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Problem 1

Write down and explain with at least one example the concepts presented below.
It is okay to use examples from the lecture notes, but it will be highly appreciated
if you build your own examples!

(a) A σ-algebra on a set E.

De�nition 0.1 (σ algebra) Let E ⊆ P(E) be a non-empty family of subsets
of E. Then we say that E is a σ-algebra of sets if it contains the total set E,
is closed under countable unions and complements. In other words,

1. E ∈ E,
2. given {Ei}∞i=1 ⊂ E implies that

⋃∞
i=1 ∈ E,

3. given F ∈ E implies that F c = E \ F ∈ E.

Example 0.2 Let E = {a, b, c} then three possible σ-algebras on E are

E1 = {∅, {a}, {b, c}, E},
E2 = {∅, {c}, {a, b}, E},
E3 = {∅, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}, E}.

We see that E1 ⊂ E3 and E2 ⊂ E3 but E1 and E2 are not contained in each other.

(b) A measurable space.

De�nition 0.3 (Measurable space) The pair (E, E) where E is a set and
E is a σ-algebra of subsets of E is called a measurable space.

Example 0.4 Any of the above examples are measurable spaces (E, Ei) for
i = 1, 2, 3.

(c) A measure µ on a measurable space and a measure space.
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De�nition 0.5 (Measure) Let (E, E) be a measurable space. Then a map-
ping µ : E → [0,∞] is called a measure if:

1. µ(∅) = 0,

2. (σ-additivity): given {Ei}∞i=1 ⊂ E such that Ei ∩ Ej = ∅, i ̸= j, then

µ

(
∞⋃
i=1

Ei

)
=

∞∑
i=1

µ(Ei).

De�nition 0.6 (Measure space) A measure space is a triplet (E, E , µ) formed
by a set E, a σ-algebra E on E and a measure µ on the measurable space (E, E).

Example 0.7 Some examples are:

1. Borel measures: Let (R,B(R)) be the measurable space consisting of the
real numbers and the Borel σ-algebra. Then any measure on (R,B(R)) is
called Borel measure. Example: Lebesgue measure is a Borel measure
where µ((a, b]) = b−a. Lebesgue-Stieltjes measure is a Borel measure
where µF (a, b]) = F (b) − F (a) for a �xed increasing function F . Dirac
measure is a Borel measure such that µa(A) = 1 if a ∈ A and µa(A) = 0
if a /∈ A for a �xed point a ∈ R and all Borel sets A.

2. Counting measure: The measure that counts the number of elements
of any subset is known as the counting measure, i.e. µ(F ) = #F for all
F ∈ E. For example, if E = N and E = P(N) then µ({1, . . . , n}) = n for
any n ∈ N and µ(N) = ∞. This measure is σ-�nite, but not �nite.

3. Probability measure: Any measure µ in a measure space (E, E , µ) such
that µ(E) = 1 is called a probability measure and (E, E , µ) is called a
probability space.

(d) A complete measure (with an example of complete and non-complete measure).

De�nition 0.8 (Negligible set) Let (E, E , µ) be a measure space and N ⊆
E. We say that N is a negligible set if there exists F ∈ E such that N ⊆ F
and µ(F ) = 0. We denote by Nµ or simply N when it clear what the measure
is, the set of all negligible sets.
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De�nition 0.9 (Complete measure) Let (E, E , µ) be a measure space and
denote by Nµ the set of negligible sets. We say that µ is complete when all
the negligible sets are measurable, that is Nµ ⊆ E. In other words, for every
F ⊆ N , N ∈ Nµ implies that F ∈ Nµ.

Example 0.10 An example of an incomplete measure is the following: E =
{a, b, c} with the σ-algebra E = {∅, {a, b}, {c}, E} and a measure such that
µ({a, b}) = 0. Then µ is not complete because {a} is a negligible set, indeed,
{a} ⊂ {a, b} ∈ E with µ({a, b}) = 0 but {a} itself is not measurable since {a} /∈
E. Nevertheless, we could �complete� the measure µ by adding {a} into E, this
would force us to also add the set {b, c} and hence also {b} = {a, b} ∩ {b, c}
and thus {a, c} as well. Now, µ({a}) ≤ µ({a, b}) since {a} ⊂ {a, b} and hence
µ({a}) = 0 since µ({a, b}) = 0. This would also imply µ({b, c}) = µ(E) since
µ({b, c}) = µ({a, b, c} \ {a}) = µ(E)− µ({a}) = µ(E).

