
MEK4350, fall 2014

Oblig 1 = First compulsory assignment

We shall investigate the statistics of two measured time series: A time series
from the Draupner platform in the North Sea containing the New Year Wave1,
freak.data, and a time series from the Bay of Biscay off the northern coast of
Spain, WaveTimeSeries.dat.

The purpose of this exercise is first to asses to what extent real wave data are
Gaussian. Second, to assess to what extent the Rayleigh distribution, and the Hilbert
envelope, are useful for describing crests, troughs and wave heights.

The Draupner series has equidistant time intervals over a total time of 20 minutes.
The Spanish series has time in seconds given in the first column. The Draupner series
provides the vertical distance between the instrument and the sea surface, while the
Spanish series provides the vertical surface displacement, both given in meters. It
could be of interest to know that the Draupner series is from a laser fixed to a
bottom-mounted platform, while the Spanish series is from a buoy, but we will not
be concerned with the possible consequences of the measurement methods here.

Problem 1 — Elementary statistics

Compute the mean µ, the variance σ2, the skewness γ and the kurtosis κ of the
surface elevation. Check that the mean is zero, as a matter of choosing the origin
along the vertical axis. Check the values of skewness and kurtosis in comparison
with the reference values for the Gaussian distribution.

Problem 2 — Spectrum

Plot the spectrum S(f). Let the first axis be linear with unit Hz for frequency
(not angular frequency) and be in the range from 0 to the Nyquist frequency. Let
the second axis be logarithmic over 4 decades (as the Draupner data are given with
4 digits, it will not be significant to plot more than 4 decades, and the buoy is known
to have limited accuracy). Such a plot can be made with the command semilogy.

Check the normalization of the spectrum; the area under the curve should be
equal to the variance of the surface elevation.

Find the peak frequency fp, and find the characteristic frequencies corresponding
to the period estimations Te, Tm01, Tm02. Plot these frequencies as vertical lines that
intersect the spectral curve.

Optional: Compute also Tz, the mean zero-downcrossing period, and plot also the cor-

responding frequency.

Problem 3 — Distribution of surface elevation

Plot the empirical distribution function F (z) for surface elevation. Compare it
with the theoretical curve for the normal distribution. Do this on linear scale. Nor-
malize the surface elevation by the standard deviation of the surface elevation.

Hint: Show that the cumulative normal distribution can be expressed by the error
function erf.

1Read “Freak wave event at Draupner jacket, January 1 1995” by Sverre Haver for a description.
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Problem 4 — Distribution of extreme surface elevation

Study the distribution of extreme negative surface elevation using the empirical
cumulative distribution on semilogy scale, logF (z), and compare with the Gaussian
distribution. Normalize as in Problem 3.

Study the distribution of extreme positive surface elevation using the empirical
exceedance distribution on semilogy scale, log(1 − F (z)), and compare with the
Gaussian distribution. Normalize as in Problem 3.

Hint: Show that the Gaussian exceedace distribution can be expressed by the
complementary error function erfc.

Problem 5 — Envelopes computed with the Hilbert transform

One way of computing envelopes is to use the absolute value of the Hilbert
transform. In matlab, the Hilbert transform of x can be computed by hilbert(x)

which is equivalent to:

n = length(x);

ft = ifft(x);

hilt = ft.*[0; i*ones(n/2-1,1); 0; -i*ones(n/2-1,1)];

hil = x + i*fft(hilt);

Plot the measured time series together with the upper and lower envelopes ob-
tained by means of the Hilbert transform. Are the envelopes tangent to the time
series in such a way that the measured time series are always inside the envelopes?

Problem 6 — Hilbert envelope distribution and Rayleigh distribution as

approximations for crest and wave height distributions

Plot the empirical exceedance distribution of the Hilbert envelope, which can
be used as an estimate for wave crests in the case of the wave field being narrow-
banded. Compare with the Rayleigh distribution for crest height derived under the
assumption of small bandwidth. Do this on semilogy scale. Normalize as in Problem
3.

For the case of narrow-banded waves, the wave height can be approximated by
twice the Hilbert envelope. Repeat the analysis in the previous paragraph.

Warning: The wave fields studied here are not narrow-banded, there-

fore a more realistic analysis is afforded by the next optional problem,

which involves a lot of work!

Optional Problem 7: Empirical distribution of true crests, troughs and wave

heights

Find the true individual crests, troughts and wave heights from the data, plot their em-
pirical (exceedance) distribution functions on semilogy scale, and compare with the results
from Problem 6. This can be done in two different ways:

Zero-downcrossing crest: The maximum measurement ηn between two downcrossings.
All local crests: Any measurement ηn greater than both ηn−1 and ηn+1.
Hint: You should find that the Hilbert envelope and the Rayleigh distribution overesti-

mate the probability of large waves.
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