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Piecewise polynomials and splines: beyond linear regression

For regression problems:

‚ usually fpXq “ ErY |Xs is considered linear in X:
§ easy and convenient approximation;
§ first Taylor expansion;
§ model easy to interpret;
§ smaller variance (fewer parameter to be estimated);

‚ often in reality fpXq is not linear in X;

‚ IDEA: use transformations of X to capture non-linearity and
fit a linear model in the new derived input space.
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Piecewise polynomials and splines: linear basis expansion

Consider the following model (linear basis expansion in X),

fpXq “
M
ÿ

m“1

βmhmpXq,

where hmpXq : Rp Ñ R denotes the m-th transformation of X.

Note:

‚ the new variables hmpXq replace X in the regression;

‚ the new model is linear in the new variables;

‚ usual fitting procedures are used.
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Piecewise polynomials and splines: choices of hmpXq

Typical choices of hmpXq:

‚ hmpXq “ Xm: original linear model;

‚ hmpXq “ X2
j or hmpXq “ XjXk: polynomial terms,

§ augmented space to achieve higher-order Taylor expansions;
§ the number of variables grows exponentially (Oppdq, where d is

the order of the polynomial, p the number of variables);

‚ hmpXq “ logpXjq,
a

Xj , . . . : non-linear transformations;

‚ hmpXq “ 1pLm ď Xk ă Umq: indicator for a region of Xk,
§ breaks the range of Xk into Mk non-overlapping regions;
§ piecewise constant contribution of Xk.
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Piecewise polynomials and splines: introduction

Remarks:

‚ particular functional forms (e.g., logarithm) are useful in
specific situations;

‚ polynomial forms are more flexible but limited by their global
nature;

‚ piecewise-polynomials and splines allow for local polynomials;

‚ the class of functions is limited,

fpXq “

p
ÿ

j“1

fjpXjq

“

p
ÿ

j“1

M
ÿ

m“1

βjmhjmpXjq,

by the number of basis Mj used for each component fj .
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Piecewise polynomials and splines: piecewise constant

The piecewise constant
function:

‚ simplest solution;

‚ three basis functions:
§ h1pXq “ 1pX ă ξ1q
§ h2pXq “ 1pξ1 ď X ă ξ2q
§ h3pXq “ 1pξ2 ď Xq

‚ disjoint regions;

‚ fpXq “
ř3
m“1 βmhmpXq;

‚ β̂m “ Ȳm, the mean of Y in
the region m.
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Piecewise polynomials and splines: piecewise linear

A piecewise linear fit:

‚ a linear fit instead of a
constant fit in each region;

‚ three additional basis
functions:

§ h4pXq “ h1pXqX
§ h5pXq “ h2pXqX
§ h6pXq “ h3pXqX

‚ β̂1, β̂2, β̂3 are the intercepts;

‚ β̂4, β̂5, β̂6 are the slopes;
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Piecewise polynomials and splines: piecewise linear

A continuous piecewise linear fit:

‚ force continuity at knots;

‚ generally preferred to the
non-continuous version;

‚ add constraints,
§ β̂1 ` ξ1β̂4 “ β̂2 ` ξ1β̂5;
§ β̂2 ` ξ2β̂5 “ β̂3 ` ξ2β̂6;

‚ 2 restrictions Ñ 4 free
parameters;
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Piecewise polynomials and splines: piecewise linear

The constraint can be directly
incorporated into the basis
functions,

‚ h1pXq “ 1

‚ h2pXq “ X

‚ h3pXq “ pX ´ ξ1q`

‚ h4pXq “ pX ´ ξ2q`

where p¨q` denotes the positive
part.
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Piecewise polynomials and splines: piecewise cubic polynomials

Further “improvements”:

‚ smoother functions;

‚ increase the order of the
polynomials;

‚ e.g., a cubic polynomial in
each disjoint region;

Ó

discontinuous piecewise
cubic polynomials.
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Piecewise polynomials and splines: piecewise cubic polynomials

Also in this case:

‚ we can force the function to
be continuous at the nodes;

‚ by adding constrains;

Ó

continuous piecewise
cubic polynomials.
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Piecewise polynomials and splines: piecewise cubic polynomials

Since we have third order
polynomials:

‚ we can increase the order of
continuity at knots;

‚ not only fpξ´k q “ fpξ`k q;

‚ additionally, f 1pξ´k q “ f 1pξ`k q.

