
Engineering Science 220
Midterm Exam

Wednesday, 23 October 2013

Please write legibly, using a pen, and write your name

and put a box around your final answer for each step.

Vector calculus in cylindrical polars:
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Navier-Stokes Equations in cylindrical polars are:
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I. SHORT ANSWER QUESTIONS

1. Find and sketch the streamlines and pathlines of the two-dimensional flow field v1 = x/(1 + t), v2 = 2y/(2 + t).

2. A spherical bacterium of radius R is moving at a velocity U in an incompressible fluid of viscosity µ and density
ρ. Assuming that a poison stops the flagellar motor suddenly at a time t = 0, how far will the bacterium coast?
How long will it coast for?

3. Explain how an atomizer in a perfume bottle works, using the sketch of the apparatus below, figure 1. (hint:
what happens to a fluid when the local pressure drops below the atmospheric pressure?)

4. Consider two spherical helium balloons (radius R) that are anchored to a wall far away and are separated by a
distance h� R and we blow towards the center point between the balloons. Assume inertial flow and determine
the direction of deflection of the balloons. Use force balance to approximate the total force exerted on the
balloon.

5. Dust particles rotate, translate and tumble down as they fall through air. Consider now the 2D motion of a
homogeneous particle with an elliptic cross section (semi-major axes a > b) and estimate the velocity with which
it would fall assuming Stokes flow. When is this valid? Will the particle rotate? How can you make it rotate?

PB 

V 

Patm 

FIG. 1: Atomizer in a perfume bottle. Pressure PB > Patm is applied to the bulb and Patm is the atmospheric pressure.
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II. LONGER ANSWER QUESTIONS

1. A concrete-earth dam has a porous base of height d, and hydraulic permeability k, with a relatively impermeable
bed and top, separating the reservoir with water height H � d, from a barren valley downstream, as shown in
figure 2(a).

(i) A steady stream of water (density ρ and viscosity µ) with velocity V is observed to be trickling out from the
base. Assuming a uniform pressure gradient, use this information to determine the width of the porous region
of the dam L.

(ii) Out in the field you determine that the length that you calculated is far to long. This makes you think that
the fluid may be flowing through a crack of height δ, so that H � δ, see figure 2(b). Now, find the average
velocity and thence the effective width of the base.
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FIG. 2: Dam with (a) porous rock of thickness d with hydraulic conductivity k and (b) small crack of thickness δ.
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2. The Burgers vortex is a classic solution to the steady, incompressible Navier-Stokes Equations. To derive the
form of the velocity field in this vortex, we will start with a velocity of the form

u = −1

2
αrer + uθ(r)eθ + αzez,

where ei are the unit vectors in cylindrical polars and α > 0 is a constant.

(i) Show that the given form of the velocity satisfies the continuity equation, i.e.,

∇ · u = 0.

(ii) Deduce the vorticity of the flow and show that it is of the form

ω = ωez.

(iii) Now show that the equations of motion reduce to
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(iv) Finally, integrate to find the vorticity and then determine the form of uθ(r) applying the boundary conditions

uθ → 0 as r → 0 and uθ →
Γ

2πr
as r →∞.


