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13. Continuous-Time Limit of CRR Security Prices

Source: Petters–Dong, Sec. 5.3.2, The Continuous-Time Security Price Formula, pp. 241–245;
supporting material from Petters–Dong, Sec. 5.2.1, The Real-World CRR Tree, pp. 219–230;
Petters–Dong, Sec. 5.2.2, The Risk-Neutral CRR Tree, pp. 230–236; Petters–Dong, Sec. 5.3.1,
The Lindeberg Central Limit Theorem, pp. 237–242; Lecture 13 (Week 44, Tuesday 27 October
2026).

CRR Inputs
CRR time step.

hn = τ

n

CRR up and down factors.
un ≈ eσ

√
hn , dn ≈ e−σ

√
hn

Real-world and risk-neutral drifts.

µRW = m − δ − σ2

2 , µ∗ = r − δ − σ2

2

Risk-neutral one-step log drift.

p∗
n = e(r−δ)hn − dn

un − dn

, µ∗
n = p∗

n log un + (1 − p∗
n) log dn

hn

Risk-neutral drift limit.

µ∗
n = r − δ − σ2

2 + O(hn), µ∗
n → µ∗

One-Step Log Returns
One-step log return.

Ln,j = log
(

S(tj)
S(tj−1)

)

Mean and variance of one-step log return.
E[Ln,j] = µnhn, Var(Ln,j) = σ2

nhn

Date: Autumn 2026.

1



FORMULA SHEET: LECTURE 13 2

Standardized one-step log return.

Xn,j = Ln,j − µnhn

σn

√
hn

Normalized sum.
Zn = 1√

n

n∑
j=1

Xn,j

Discrete CRR Security Price
Discrete CRR price formula.

S(n)(t(n)
n ) = S0e

µnτ+σn
√

τZn

Central limit theorem input.

Zn
d−→ Z, Z ∼ N(0, 1)

Continuous-Time Security Prices
Real-world terminal convergence.

S(n)(t(n)
n ) d−→ S(tf ),

S(tf ) d= S0e
µRW τ+σ

√
τZ

Real-world continuous-time formula.
S(t) d= S0e

µRW t+σ
√

t Zt , Zt ∼ N(0, 1)

Risk-neutral continuous-time formula.
S(t) d= S0e

µ∗t+σ
√

t Z∗
t , Z∗

t ∼ N(0, 1)

Expected real-world price.
E[S(t)] = S0e

(m−δ)t

Expected risk-neutral price.
E∗[S(t)] = S0e

(r−δ)t

Change from Real-World to Risk-Neutral
Normal-coordinate shift.

Z∗
t = Zt + µRW − µ∗

σ

√
t = Zt + m − r

σ

√
t

Under its own probability description, Zt is standard normal and Z∗
t is also standard

normal. The formula above is a coordinate relation between the real-world and
risk-neutral descriptions of the same stock-price level.

Geometric Brownian Motion Notation
Real-world GBM form.

S(t) = S(0)eµRW t+σB(t), B(t) d=
√

t Zt

Risk-neutral GBM form.
S(t) = S(0)eµ∗t+σB∗(t), B∗(t) d=

√
t Z∗

t
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