UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: STK.MAT3710/4710 — Probability Theory
Day of examination: 16th December 2024

Examination hours:  3:00 pm—7:00 pm

This problem set consists of 9 pages.

Appendices: None

Permitted aids: None

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

This exam consists of four problems. The first one is of theoretical
nature and the three remaining ones are more applied. All items within
a problem are worth the same unless otherwise specified. Make sure to
be precise and rigorous when stating mathematical results and formulae.
Please, write clearly, orderly and avoid scribbling.

Grading: The total score is 10 points. The grading scale is F [0,4), E
[45),D[5,6),Cl6,7),B[7,85), A[8.5,10].

Problem 1 Theory (2 points)
Let E be an uncountable set. Define the class of subsets of E given by
& = {A C E: either A is countable, or A countable}.

(a) Show that if A,B C E are uncountable such that AN B = @&, then
either AZ EorB ¢ £.
Solution: Assume that A and B are uncountable and both belong to
& then it must be the case that A° and B¢ are countable. But then we
would have A° U B = (AN B)¢ = @° = E and we would have that
the union of two countable sets, i.e. A° and B¢, gives an uncountable
set, i.e. E, which is not possible. Hence A and B cannot both belong
to £. Points: Give 2/3p for this item. Subtract 0.2 for mistakes.

(b) Show that & is a o-algebra.

Solution: We need to verify three conditions:

1. @ € & since the empty set is countable.

2. let {A;}2, C & be disjoint, then if all the sets are countable
we have U2, A; is countable and hence in £. If one of them is
uncountable, say Aj, then the union is uncountable. Note that

(Continued on page 2.)
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we can only allow one of them being uncountable since they are
disjoint, in virtue of item (a). However,

o0 ¢ o0
(U Az’) = Af
i1 i=1

is countable since it is the intersection of sets, where A]C. is

countable. If the sets are not disjoint, we can select a family
of disjoint sets such that their unions are equal.

3. Finally, A € £ and if A is countable then A€ is uncountable with
countable complement and vice versa. Hence A° € £.

Points: Give 2/3p for this item. Give 0.33p for a properly written
definition of c-algebra. Give 0.33 for verifying the definition.
Subtract 0.2 for mistakes.

(c) Define the mapping y: & — [0, 00] by u(X) =1 (X countable}- Show
that u is a probability measure.

Solution: We need to verify three conditions:

1. u() = 0since @ € & is countable.

2. let {A;}2, C & be disjoint, then if all A;’s are countable we
have that the union is countable and hence

’ ([j Ai> “o

But if one A j is uncountable then the union is uncountable and

hence
1 (U Ai> =1.
i=1

On the other hand, if all A; are countable then u(A;) = 0 for all
i and hence

But if only one, say A; is uncountable then y(A;) = 0 for all
i #jand u(A;) = 1and hence

As a result,

(Continued on page 3.)
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3. Finally, u(E) = 1 since E is uncountable.

Points: Give 2/3p for this item. Give 0.33p for a properly written
definition of measure. Give 0.33 for verifying the definition. Subtract
0.2 for mistakes.

Problem 2 Random variables (3 points)

Let (0, A,IP) be a probability space and {X,}’°; a sequence of

independent identically distributed random variables with uniform

distribution on [0, 1], i.e. with densities fx, (x) =1,x € [0,1],n > 1.
Define the random variables

L(l:n) = min{Xl, .. .,Xn}, H(l:n) = max{Xl, .. .,Xn}, n> 2.

It may not be surprising that L(y.,) and Hy.,) are not independent and,
in fact, it can be shown that their joint density is given by

Fbm Hawy (W1) =00 =) (R =1)"72, 0<1<h <1

(a) Prove that the density function of the range, denoted by R, of n
independent uniform observations is given by

fr,(r) =n(n—1)r"2(1~-r), 0<r<l.

Solution: The range is Ry, = H(1.,) — L(1.0). Let (u,0) = g(I,h) =
(ILh —1) then ¢~ '(u,v) = (u,u+0v). Then |Dg~!(u,v)| = 1 and
0<I<h<17,0<u+v<1land0<u,v <1. Then

fuvy(w,0) = fiom (' (w,0)) =n(n—1)0"2 0<u+v<l

Now to get R we need to integrate away U, i.e.

1
v(@) = | n(n—1)0"2L1yc penndu =n(n—1)0v""23(1-0), 0<v<1,
0 {0<u+ov<1}

which is exactly the density given in the exercise.

Points: Give 0.25p for a properly written formula of change of
variables. Give 0.5 for finding the joint transformation but not the
marginal. Subtract 0.2 for mistakes.

(b) Study the convergence of the sequence {R;,}; ; in distribution,
probability, almost surely and in L?, p > 1. Note: Y ° ;nr"* < oo
for every real r such that |r| < 1.

Solution: We have that

Fulr) = [ e = L =221,

(Continued on page 4.)
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(©)

which tends to 0 as n tends to infinity as long as r < 1, whenr > 1
we have that the limit is 1. Hence R,, — 1 in distribution.