Ó

first derivative continuous
piecewise cubic polynomials.

STK-IN4300: lecture 6 13/ 44

STK-IN4300 - Statistical Learning Methods in Data Science

Piecewise polynomials and splines: piecewise cubic polynomials

Finally,

‚ further increase the order of
continuity;

‚ constrain f2pξ´k q “ f2pξ`k q

Ó

cubic splines.

Basis for cubic splines with two
knots ξ1 and ξ2:

h1pXq “ 1, h3pXq “ X2, h5pXq “ pX ´ ξ1q
3
`

h2pXq “ X, h4pXq “ X3, h6pXq “ pX ´ ξ2q
3
`
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Piecewise polynomials and splines: general order-M splines

In general, an order-M spline with knots ξj , j “ 1, . . . ,K:

‚ is a piecewise-polynomial of degree M ´ 1;

‚ has continuous derivatives up to order M ´ 2;

‚ the general form of the basis is:

hjpXq “ Xj´1, j “ 1, . . . ,M ;

hM``pXq “ pX ´ ξ`q
M´1
` , ` “ 1, . . . ,K;

‚ e.g., cubic spline Ñ M “ 4;

‚ cubic splines are the lowest-order spline for which the
discontinuity at the knots cannot be seen by a human eye

ó

no reason to use higher-order splines
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Piecewise polynomials and splines: specifications

For this kind of splines (a.k.a. regression splines), one needs to:

‚ specify the order of the spline;

‚ select the number of the knots;

‚ choose their placement.

Often:

‚ use cubic splines (M “ 4);

‚ use the degrees of freedom to choose the number of knots;

‚ e.g., for cubic splines,
§ 4 degrees of freedom for the first cubic polynomial;
§ 1 degree of freedom for each knot (4´ 1´ 1´ 1);
§ number of basis = number of knots + 4;

‚ use the xi to place the knots;
§ e.g., with 4 knots, 20th, 40th, 60th, 80th percentiles of x.
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Piecewise polynomials and splines: natural cubic splines
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Piecewise polynomials and splines: natural cubic splines

At the boundaries:

‚ same issues seen for kernel density;

‚ high variance.

Solution:

‚ force the function to be linear beyond the boundary knots;

‚ by adding additional constraints;

‚ it frees up 4 (2 for each boundary) degrees of freedom.

Basis (derived from those of the cubic splines):

N1pXq “ 1 N2pXq “ X Nk`2pXq “ dkpXq ´ dK`1

where

dk “
pX ´ ξkq

3
` ´ pX ´ ξKq

3
`

ξK ´ ξk
.
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Piecewise polynomials and splines: example
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Piecewise polynomials and splines: example
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Smoothing splines: introduction

To avoid choosing the number of knots and their placement:

‚ use the maximal number (one for each observation);

‚ control the complexity with a penalty term.
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Smoothing splines: minimizer

Consider the minimization problem,

f̂pxq “ argminfpxq

#

N
ÿ

i“1

pyi ´ fpxiqq
2 ` λ

ż

tf2ptqu2dt

+

such that fpxq has two continuous derivatives.
Here λ is the smoothing parameter:

‚ λ “ 0 Ñ no constraint (fpxq can be any function
interpolating the data);

‚ λ “ 8 Ñ least squares line fit (no curvature tolerated).

It can be shown that the unique minimizer is a natural cubic spline
with knots at the unique values xi, i “ 1, . . . , N .
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Smoothing splines: solution

If we consider the natural spline

fpxq “
N
ÿ

j“1

Njpxqθj ,

then
θ̂ “ argminθ

 

py ´NθqT py ´Nθq ` λθTΩNθ
(

,

where:

‚ tNuij “ Njpxiq, and Njp¨q are the basis functions;
‚ tΩujk “

ş

N2j ptqN
2
k ptq dt.