(e) A measurable function between measurable spaces.

De�nition 0.11 (Measurable mapping) Let f : (E, E) → (F,F) be a
mapping between measurable spaces. We say that f is (E ,F)-measurable if
for every B ∈ F we have that f−1(B) ∈ E. If the σ-algebras are clear from
the context we simply say that f is measurable.

Example 0.12 Let (E, E) and (R,B(R)) be measurable spaces. Let A ⊆ E
be a subset of E. Then consider the function IA : E → R that assigns 1 to
elements inside A and 0 to elements outside A. Then IA is measurable if, and
only if A ∈ E. Indeed, let B ∈ B(R) be a Borel set. Then if 0 /∈ B and 1 /∈ B,
we have I−1

A (B) = ∅ ∈ E. If B is such that 1 ∈ B but 0 /∈ B then I−1
A (B) = A.

If B is such that 1 /∈ B and 0 ∈ B the I−1
A (B) = Ac and �nally, if 1 ∈ B and

0 ∈ B then I−1
A (B) = E ∈ E. Hence, IA is measurable if, and only if A ∈ E

(and hence Ac ∈ E by de�nition of σ-algebra).

(f) The concept of almost everywhere (a.s) or almost surely (a.s) in the context
of probability. Give an example of a property that holds a.e. or a.s. but not
on the entire space.

4



De�nition 0.13 (Almost everywhere) Let (E, E , µ) be a measure space. A
property P is said to hold almost everywhere in E if there exists a set N ∈ E
with µ(N) = 0, and all x ∈ E \N have the property P . Another common way
of expressing the same thing is to say that �almost every point satis�es P�,
or that �for almost every x, P (x) holds�.

De�nition 0.14 (Almost surely) Let (Ω,A,P) be a probability space, that
is a measure space with P[Ω] = 1. Then we say that a property P holds almost
surely if it holds in all points ω except on a set N ∈ A such that P[N ] = 0.

Example 0.15 Let f : R → R be the function f(x) = |x|. Then f is C∞

(Lebesgue) a.e. Indeed, the only point where f is not C∞ is at x = 0 but
λ({x}) = 0 (where λ here denotes the Lebesgue measure), hence f is C∞

almost everywhere. The same would be true if the property failed in a countable
set of points.

(g) The concept of push-forward measure.

De�nition 0.16 (Push-forward measure) Let (E, E , µ) be a measure space,
(F,F) a measurable space and f : E → F a measurable transformation. Then
the transformation de�ned by

µf (A) ≜ µ ◦ f−1(A) = µ(f−1(A)), A ∈ F ,

de�nes a measure on (F,F). The measure µf is called the push-forward mea-
sure via f . Sometimes it is denoted by f#µ.

Example 0.17 Let (R,B(R), λ) a measure space and f : R → R de�ned
by f(x) = |x|. Then µf = f#µ = µ ◦ f−1 (the �rst two notations are just
notations for the same thing) is the measure acting on Borel sets A as µf (A) =
2λ(A).

From now on we consider real-valued functions on general measurable spaces,
i.e. f : E → R. De�ne and explain with at least one example the following
concepts:
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(h) A simple function.

De�nition 0.18 (Simple function) Let (E, E , µ) be a measure space and
{Ei}ni=1 ⊂ E a partition of E, i.e. ∪n

i=1Ei = E, Ei ∈ E, with Ei ∩ Ej = ∅,
i ̸= j. Moreover, let {ai}ni=1 ⊂ R, ai > 0, a sequence of positive real numbers.
We say that a function f : E → R is simple if it is of the form:

f(x) =
n∑

i=1

aiIEi
(x), x ∈ E.