Moreover,

1 -1

1P[|Rn—1]>s]:]P[Rng1—e]:n(1—s)”[ _ }
1—¢ n

which converges to zero by the previous argument since 1 — e < 1.

Hence, R, converges to 1 in probability, as well. Note that we knew

this already, since 1 is a constant and convergence in distribution to

a constant implies convergence in probability.
For a.s. convergence we aim to apply Borel-Cantelli lemma. Define
An = {|Ry — 1| > €}. We have already computes IP[A,]. Namely,
1 _n—1} - n(l—e)"
- 1-e

_ n
P[A,] = nr {1_5 ”

and for every ¢ > 0 we have

i]P[An] < iu<oo,
n=1 n=1 I—e

and by Borel-Cantelli’s first lemma we have
P (limsup{|R, — 1| > ¢}| =0
n

and a.s. convergence follows.
Now, since |R, — 1| < C is bounded for every p > 1, we have by
Lebesgue’s dominated convergence theorem that

LmE[|R, — 1|P] = E[lim |R, — 1]7] = 0,
n n

where we used continuity of the function |- |P and almost sure
convergence.

Points: Give 0.25p per convergence type (when justified). Give 0.25
for Borel-Cantelli (written theorem, not just name). Subtract 0.2 for
mistakes.

Consider independent observations X, X», ... of the uniform distri-
bution. What is the probability that we observe k consecutive obser-
vations that are, at most, within distance é > 0?

Solution: We can divide the observations in string of length k, i.e.
X1,..., Xk then X 1,..., Xor and so on. Hence, we look at strings
{Xnks1, o Xing)k fret-

Any of these string will consist of all observations being at most §
away from each other if their range is less than 6, i.e. Hyq1:(ns1)) —

(Continued on page 5.)
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Links1:(n+1)k) < 0. Note that since the observations are i.i.d. this is
the same as looking at the event Ry < . We are asking whether the
event {Ry < ¢} for fixed k will occurs infinitely many times or not.
But

]P[Rk < 5] = 00
n=1
and hence by Borel-Cantelli’s second lemma, since Rj are independ-
ent, we conclude that there will be infinitely many strings of length
k that are at most a distance of § from each other, for any arbitrary k.

Points: Give 0.25p if there is an attempt to apply Borel-Cantelli. Give
0.25 for Borel-Cantelli (written theorem, not just name). Subtract 0.2
for mistakes.

Problem 3 Conditional expectation (2 points)

Let X and Y be two independent Bernoulli distributed random variables
in some probability space,ie. X,Y € {0,1}and P[X =1]=P[Y=1] =p
for some p € [0,1]. Define the random variable Z = I;x,y_¢;.

(a) Compute E[Z], E[X|Z] and verify that E[E[X|Z]] = E[X].
Solution:
E[Z] = Yiyeony Lxey=—0P[X = x]P[Y = y] = P[X = 0]P[Y =
0] = (1- p)*
To compute E[X|Z] note that the o-algebra generated by Z is finite,
ie. {Z = 0} and {Z = 1} then let us compute the conditional

expectation on these two events:Note that Z is also Bernoully with
probability P[Z = 1] = (1 — p)?. Hence,

E[X|Z = 0] = %
P[X = 1]P[Y = 1] + P[X = 1]P[Y = 0]
a 1-(1-p)?
_r+r-p
1—-(1-p)?
- 1
=55
Furthermore,
S
- Xlxiy—oy 0
(1-p)? '

(Continued on page 6.)
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In a summary,
1
E[X|Z = z] = mﬂ{z:O}

and hence

E[X|Z] = 2:—;9‘

Now, we have by linearity of expectation,

1-E[Z] _1-(1-p)
2—-p  2-p

which also coincides with E[X] = p.

Points: Give 0.5p for E[X|Z] and 0.25p for the two other. Give 0.25p
if someone writes down the definition of conditional expectation
perfectly. Subtract 0.2 for mistakes. In particular, subtract 0.2 if

candidate does not express E[X|Z] as a Borel-measurable function
of Z.

(b) Compute E[Z|X]. Is it true that E[E[X]|Z]|X] = E[E[Z]|X]|Z]? What
about E[E[X|Z]|X, Z] = E[X|Z]? Justify your answer.
Solution: We have,
E(Z|X =x] = Y 2P[Z=2z|X=x]

E[E[X]|Z]] = =p

ze{0,1}
=P[Z =1|X = «]
=P[X+Y =0|X = x|
=Plx+Y =0]
=([1-pQa-X).

hence,
E[Z|X] = (1-p)(1 - X).

