Exercises for 12/9-2022

Exercise 1

Consider a fluid initially at rest between two infinite plates separated by a
distance h. At t = 0 the lower plate which is located at y = 0 is instantly
accelerated to a velocity Uy. By applying a no-slip condition at the plates,
the fluid above the lower plate will start to move due to friction. We assume
that the flow will reach the steady linear Couette flow profile u(y) = Up(1 —
y/h) as t — oco. Show that the velocity profile of the flow is

u(y,t) = Up(1 —y/h) — 2;]0 Z Sin()\ny)e—A%ut (1)
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with A\, = n7/h.

Exercise 2

Consider a fluid initially at rest inside a circular pipe of radius r¢ and of
infinite length in the flow direction. At ¢t = 0 a pressure gradient is applied
in the flow direction that forces the fluid to flow. As t — oo we know that
the flow profile is given by the steady state Poiseuille solution

Us(T) = Umax (1 - (r/r0)2) (2)

with Umax = —g%. Find the solution to the flow profile as
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where J; is the Bessel function of order 7.

Hint 1: solve the unsteady Poiseuille equation for the deviation v(r,t) to the
steady flow profile, i.e. v(r,t) = u(r,t) — us(r).

Hint 2: the general solution to z2V” + xV' + 22V = 0, with 2 = A\ /rg, is
V(r/ro) = Ado(Ar/r0).



Exercise 3

Consider the same problem as given in Problem 2, but now with a oscillating

pressure gradient
op

ox
Show that the flow profile solution is given as

ulr :Kei“t B Jo(ry/—iw/v)
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by assuming a late-time steady oscillatory velocity profile on the form u =
eV (r). Hint 2 from the previous problem is useful here with small modi-
fications.
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