Example 0.19 On (R,B(R), λ), λ Lebesgue measure, then any constant func-
tion is a simple function or

f(x) =
n∑

i=1

aiI(i−1,i](x),

for a sequence of non-negative numbers ai.

(i) The integral of a simple function with respect to a measure.

De�nition 0.20 (Integral w.r.t. µ for simple functions) Let f be a sim-
ple function on a measure space (E, E , µ) (as in De�nition 0.18). Then the
integral of f with respect to the measure µ is de�ned as∫

E

fdµ ≜
n∑

i=1

aiµ(Ei).

Example 0.21 On (E, E , µ) a measure space and f : E → R the constant
function f(x) = 1 for all x then we have for all measurable sets A ∈ E:∫

A

f(x)dµ(x) =

∫
A

dµ(x) = µ(A).

Or if given a measurable set A, we have the function

f(x) = a1IA(x) + a2IAc(x),

for non-negative numbers a1 and a2 then∫
E

f(x)dµ(x) = a1µ(A) + a2µ(A
c).
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(j) The integral of a measurable function with respect to a measure.

De�nition 0.22 (Integral of non-negative measurable functions) Let f :
E → R be a non-negative measurable function. Let {fn}n≥1 be a sequence of
simple functions such that limn fn = f pointwise. Then, we de�ne the integral
of f with respect to the measure µ as∫

E

fdµ ≜ lim
n→∞

∫
E

fndµ.

Then by splitting any function f into its positive and negative parts, f =
f+−f− where f+ and f− are non-negative, we can apply the de�nition above
to f+ and f− in order to de�ne the integral of f .

De�nition 0.23 (Integral of a measurable function w.r.t. µ) Let f : E →
R be a measurable function and let f+ and f− denote its positive and negative
part, respectively. Then if

∫
E
f+dµ < ∞ and

∫
E
f−dµ < ∞, we say that f is

µ-integrable and ∫
E

fdµ =

∫
E

f+dµ−
∫
E

f−dµ.

In some cases the Lebesgue integral can be understood and computed as a
Riemann integral. So ∫

[0,1]

xdλ(x) =

∫ 1

0

xdx,

where the �rst one is "understood" as a Lebesgue integral and de�ned as in
De�nition 0.23 and the second one is approached in a completely di�erent way:
taking a partition of [0, 1], writing Riemann sums and taking the limit of the
Riemann sums. So, the de�nition of Lebesgue integral is rather theoretical
and little applicable in some cases. But whenever we can connect it to the
Riemann integral, then we can say:∫

[0,1]

xdλ(x) =

∫ 1

0

xdx =
x2

2

∣∣∣x=1

x=0
=

1

2
,

where the "computing rule" we used is the typical for Riemann integrals, also
known as Newton�Leibniz theorem1.

(k) The integral of a function with respect to the push-forward measure.

1Newton�Leibniz theorem is just the name of the rule you use for computing elementary in-

tegrals, you did maybe not know that is had a name! Some people also call it Barrow's rule in

honour of Isaac Barrow, teacher of Isaac Newton.
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Theorem 0.24 (Integration w.r.t. pushforward measure) Let (E, E , µ)
be a measure space, (F,F) a measurable space and f : E → F a measurable
transformation. Consider a real-valued function g : F → R. Then the integral
of g on (F,F , f#µ) exists if, and only if the integral of g◦f exists on (E, E , µ)
and it holds that ∫

F

gd(µ ◦ f−1) =

∫
E

g ◦ fdµ.

Example 0.25 The most important example of this result for our purposes is
the connection between integral w.r.t. a probability measure and the integral
on the real numbers. This is,

E[X] =

∫
Ω

X(ω)dP(ω) =
∫
R
xdµX(x),

where µX is the law of X. Recall that the law of a r.v. X is de�ned as
µX(B) = P[X ∈ B], for Borel sets B. Then, we can connect the measure
theoretical concept of integral with respect to the measure µX with the integral
w.r.t. the function such that µX((a, b]) = FX(b) − FX(a) and FX is what we
call distribution function of X and FX(x) = P[X ≤ x], x ∈ R. Thus,

E[X] =

∫
Ω

X(ω)dP(ω) =
∫
R
xdµX(x) =

∫
R
xdFX(x),

where the �rst integral is an integral w.r.t. the measure P, while the second is
an integral w.r.t. the measure µX and the last integral is an integral w.r.t. the
function FX in the Riemann-Stieltjes sense.