Therefore,
θ̂ “ pNTN ` λΩN q

´1NT y

and

f̂pxq “
N
ÿ

j“1

Njpxqθ̂j .
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Smoothing splines: example
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Selection of the smoothing parameters: linear operators

Polynomial splines and smoothing splines are linear operators:

‚ cubic splines: f̂pxq “ BξpB
T
ξ Bξq

´1BT
ξ

looooooooomooooooooon

Hξ

y;

‚ smoothing splines: f̂pxq “ NpNTN ` λΩN q
´1NT

loooooooooooooomoooooooooooooon

Sλ

y.

Hξ is called hat matrix, Sλ smoothing matrix:

‚ they do not depend on y (linear [operator / smoother]);

‚ are symmetric and semidefinite positive;

‚ HξHξ “ Hξ (idempotent), SλSλ ĺ Sλ (shrinking);

‚ Hξ has rank M , Sλ has rank N .
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Selection of the smoothing parameters: degrees of freedom

The expression M “ tracepHξq gives:

‚ the dimension of the projection space;

‚ number of basis function;

‚ number of parameters involved in the fit.

Similarly, we define the effective degrees of freedom as

dfλ “ tracepSλq.

We can fix the degrees of freedom and find the value of λ:

‚ e.g., in the last example, dfλ “ 12 Ñ λ “ 2.2ˆ 10´4.
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Selection of the smoothing parameters: example
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Selection of the smoothing parameters: example
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Selection of the smoothing parameters: example
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Selection of the smoothing parameters: smoother matrices

Let us rewrite Sλ in his Reinsch form,

Sλ “ pI ` λKq
´1,

where K (penalty matrix) does not depend on λ.

The eigen-decomposition of Sλ is

Sλ “
N
ÿ

k“1

ρkpλquku
T
k

with ρkpλq “
1

1`λdk
and dk the corresponding eigenvalue of K.
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Selection of the smoothing parameters: smoother matrices

Note that:

‚ the eigenvectors are not affected by changes in λ,
§ the whole family of smoothing splines indexed by λ has the

same eigenvectors;

‚ Sλy “
řN
k“1 ukρkpλqxuk, yy,

§ smoothing splines decompose y w.r.t. the basis uk;
§ differentially shrink the contribution using ρkpλq;

‚ different from polynomial splines where
§ use M bases;
§ the first M eigenvalues of Hξ are 1, the rest 0;
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Selection of the smoothing parameters: smoother matrices

‚ the eigenvalues ρkpλq “ 1{p1` λdkq are inverse function of
the eigenvalues dk of the penalty matrix K, moderated by λ,

ρkpλq “
1

1` λk
;

§ λ controls the rate at which ρkpλq decreases to 0;
§ d1 “ d2 “ 0, no penalty for linear functions.

‚ the sequence of uk increases in complexity while the
corresponding ρkpλq decreases,

§ the higher the complexity, the larger the shrinkage.
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Selection of the smoothing parameters: bias variance trade-off

Consider the following example:

‚ Y “ fpXq ` ε;

‚ fpXq “ sinp12pX`0.2qq
X`0.2 ;

‚ ε „ Np0, 1q;

‚ X „ Unifr0, 1s;

‚ N “ 100.

We fit smoothing splines with three different values of dfλ:

‚ dfλ “ 5;

‚ dfλ “ 9;

‚ dfλ “ 15.
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Selection of the smoothing parameters: bias variance trade-off
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Selection of the smoothing parameters: bias variance trade-off

In yellow it is shown the area f̂λpxq ˘ 2 ¨ sepf̂λpxqq.

Since f̂pxq “ Sλpxqy,

Covpf̂pxqq “ SλCovpyqSTλ “ SλS
T
λ

The diagonal contains the pointwise variances at the points xi.

About the bias,

Biaspf̂pxqq “ fpxq ´ Epf̂λpxqq “ f ´ Sλf.

