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Risk neutral pricing

A contingent claim is a random variable X representing the payoff at time T

of a financial contract which depends on the values of the risky assets in the
market.

Example
Consider the market with T =2, K =4, S (0) =5,

8 if w=w,w o if w=uw

S(1l,w) = . _ L2 sw)=( 6 if w=wyws
4 if w=wswy 30 wew
= wy

@ X = (S(2) —5)". European call option with strike 5.

X = (max (0,9 —5),max (0,6 — 5),max (0,6 — 5),
max (0,3-5))" = (4,1,1,0)".
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Risk neutral pricing

Example 1

+
oY= (% Y2 ,S () — 5) . Asian call option with strike 5.

+
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Yl—<3 S(t,wl)—5> —max<0,3(5+8+9)
=0

0,=(5+8+6)

W =

(
Y, = (;gsa,m)—5>+ — max (0,;(5—1—4—1—6)
(

+
1 2
Yy = (ZS(t,w4)5> = max
35

which yields Y = (7/3,4/3,0,0)".
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Risk neutral pricing

Standing Assumption: The financial market model is arbitrage free. A
contingent claim X is attainable (or marketable) if there exists a
self-financing trading strategy such that V (T) = X.

Such strategy is said to replicate or generate or hedge X. The time ¢ value
of an attainable contingent claim X, denoted by Px (t) ,is equal to V (t), the
time ¢ value of a portfolio generating X. Moreover,

V (t) = Eq Lf((?)x‘]—}}, t=0,.,T, QeM.
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Risk neutral pricing

@ In order to sell a contingent claim X the seller must find the trading
strategy that replicates/hedges X.

@ We will see three methods for finding a hedging strategy.

First method
@ We must know the value process V.= {V (t)},_y .
@ We solve

V(t) = Ho (t) + ZHn t=1,..,T,

taking into account that H must be predictable.
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Risk neutral pricing

Second method
@ All we know is X.

@ In this method, we work backwards in time and find V () and H ()
simultaneously.

@ Since V (T) = X, we first find H (T) by taking into account that H is
predictable and solving

X = Hy (T) B(T) + Y. Hy (T, (T)
n=1

@ Using that H is must be self-financing, we find V (T — 1) by computing

V(T—1)=Hy(T)B(T—-1) —|—%Hn T)S, (T—1).

n=1
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Risk neutral pricing

Second method

@ Next, taking into account that H is predictable, we find H (T — 1) by
solving

V(T —1)=Hy(T-1)B ZHn T—-1)S,(T—-1).

@ We repeat this procedure until computing V (0).
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Risk neutral pricing

Third method
@ It relies on the fact that the self-financing condition

V*(0)+ G* (t) =V* (1),
is equivalent to
Ve (t—1)+ % Hy (£) AS;, (1) = V™ (t).
n=1

@ We can use this system of equations, together with the predictability
condition on H (t) = (H; (t),.... Hy (£))7, to find V* (t — 1) and H (¢).
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Risk neutral pricing

Third method
@ Then, we can find

Hy(t) =V*(t—1) %Hn Si(t—1),
n=1
V(t—1)=B(t-1)V*(t—1).

@ We begin with V* (T) = X/B(T) and work backwards in time.
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Risk neutral pricing

Example (Continuation Example 1)

Consider the market with T =2, K =4, S (0) =5,

8 if w=ww 9 if w=w

S(lw)= . _ L2 s ={ 6 if w=wyws
4 if w=uwswy 3 f wew
= Wy

@ Suppose r = 0. We know that Q = (1/6,1/12,1/4,1/2)T is the unique
martingale measure in this market.
+
@ Consider X = (S(2) —5)" and Y = (%Z%:O S(t)— 5) or in vector
notation X = (4,1,1,0)" and Y = (7/3,4/3,0,0)".

@ Compute the price of X for each t and a self-financing trading strategy
generating X. (Using the first and second methods)

@ Do the same for Y using the third method.
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