Now that we have covered the most important concepts on measure theory, we
focus on probability theory. You can use the concepts de�ned above in order
to de�ne the following ones:

(l) Concept of probability, probability space and random variable.

A probability measure is simply a measure such that µ(E) = 1 but we give
the de�nition again:

De�nition 0.26 (Probability measure) Let Ω be a sample space and A a
σ-algebra of events of Ω. Then a probability measure P is a mapping P : A →
[0, 1] satisfying the following conditions:

1. P[Ω] = 1.
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2. (σ-additivity) if {An}∞n=1 ⊆ A is a countable sequence of pairwise disjoint
events, i.e. Ai ∩ Aj = ∅ for all i ̸= j, then

P

[
∞⋃
n=1

An

]
=

∞∑
n=1

P[An].

A probability space is simply a measure space (E, E , µ) where the measure µ
is a probability measure. A random variable is simply a measurable mapping
from Ω to R.

De�nition 0.27 (Random variable) A random variable X is a mapping
between Ω and R, i.e. X : Ω → R such that for every x ∈ R,

{ω ∈ Ω : X(ω) ≤ x} ∈ A.

The general de�nition should be that measurable sets from R, that is Borel
sets B are mapped to events in A, i.e. X−1(B) ∈ A. But since the sets of the
form (−∞, x], x ∈ R are Borel sets that generate the whole σ-algebra B(R)
on R then it is su�cient to check that X−1((−∞, x]) ∈ A for all x, hence
the de�nition given in this form. The set X−1((−∞, x]) is exactly {ω ∈ Ω :
X(ω) ≤ x}.

Example 0.28 Any measure space (E, E , µ) with µ(E) = 1 is a probability.
So, ([0, 1],B([0, 1]), λ) is a probability space. Any measurable function on a
probability space is a random variable. So on ([0, 1],B([0, 1]), λ), X(ω) = ω2

is a random variable.

(m) Formula for transformation of random variables with an example.

Theorem 0.29 Let X be an n-dimensional absolutely continuous random vari-
able and fX its density function. Let g : Rn → Rn be a measurable function
such that

(i) g is injective.

(ii) the partial derivatives ∂gi
∂xj

: Rn → R exist and are continuous a.e. for all
i, j = 1, . . . , n.

(iii) The determinant of the Jacobian matrix of g−1(y) is not zero for a.a. y
, i.e. detDg−1(y) ̸= 0 for a.a. y ∈ Rn.
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Then, Y = g(X) is an absolutely continuous n-dimensional random variable
with density function given by

fY (y) = fX(g
−1(y))| detDg−1(y)|, y ∈ Rn,

where |Dg−1(y)| is the determinant of the Jacobian matrix of g−1 at the point
y.

Example 0.30 Let X be an exponentially distributed random variable with
parameter θ > 0. Then Y = logX has density:

fY (y) = fX(g
−1(y))|(g−1)′(y)|,

where y = g(x) = log(x) so g−1(y) = ey and |(g−1)′(y)| = ey and y ∈ (−∞,∞).
We know that fX(x) = λe−λx, x ∈ (0,∞). Finally,

fY (y) = fX(g
−1(y))|(g−1)′(y)| = λe−λeyey, y ∈ R.

This density function gives rise to the distribution function

FY (y) = e−λey , y ∈ R

which is known as Gumbel distribution.

(n) Expectation of a random variable.

It is simply the integral of the random variable w.r.t. the probability measure
of the probability space it is de�ned on.

De�nition 0.31 (Expectation) Given a probability space (Ω,A,P) and a
random variable X, we de�ne the expectation of X, denoted by E[X], as

E[X] ≜
∫
Ω

X(ω)dP[ω].

(o) Formula for the expectation with respect to the distribution function.

