
UNIVERSITETET I OSLO

Matematisk Institutt
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Auxiliae: «Formelsamling til STK 1100 og STK 1110»,
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This exam set consists of four exercises and comprises six pages (including

three moderately spacious figures).

Exercise 1

The Norwegian Skating Association has mass produced certain “collectors’ cards”

with in all N speedskaters (Norwegian as well as international ones). The cards are

glossy and informative, with a dramaturgically inspirational photo on one side and

information about personal records and particular feats on the other, and are sold in

our nation’s kiosks for 1 krone per card. When a person buys a card, however, he

receives one from the kiosk’s random collection of cards, and can not check in advance

which card it is; he may therefore expect to have to buy considerably many more cards

than N in order to complete his collection of N different cards.

We are now following one of our civilisation’s card collectors, and let Xn denote

the number of different cards acquired after having bought n cards (where it is assumed

that he buys one card in turn). We shall presume that {X1, X2, . . .} is a Markov chain

over the sample space {1, . . . , N}, with transition probabilities

pi+1,i = Pr{Xn+1 = i + 1 |Xn = i} = 1 − i/N,

pi,i = Pr{Xn+1 = i |Xn = i} = i/N,
(1)

for i = 1, . . . , N . The chain starts at X1 = 1, and the collection is complete as soon as

Xn = N .

(a) Explain briefly which conditions need to hold in order for the Markovian assumption

and the formulae (1) may be seen as correct. Explain furthermore which of the the

states (if any) are transient, which (if any) are recurrent, and which (if any) are

absorbing. What is the probability that his collection shall never reach completion?

(b) Let ui denote the expected time (as measured in the number of cards bought) until

the collection is complete, given that the collector has managed to get himself i

different cards. Derive the following formulae, about the connection between ui

and ui+1:

(1 − i/N)ui = 1 + (1 − i/N)ui+1 for i = 1, . . . , N − 1.

(These equations are not particularly hard to solve, but are not to be worked

through until after 17:30.)
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(c) Assume that Xn = i, and let Ti be the number of new cards he need to buy until

the chain has reached level i + 1. Show that

Pr{Ti = m} = (i/N)m−1(1 − i/N) for m = 1, 2, 3, . . . .

(d) Find the expected number of cards the collector needs to buy until his collection is

complete. Hint: explain first why this variable may be represented as

Z = 1 + T1 + T2 + · · · + TN−1,

in the notation of the previous point.

Maren Haugli (39.94 / 1.55.99 / 4.00.34 / 6.54.98, photo: Bjarne Hetland),
at the World Allround Championships in Heerenveen 2007.
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Exercise 2

«Facebook» is an internet based social network, established in 2004 at Harvard

University. As of June 2007 there are about 25 million users worldwide, and the number

of Norwegian users rose rapidly from about 3,000 at the start of 2007 to about 300,000

in June 2007. Facebook leads to ca. 30 billion web page views per month.

At Facebook one gets “friends”, joins (and leaves) “groups”, etc. In this exercise

we shall consider a couple of simple models for the number of groups different strands

of users are members of. We let X(t) denote the number of different groups a user is a

member of at time t, as measured from that user’s entrance into Facebook; in particular,

X(0) = 0. We view X(t) as a time-homogeneous birth and death Markovian process,

with

pi+1,i(∆t) = Pr{X(t + ∆t) = i + 1 |X(t) = i} = λi∆t + o(∆t),

pi−1,i(∆t) = Pr{X(t + ∆t) = i − 1 |X(t) = i} = µi∆t + o(∆t),

pi,i(∆t) = Pr{X(t + ∆t) = i |X(t) = i} = 1 − (λi + µi)∆t + o(∆t),

(2)

where µ0 = 0. Different strategies, or different types of users, are associated with

different models (or different numerical values) for λi and µi. The interpretation of λi

and µi do depend on the time scale, which we here may let be in days.

(a) Write down the infinitesimal generator matrix Q for the process, and give the equa-

tions that decide the stationary distribution (or equilibrium distribution) π0, π1, π2,

. . . for the process, if it exists, via the Q matrix. – The solution to these equations

takes the form

πi =
λ0λ1 · · ·λi−1

µ1µ2 · · ·µi

π0 for i = 1, 2, 3, . . . ,

provided λ0 is positive and the sum of πis is convergent. This is shown inside the

course curriculum, and is not to be re-derived here, but you may use the result in

what follows.