We can estimate bias and variance via Monte Carlo methods.
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Selection of the smoothing parameters: bias variance trade-off

Note from the last figure:

‚ dfλ “ 5: strong bias, low variance;
§ trim down the hills and fill the valleys behaviour;

‚ dfλ “ 9: the bias is strongly reduced, paying a relatively low
price in terms of variance;

‚ dfλ “ 15: close to the true function (i.e., low bias), but
somehow wiggly Ñ high variance.

Here the term “bias” is used loosely, in the picture it is actually
shown f̂pxq, not Erf̂pxqs.
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Selection of the smoothing parameters: bias variance trade-off

We want to minimize the expected prediction error,

EPEpf̂λpxqq “ VarpY q ` Erbias2pf̂λpxqq ` Varpf̂λpxqqs

We do not know the true function Ñ cross-validation:

‚ K-fold cross-validation;

‚ leave-one-out cross validation,

CVpf̂λpxqq “
1

N

N
ÿ

i“1

pyi ´ f̂
p´iq
λ pxiqq

2

“
1

N

N
ÿ

i“1

˜

yi ´ f̂λpxiq

1´ Sλ ri,is

¸2

STK-IN4300: lecture 6 37/ 44

STK-IN4300 - Statistical Learning Methods in Data Science

Selection of the smoothing parameters: bias variance trade-off
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Multidimensional splines: multidimensional splines

All spline models generalize to multidimensional cases.

Consider X P R2, then

gpXq “
M1
ÿ

j“1

M2
ÿ

k“1

θjkgjkpXq,

where:

‚ gjkpXq is an element of the M1 ˆM2 tensor product basis

gjkpXq “ h1jpX1qh2kpX2q, j “ 1, . . . ,M1, k “ 1, . . . ,M2;

‚ h1jpX1q is a set of M1 basis for the coordinate X1;

‚ h2jpX2q is a set of M2 basis for the coordinate X2;

‚ θ “ θjk is the M1 ˆM2-dimensional vector of coefficients.
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Multidimensional splines: multidimensional splines
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Multidimensional splines: multidimensional smoothing splines

Smoothing splines can be extended to more than one dimension as
well, by generalizing

f̂pxq “ argminfpxq

N
ÿ

i“1

tyi ´ fpxiqu
2 ` λJrfpxqs,

where Jrfpxqs takes care of the “smoothness” in Rd.

For example, in the case d “ 2,

Jrfpxqs “

ż

R

ż

R

«

ˆ

B2fpxq

Bx21

˙2

` 2

ˆ

B2fpxq

Bx1Bx2

˙2

`

ˆ

B2fpxq

Bx22

˙2
ff

dx1dx2.
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Multidimensional splines: multidimensional smoothing splines

The minimizer f̂pxq (in R2) is known as thin-plate spline:

‚ for λÑ 0, f̂pxq Ñ interpolation function;

‚ for λÑ8, f̂pxq Ñ least square hyperplane;

‚ for intermediate values of λ, linear expansion of basis with
their coefficients computed by a form of generalized ridge.

The solution has the form

fpxq “ β0 ` β
Tx`

N
ÿ

j“1

αjhjpxq,

where hjpxq “ ||x´ xj ||
2 log ||x´ xj || (radial basis function).
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Multidimensional splines: multidimensional smoothing splines

Remarks:

‚ the computational complexity is OpN3q;

‚ often the thin-plate splines are only computed on a grid of K
knots distributed on the domain (see figure);

‚ the computational complexity reduces to OpNK2 `K3q;

Simplification:

‚ by imposing a specific structure;

‚ e.g., additivity:
§ fpxq “ α` f1px1q ` ¨ ¨ ¨ ` fdpxdq (GAM, see next lecture);
§ then

Jrfpxqs “ Jpf1px1q ` ¨ ¨ ¨ ` fdpxdqq

“

d
ÿ

j“1

ż

f2j ptjqdtj .
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Multidimensional splines: multidimensional smoothing splines
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