We already gave it as example in item (k), but here it is again:
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Theorem 0.32 (Expectation of a random variable) Let (Ω,A,P) be a prob-
ability space and X a random variable on this space. Let FX be the distribution
function of X and g : R → R a measurable transformation. Then,

E[g(X)] =

∫
R
g(x)dFX(x).

In particular, if FX(x) admits an a.e. derivative that is non-identically to zero,
then

E[g(X)] =

∫
R
g(x)fX(x)dx.

Example 0.33 ([0, 1],B[0, 1], λ) and X(ω) = eω. Then

E[X] =

∫
Ω

X(ω)dP(ω) =
∫
[0,1]

eωdλ(ω) =

∫ 1

0

eωdω = e− 1.

But also via de�ning its distribution function: for x ∈ [1, e],

FX(x) = P[X ≤ x] = P[eω ≤ x] = P[ω ≤ log x] = log x.

Other wise P[X ≤ x] = 0 for x < 1 and P[X ≤ x] = 1 for x > e. Then, its
density function is given by fX(x) = F ′

X(x) =
1
x
for x ∈ [1, e]. So,

E[X] =

∫
R
xdFX(x) =

∫
R
xfX(x)dx =

∫ e

1

x
1

x
dx = e− 1.

(p) Concept of independent random variables.

De�nition 0.34 (Independence of random variables) A family of (real-
valued) random variables {Xi}i∈I de�ned on a probability space (Ω,A,P) are
independent when the family of sub-σ-algebras {X−1(B(R))}i∈I ⊂ A, generated
by the random variables {Xi}i∈I is an independent family of sub-σ-algebras.

A more applicable equivalent de�nition for the bivariate case is the following:

Corollary 0.35 (Independence of random variables) Given two random
variables X, Y in a probability space (Ω,F ,P) we say that X and Y are inde-
pendent if, and only if,

P[X ≤ x, Y ≤ y] = P[X ≤ x]P[Y ≤ y], for every x, y ∈ R.
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Example 0.36 The bivariate random vector (X, Y ) with distribution

F(X,Y )(x, y) = P[X ≤ x, Y ≤ y] = 1− e−(x+y), (x, y) ∈ [0,∞)2

does not have independent components: i.e. X and Y are not independent
because the distribution function F(X,Y ) can not be expressed as the product of
two functions where each only depend on x and y, respectively.

The bivariate random vector (X, Y ) with distribution

F(X,Y )(x, y) = P[X ≤ x, Y ≤ y] = 1− e−x − e−y + e−(x+y), (x, y) ∈ [0,∞)2

does have independent components: i.e. X and Y are independent because
the distribution function F(X,Y ) can not be expressed as the product of two
functions where each only depend on x and y, respectively. Indeed,

F(X,Y )(x, y) = P[X ≤ x, Y ≤ y] = (1− e−x)(1− e−y), (x, y) ∈ [0,∞)2.

Problem 2

Let (Ω,A,P) the probability space with Ω = R, A = B(R) and P is the probability
measure de�ned as

P[B] =

∫
B

1√
2π

e−
z2

2 dz, B ∈ B(R),

where µ, σ ∈ R, σ > 0 are two �xed parameters.
Suppose that the outcomes ω are states of an economy, being negative values of

ω seen as negative states and positive values as positive states.
You run a business in this economy that invests some initial capital C0. This

business has an aleatory rate of return, denoted by ρ. We assume that ρ : Ω → R is
a mapping that interconnects the states of the economy with the rate of return of
your investment. Your own analysis on the business indicated that ρ(ω) = µ+ σω,
ω ∈ Ω for �xed parameters µ, σ ∈ R, σ > 0.

(a) Prove that P is indeed a probability measure on the measurable space (Ω,A).
We need to check three conditions: P[∅] = 0, P[Ω] = 1 and that the probability
of the countable union of disjoint events is the countable sum of probabilities.

