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14. THE BSM MODEL AND THE BSM PDE

Source: Petters—Dong, Sec. 8.1, The BSM Model, pp. 384-391; Lecture 14 (Week 45, Tuesday
3 November 2026).

Petters-Dong writes Brownian motion as a script-style B, and writes the dividend
yield as q. These notes use W, for Brownian motion and ¢ for dividend yield, while
B; denotes the money market account.

Money Market Account

Money market account.

Bt = Boert
Money market account dynamics.

dBt = TBtdt
Underlier Model
Real-world lognormal underlier.

2
Sy = SoeﬂRWt'f‘O'Wt, g =m — & — %
Ex-dividend underlier dynamics.
dSt = (m — 5)Stdt + O'Stth

Cum-dividend underlier.

S¢ = %S,
Cum-dividend underlier dynamics.

dS; = mSidt + o S;dW,

Derivative Price
Derivative price as a deterministic function.

ft = f(St7 t)
Ito Formula
Deterministic chain rule.

d ’ dX, /
%Q(Xt) =9 (Xt>ﬁa dg(X:) = ¢'(Xi)dX,
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Stochastic correction for g(X;).

dg(X,) = ¢ (X)X, + 5"(X)(dX.)?

Formal differential rules.
(dt)* =0, dt dW, = 0, (dW,)* = dt

Squared increment for an SDE.
dXt = Utdt + 'Utth,
(dXt)2 = U?dt

Time-independent Ito formula.

1
dg(Xt) = Utg,(Xt> =< 57},:29”()(1%) dt =F Utg/<Xt)th

Time-dependent correction.

1
dg(Xn t) = gx(Xt7 t)dXt + gt(Xt, t>dt + §gxx(Xta t)(dXt)Q

Time-dependent Ito formula.

1
dg(X, 1) = [Eqﬁ(xt, )00 (s, 8) + w(Xs, )90(X, £) + gu(Xo, t)} dt

+ U(Xta t).gx (Xta t>th

Ito formula for the derivative price.
1
df (S, 1) = [50253 Faa(Ses ) + (m — 8)8, fu(S0s 1) + £S5, t)} dt
+ 0S¢ f2 (S, t)dW,

Self-Financing Replication

Replicating portfolio value.
‘/t = ntStC i stt = f(St,t)

Self-financing condition.
d‘/; = ntdStc ol btdBt

Bank-account holding from replication.
f(St, t) — ’I’LtStC

b, =
t B,

Portfolio differential from self-financing.

d‘/t = [Tf(St, t) =F nt(m — T)Sﬂ dt =+ TltO'Stcht

Delta and Holdings

Risky holding from matching dWW; terms.
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Delta.
Af(Sb t) = fx(Stv t)

Bank-account holding in delta form.
f(Se,t) — SiAf (S, 1)
B,

bt:

BSM PDE

BSM p.d.e. at the random point S;.
1
§G2St2fxx(st7t) + (1 = 0)S: fo(St, t) + fi(Si,t) — 7f(Si,t) =0

Deterministic BSM p.d.e..

%a%ﬂ o, 8) + (1 — Oz ful@, £) + fila,1) — rf(@, £) = 0

The physical expected return m cancels in the derivation. The BSM p.d.e. depends
on r, d, and o, but not on m. This reflects no-arbitrage pricing by replication.

Final Condition

Final condition for terminal payoff ®.

f(@,T) = (x)
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