(b) Facebook users of “Type A” join and leave groups as follows: new groups, suffi-

ciently interesting for joining, appear as according to a Poisson process with fixed

rate λ; and for each group of which one is a member, one chooses to leave it with a

rate µ (that is, the chance of leaving the group inside the time interval [t, t + ∆t],

given that one is a member at time t, is µ∆t + o(∆t)). Explain briefly why these

assumptions imply that the model (2) is in force, with

λi = λ og µi = iµ for i = 0, 1, 2, . . . .

(c) For users of Type A, show that the stationary distribution is a Poisson. What is the

expected number of groups such a Type A user is a member of, when the process

has reached its equilibrium?

Exam STK 1130, page 3 Tuesday 12th of June 2007



0 20 40 60 80 100 120

0
2

4
6

8
1

0

time in days

n
u

m
b

e
r 

o
f 

g
ro

u
p

s

The number of groups a simulated Facebook user of Type A is a member
of, over a four moth period. This user has λ = 0.400 og µ = 0.075.

(d) We wish to find m(t) = E X(t) for users of Type A. Show first, by working with

E{X(t + ∆t) − X(t) |X(t) = i},

that m′(t) = λ − µm(t). Then show that

m(t) =
λ

µ
(1 − e−µt).

(e) A different type of users, to be referred to as Type B, has a “ceiling” for the total

number of groups they wish to participate in, and under certain assumptions (that

we sadly do not have enough time for during this exam to go into in detail), one

may show

λi = (N − i)λ og µi = iµ for i = 0, 1, . . . , N,

where N is that user’s upper comfort threshold for the number of groups. Show

that this leads to a binomial stationary distribution.
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(f) Naturally, users of Type A do not behave fully equally, even if they are all of basic

Type A, in that their parameter values for λ and µ vary from person to person. We

are now considering a population of users who individually behave as described in

point (b) above but where the ratios λ/µ follow an exponential distribution with

parameter 0.10 (i.e. with a density 0.10 exp(−0.10 θ) for θ > 0). Let X be the

number of groups a randomly selected individual in this population is a member

of, assuming also that the processes in question have reached equilibrium. Find the

expected value and the variance for X .

Exercise 3

A certain branching process evolves in such a way that each new individual begets

offspring independently of all other individuals, and with new number Y of offspring

each following the distribution given by

Pr{Y = m} = qmp = (1 − p)mp for m = 0, 1, 2, . . . , (3)

where accordingly q = 1 − p. We let Xn denote the total number of offspring in

generation n, and hence have Xn = Yn−1,1 + · · · + Yn−1,Xn−1
, where the Yn−1,js are

those numbers of offspring that are produced by the different individuals in generation

n − 1.

(a) Show that the generating function for Y is

g(s) = E sY =
p

1 − qs
for |s| < 1/q.

One may show from this, via two derivatives operations, that Y has mean q/p and

variance q/p2, but these formulae are not to be derived now.

(b) Find E(Xn |Xn−1) and Var(Xn |Xn−1), expressed via the parameter p.

(b) Assume that the process starts with a single individual, i.e. X0 = 1. Show that

E Xn = (q/p)n.

(c) Assume also for this point that there is X0 = 1 start individual. Use results from

the course curriculum to find the probability π that the population sooner or later

dies out, again expressed via the parameter p.

(e) We are now imagining that many similar experiments are conducted in a labo-

ratory, each of which starts with a single individual, that in its turn creates its

own branching process, of the type (3) above. It is furthermore assumed that the

parameter p varies from start individual to start individual; some have low p and

high mean value for Y , whereas others have high p and low mean value for Y .

If the p values varies according to a uniform distribution on (0, 1), what is then

the probability that the branching process that starts with X0 = 1 individual and

offspring distribution as in (3) shall die out, sooner or later?
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Exercise 4

We say that W = {W (t): t ≥ 0} is a Wiener process (or Brownian motion, or a

virrevandring, to use a term from the press releases in connection with this year’s Abel

Prize winner, Professor Srinivasa Varadhan) if W (0) = 0 and all increments W (t)−W (s)

are independent and normal, with

W (t) − W (s) ∼ N(0, σ2(t − s)).

The parameter σ is called the spread parameter of the process. In particular, W (t) has

variance σ2t.

(a) Find the covariance between W (s) and W (t), when s ≤ t.

(b) Consider the standardised process

Z(t) =
W (t)√

t
for t > 0.

Show that its variance is constant over time, and find the correlation between Z(s)

and Z(t), for s ≤ t.
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Three simulated versions of the standardised Wiener process Z (with
spread parameter σ = 1).
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