Obviously, P[∅] = 0. Also,

P[Ω] =
∫
Ω

1√
2π

e−
z2

2 dz =

∫ ∞

−∞

1√
2π

e−
z2

2 dz = 1.
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Now, take a countable sequence {An}∞n=1 of disjoint events. Then

P

[
∞⋃
n=1

An

]
=

∫
⋃∞

n=1 An

1√
2π

e−
z2

2 dz

=

∫
R
I{⋃∞

n=1 An}
1√
2π

e−
z2

2 dz.

Since the events are disjoint we have

I{⋃∞
n=1 An} =

∞∑
n=1

IAn .

It is not immediately clear that we can take out the sum since it is an in�nite
sum. Let us proceed carefully:

P

[
∞⋃
n=1

An

]
=

∫
R

∞∑
n=1

IAn

1√
2π

e−
z2

2 dz

=

∫
R

lim
N→∞

N∑
n=1

IAn

1√
2π

e−
z2

2 dz.

Now, ∣∣∣∣∣
N∑

n=1

IAn

1√
2π

e−
z2

2

∣∣∣∣∣ ≤ 1√
2π

e−
z2

2 ,

since
∑N

n=1 IAn ≤ 1 insomuch that An are disjoint. Since the sequence of

functions {hN}N hN(z) =
∑N

n=1 IAn

1√
2π
e−

z2

2 are bounded by an integrable
function, by Lebesgue's dominated convergence theorem, we can move the
limit outside the integral and then we can also move the sum outside the
integral since it is a �nite sum:

P

[
∞⋃
n=1

An

]
=

∫
R

lim
N→∞

N∑
n=1

IAn

1√
2π

e−
z2

2 dz

= lim
N→∞

N∑
n=1

∫
R
IAn

1√
2π

e−
z2

2 dz

=
∞∑
n=1

∫
R
IAn

1√
2π

e−
z2

2 dz

=
∞∑
n=1

∫
An

1√
2π

e−
z2

2 dz

= P[An].
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(b) Prove that ρ is a random variable.

The mapping ρ : R → R as ρ(ω) = µ+ σω is a random variable since it maps
Borel sets from R in the image space to Borel sets in R in the domain. We
just need to check that

{ω ∈ R : ρ(ω) ≤ x}

is a Borel set for all x. Indeed,

{ω ∈ R : ρ(ω) ≤ x} =

{
ω ∈ R : ω ≤ x− µ

σ

}
=

(
−∞,

x− µ

σ

]
,

which is obviously a Borel set.

Assume that this investment runs for t years and that returns are compounded
continuously. This essentially means that after t years, your capital will have in-
creased (or decreased) to

C(ω) = C0e
ρ(ω)t, ω ∈ Ω.

Note that C ∈ (0,∞).

(c) Prove that C, the capital gains from investing C0 is indeed a random variable
on (Ω,A,P).
Note that if we have f : R → R and g : R → such that Dom g ⊆ Im f and f, g
are measurable then f ◦ g are measurable: Indeed, take a Borel set B, then

(f ◦ g)−1(B) = g−1 ◦ f−1(B).

Since f is measurable then f−1(B) = B̃ is a Borel set, so

(f ◦ g)−1(B) = g−1(B̃).

Since g is measurable, then g−1(B̃) is a Borel set, hence f ◦ g is measurable.

Now, {C0e
ω ≤ xt} = {ω ≤ log xt

C0
} = (−∞, log xt

C0
], x ∈ (0,∞) and {C0e

ω ≤
xt} = ∅ if x ∈ (−∞, 0] which are both Borel sets. So the exponential function
multiplied by a constant is measurable. Now, the image of ρ is the domain of
C0e

ω so their composition C = C0e
tρ is measurable.

You could also have proved this directly for C.
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(d) Find the law of C and compute the expected gains, i.e. E[C].

The law of C is
µC(B) = P[C ∈ B], B ∈ B(R).

Now, let us restrict our choice to a Borel set of the form B = [a, b], a < b.
Then

µC(B) = P[C ∈ B]

= P[C0e
tρ ∈ [a, b]]

= P[a ≤ C0e
µt+σtω ≤ b]

= P
[
log

a

C0

≤ µt+ σtω ≤ log
b

C0

]
= P

[
log a

C0
− µt

σt
≤ ω ≤

log b
C0

− µt

σt

]
=

∫
[ã(a),̃b(b)]

1√
2π

e−
1
2
z2dz,

where

[ã(a), b̃(b)] =

[
log a

C0
− µt

σt
,
log b

C0
− µt

σt

]
.