Now, we have on the one hand,
1-E[ZIX] 1-(1-p)(1-X)
2-p 2—p

E[E[X|Z]|X] = E {ﬂ‘x} -
2-p
and on the other hand,

1-Z2
EIE[ZIX)12] = E[(1~p)(1=X)|Z] = (1=p)(1=E[X|2) = (1=p) (1= 5= ).
These random quantities are always different for all p € [0, 1].
Itis true that E[E[X|Z]| X, Z] = E[X|Z] since 0(Z) C ¢(X, Z) and by
the stability property we get the result.
Points: Give 0.5p for E[Z|X] and 0.25p for the questions. Give 0.25p
if someone writes down the definition of conditional expectation
perfectly, but only once (not both in (a) and (b)). Subtract 0.2 for
mistakes. In particular, subtract 0.2 if candidate does not express
conditional expectations as Borel-measurable functions.

(Continued on page 7.)
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Problem 4 Martingales (3 points)

Let (Q), A, IP) be a probability space and X,Y two independent random
variables in it. Assume that X is uniformly distributed on [0,1], i.e.
f(x) = 1forx € [0,1] and P[Y = —1] = P[Y = 1] = 1. Consider the
filtration Fy = {©,Q}, F1 = 0(X) and F,, = 0(X,Y) for al n > 2. Define
for each n > 1 the processes

Y
M, = XH{nEZ}

1, n<%,
Tn: 1
o0, lei

and

(a) Show that {M, },>1 is not a martingale.

Solution: A martingale needs to satisfy three conditions: adapted-
ness, integrability and the martingale property. In this case, we see
that M, is adapted to the given filtration. However, the second prop-
erty breaks down for n > 2. Indeed, take n > 2,

Y]

()~ E |

1 = E[1/X] = oo,

since |Y| = 1 and the inverse of the uniform has infinite expectation.
Points: Give 1p for this item. Give 0.5p if candidate writes down
definition of martingale perfectly. Subtract 0.2 for mistakes.

(b) Show that {7, },>1 is a monotone sequence of stopping times which
converges almost surely to infinity. Note: we have defined stopping
times as being finite. Here, we allow infinity to be an outcome. The
definition remains the same with the additional requirement that
{1, = oo} also needs to be measurable.

Solution: For each n > 1 we have that for every k € N,

1
for every n. Also,
{thn =00} ={X>1/n} € Fy

hence 7, is a stopping time for every n > 1.

It is monotone non-decreasing,

P [Tn < Tn+1] =P [Tn =1,7T41 = 1] +P [Tn =1, T4 = OO] +P [Tn =00, Ty+1 = oo]

1 1 1 1 1 1
= — — PIX<—-X>—— PIX>—X>
IPX<1/L'X<11—|—1]+ [ < W _n+1}+ { —n’ T n+1
1 1 1 1
= 1—-—-—=1
n—|—1+n n—|—1+ n

(Continued on page 8.)
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Finally, % = Iy, 1 which clearly converges to 0 almost surely
(actually surely). Hence 7, — oo almost surely (actually surely).

Points: Give 1p for this item. Give 0.5 for stopping time and 0.25 for
monotonicity and 0.25 for limit Give 0.25p if candidate writes down
definition of stopping time perfectly. Subtract 0.2 for mistakes.

(c) Prove that { My nn }n>1 is a martingale for every k > 1. Here, x A y =
min{x, y}. A process like { M, },,>1 is known as local martingale.

Solution: We need to check the three properties for martingale, but
first let us find a simpler expression for My, x,. Since Tj is either 1 of
co then 7 A n is either 1 or n for n > 1. We have My 0 = My = 0
and My n1 = My = 0 as well. Now, for every n > 2,

MM if =1 [0 if X<4{,
MTAM, i he=co. | M, if X>1

since M; = 0.

In conclusion,

Y
Meon = Mallio 1y = 3oy
for n > 2 which is clearly adapted since ¥ and I (x>1) are Fn =

0(X,Y)-measurable for n > 2,i.e. My, is Fy-measurable for each
n>1.

Moreover, for n = 1, My, = 0 and hence integrable and for n > 2,

Y] 1

11
E[|[Mznnl] = E {YH{X>}(}} =k [XH{)O}(}} - /1/k ;dx = logk < eo

foreveryk > 1and n > 2.

Finally, the martingale property. We have My .1 = M; = 0 so we
start forn > 1,

]E[MrkA(nH)’]:n] = ]E[Mﬂ-Fl]I{XZ%}"F”]'

For n = 1 we have
Y

Since +1 (x=1) is 0(X)-measurable and Y is independent of X we

have
1

E[MzH{XZ%NO'(X)] = XH{XZ%}E[Y] =0= MTk/\l-

(Continued on page 9.)



Now, forn > 2,

Y Y
]E[Mrk/\(n+1)|'Fn] =E XH{Xz%}hT(X/ Y) = X ]I{XZ%} = MTk/\n
~—

=M,

and hence M n,, n > 1is a martingale w.r.t. the given filtration.

Points: Give 1p for this item. Give 0.5p if candidate writes down
definition of martingale perfectly (if not done in item (a)). Give 0.25
points for adaptedness, 0.25 for integrability and 0.5 for martingale
property. Subtract 0.2 for mistakes.

GOOD LUCK!



