Properties of the Conditional Expectation

Let us recall some properties of the conditional expectation (we assume below that all
expectations are finite).

1. If n is G-measurable random variable, then E(n | G) = n a.s.

2. If n is independent of the o-algebra G, then E(n | G) = En a.s.

3. If n is measurable with respect to G, then E(n7 | G) = nE(7 | G) a.s.
4. 1f Gy C Go, then E(E(y | G2) | G1) = E(n| G1) as.

5. E(E(n|G)) = En.

6. Suppose that E£2 < oo. Then

E(E(]9) <E, ic., [EE]G) < llél

and
min )E(§ —n)?=E(E-E(&|9))%

n€L?(Q,G,P

7. Let £ be a G-measurable random variable, and 7 a random variable independent of
G. Then

where m(z) = E( f(z, 77)) The corresponding expression will be denoted by

E(f(x,n))|
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Problem
Let {&,,n > 1} be independent identically distributed random variables such that
El&] =a, var[g] =07 i>1.
Define the o-algebra F,, = 0(&1,&s, ..., &,). Calculate:
(@) E(&t + &+ ...+ & | Fr);
(b) E(§1-& .. & | Fi);
(e) E((&)% (&) (€)% | Fi);
(d) B((& + &+ ...+ &) Fo)