Now, the distribution function is the law applied to the Borel set B = (−∞, x],
this means taking a = −∞ and b = x above. Thus,

FC(x) =

∫
[ã(−∞),̃b(x)]

1√
2π

e−
1
2
z2dz =

∫ b̃(x)

−∞

1√
2π

e−
1
2
z2dz.

Then, the density function of C is given by the derivative of FC . Using Leibniz'
rule (chain rule) we have

fC(x) =
1√
2π

e−
1
2
b̃(x)2 b̃′(x) =

1√
2π

e−
1
2
b̃(x)2 1

σtx
, x ∈ R.

The expectation of C using the law of the unconscious statistician is

E[C] =

∫ ∞

−∞
xfC(x)dx =

∫ ∞

−∞

1√
2πσ2t2

e−
1

2σ2t2
(log x−µ̃)dx,
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where µ̃ = logC0 + µt.

We can see that the above integral corresponds to the expectation of a log-
normal distribution with parameters µ̃ and σ̃2 = σ2t2. You may compute it
by using a change of variables of the form y = log x. The result is

E[C] = C0e
µt+ 1

2
σ2t2 .

(e) You are only interested in running this business if your gains C exceed a given
threshold K > 0, i.e. C > K. Find the distribution of the random variable
Y = (C−K)I{C>K} and the expectation of this new random variable Y . What
type of random variable is Y ? Note: you will not be able to �nd an analytical
closed expression, but you can leave the expression in terms of integrals.

Observe that the random variable Y can take the values 0 (if C ≤ K or any
positive number on (0,∞) if C > K. So, the random variable Y takes values
in [0,∞) where 0 is an atom, i.e. P[Y = 0] > 0. This latter fact implies that
the distribution function of Y will be discontinuous at x = 0.

P[Y = 0] = P[C ≤ K] =

∫ K

−∞
h(z)dz = FC(K),

where FC is the distribution function of C. Now if y > 0 we have

P[Y ≤ y] =P[(C −K)I{C>K} ≤ y]

= P[(C −K)I{C>K} ≤ y|C ≤ K]︸ ︷︷ ︸
=1

P[C ≤ K]

+ P[(C −K)I{C>K} ≤ y|C > K]P[C > K]

=P[C ≤ K] + P[C ≤ y +K|C > K](1− FC(K))

=FC(K) +
P[K < C ≤ y +K]

1− FC(K)
(1− FC(K))

=FC(K) + FC(y +K)− FC(K)

=FC(y +K).

Hence,

FY (y) = FC(K)I{y=0} + FC(y +K)I{y>0}, y ∈ [0,∞).

Observe that FY has a jump at y = 0. Since limy→0
y<0

FY (y) = 0 and limy→0
y>0

FY (y) =

FC(K) ̸= 0. But FY is indeed right-continuous. Recall that if F is a function

16



with a discontinuity at x = a and otherwise di�erentiable with derivative f ,
then ∫

R
g(x)dF (x) =

∫ ∞

−∞
g(x)f(x)dx+ g(a)(F (a)− F (a−)),

where F (a−) is the left limit of F at the point a. Since FY has a discontinuity
at 0 and is otherwise di�erentiable we have

E[Y ] =

∫
R
ydFY (y) =

∫ ∞

−∞
yfY (y)dy + 0 · (FY (0)− FY (0−)) =

∫ ∞

−∞
yfY (y)dy.

Now, fY (y) = fC(y +K), y > 0. Thus,

E[Y ] =

∫ ∞

−∞
yfC(y+K)dy =

∫ ∞

K

(y−K)fC(y)dy =

∫ ∞

K

zfC(z)dz−K(1−FC(K)).

Observe that we could have reached the same conclusion by simply using the
law of unconscious statistician: E[g(X)] =

∫
g(x)fX(x)dx. So,

E[(C −K)I{C>K}] =

∫ ∞

K

(z −K)fC(z)dz.

