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Problem 1 (weight 25%)

We seek periodic, nonlinear solutions of
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y = 0, y(0) = 1,
dy(0)

dt
= 0,

where ǫ ≪ 1.
Find a periodic approximation correct to (and including) order ǫ by an
appropriate technique. Explain your steps.

Problem 2 (weight 15%)

From a laboratory experiment (details are not relevant and are thus omitted)
the following problem arises

g = f (x− g) ,

where f is a given function and the function g(x) is the unknown. We now
assume that f is small in the sense f = ǫF , where ǫ is a small and positive
number and F is of order 1. Find the two first terms in a perturbation
expansion for g.
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Problem 3 (weight 20%)

x

y

T = 0

T = T (y, t)

The semi-infinite space above the xy-plane is filled with a material which
initially inherits a uniform temperature. For positive times, t ≥ 0, the
material is cooled by applying a different, fixed temperature at the xy plane.
Using the temperature in the material minus the temperature at the xy-
plane as primary unknown the temperature evolution is governed by the
combined boundary and initial value problem (do not show this)

∂T

∂t
= κ

∂2T

∂y2
, T (0, t) = 0, T (y, 0) = T0 (1)

where T is the initial difference in temperature between material and the
xy-plane. Moreover, κ is a constant and T0 is the initial difference in
temperature.

3a (weight 10%)

Find a complete set of non-dimensional number from the quantities involved
in (1)

3b (weight 10%)

Show that
T = T0F (π̂),

where F is a function of a dimensionless number π̂. Explain why this
suggests that F is determined by an ordinary differential equation, with
boundary conditions. Find this boundary value problem, but do not solve
it.
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Problem 4 (weight 20%)
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Two mass particles, denoted by 1 and 2, respectively, move in the vertical
x, y plane under the influence of a uniform gravity field. The particles both
have mass m and they are connected by a mass-less inflexible rod of length
2ℓ. The center of gravity, ~rG = xG~ı+yG~, is thus located at the mid-point of
the rod. Using xG, yG and the angle of the rod, θ, as coordinates we obtain
(do not show this) the positions and velocities of the two particles on the
form (see figure)

~r1 = ~rG − ℓ~ır, ~r2 = ~rG + ℓ~ır,

~v1 = ~vG − ℓθ̇~ıθ, ~v2 = ~vG + ℓθ̇~ıθ,

where ~vG = ẋG~ı+ ẏG~ and ˙ denotes time differentiation. Moreover, ~ır and
~ıθ are unit vectors parallel and normal to the rod, respectively.

4a (weight 10%)

Find the Lagrangian for this system.

4b (weight 10%)

Find all the first integrals for the Lagrange-equations and explain the
physical significance of at least one of them.

Problem 5 (weight 20%)

We are given the differential equation

ǫ2
d2y

dx2
−W (x)y = 0,

where ǫ ≪ 1 and W > 0 everywhere. We do not bother with boundary
conditions in this problem. Use the WKB method to derive that a leading
order approximation to the solution of the differential equation is
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where A and B are constants of integration and xa is some chosen value of
x.

THE END


