direct calculations (given below) ; the result 

dS{(h2,,) 2} = (h,)2h,+~ + (h,+~) ~ 

follows by using the homomorphism of Theorem 5.123 . 
The direct calculations are similar to those above. They are carried out in 

homology, and are as follows (for brevity we have replaced the symbol e,, ~ 
by its dimension (2 ~ -- 1)2i.) 

[11414]+[41114]+[41411]}  
d + [11216] + [211]6 ] +  [21611] : [217 ] +  [7 2] 

+ [4[3]2] + [31412 ] +  [3]2[4] 

d{  [21113] -~- [lt213] + [11312]} 
-4- [2[2123 = [3[3] 

{ [41111]+[11411]+[11114]}  
d -4- [112183 + [21113] + [21311] = [3[3] . 

This concludes the proof of Lemma 6.4, of Theorem 2.4, and of Theorem 1.1. 
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