The formula for E[Y ] is actually known as (a speci�c version of) Black-Scholes
formula.

Problem 3 (Hölder's inequality)

The proof of this exercise can be found in many places in the internet, but try to
do it yourself and understand the proof.

(a) Young's inequality: Let a, b ∈ [0,∞) and p, q ∈ (1,∞) such that 1
p
+ 1

q
= 1.

Prove that

ab ≤ ap

p
+

bq

q
.

Method I: If a = b = 0 then the inequality is trivially satis�ed. Assume
a > 0 and b > 0. Set t = 1

p
then it follows that 1 − t = 1

q
since 1

p
= 1 − 1

q
by

assumption. Then,
ap

p
+

bq

q
= tap + (1− t)bq.

Recall the de�nition of a concave function: a function f is said to be con-
cave if for every t ∈ [0, 1] an any two points x, y, x ̸= y one has

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y).
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The above inequality has the geometric intuition that given two points x, y,
x ̸= y, the cord joining the points (x, f(x)) and (y, f(y)) remains below the
graph of f .

Now, since the logarithm function is concave, and we have t ∈ (0, 1) then
we know that

log(tap+(1−t)bq) ≤ t log(ap)+(1−t) log(bq) = tp log(a)+(1−t)q log(b) = log(ab),

where we used that tp = 1 since t = 1
p
and that log(a) + log(b) = log(ab).

Then, Young's inequality follows by exponentiating both sides of the above
inequality.

Method II: One can of course use standard one-variable calculus as well to
prove Young's inequality by showing that a function is increasing. The proof
can be found here: https://proofwiki.org/wiki/Young%27s_Inequality_
for_Products#google_vignette

(b) Hölder's inequality: Let p, q ∈ (1,∞) such that 1
p
+ 1

q
= 1 and f, g : R → R

two integrable functions. Show that∫
|fg| ≤

(∫
|f |p
) 1

p
(∫

|g|q
) 1

q

.

Hint: Use Young's inequality.

If
∫
|f | = 0 or

∫
|g| = 0 then the inequality is true. Assume

∫
|f | > 0 and∫

|g| > 0. De�ne the functions

f̃ =
f

Cp

, g̃ =
g

Cq

,

where the constants Cp and Cq are, respectively, de�ned by

Cp ≜

(∫
|f |p
) 1

p

Cq ≜

(∫
|g|q
) 1

q

.

Then we can apply Young's inequality to the real numbers a = f̃(x) and
b = g̃(x), x ∈ R. Thus,

|f̃(x)g̃(x)| ≤ |f̃(x)|p

p
+

|g̃(x)|q

q
.
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Then, we have
|f(x)g(x)|

CpCq

≤ 1

Cp
p

|f(x)|p

p
+

1

Cq
q

|g(x)|q

q
.

Furthermore,

|f(x)g(x)| ≤ CpCq

(
1

Cp
p

|f(x)|p

p
+

1

Cq
q

|g(x)|q

q

)
.

Integrating over x we get∫
|f(x)g(x)| ≤ CpCq

(
1

Cp
p

∫
|f(x)|p

p
+

1

Cq
q

∫
|g(x)|q

q

)
.

But note that

1

Cp
p

∫
|f(x)|p

p
+

1

Cq
q

∫
|g(x)|q

q
=

1

p
+

1

q
= 1.

Hence, ∫
|f(x)g(x)| ≤ CpCq,

which is precisely Hölder's inequality.

(c) Let X, Y two random variables and p, q as in the previous items. Prove that

E[|XY |] ≤ E[|X|p]
1
pE[|Y |q]

1
q .

Hölder's inequality in item (b) yields for general measures. Then this is a
particular case for integrals w.r.t. P,∫

Ω

|X(ω)Y (ω)|dP(ω) ≤
(∫

Ω

|X(ω)|pdP(ω)
) 1

p
(∫

Ω

|Y (ω)|qdP(ω)
) 1

q

which is exactly

E[|XY |] ≤ E[|X|p]
1
pE[|Y |q]

1
q .
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