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Classification trees

@ Assume Y € {0,1,...,. K —1}
@ Following ideas from regression trees

J
Pu(x) =" Pl(x € R)
j=1
where P x is the (estimated) probability for class k in region j.
@ Given regions R;:

Bu= 1 S lyi=H)
VixieR;
with n; = 37, I(x; € Rj)
@ Also need to define R; based on some fitness criterion
@ Problem: Trees are very variable!
@ lllustration: phoneme_tree.R
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Combination of classifiers

@ Many models can fit data equally well

@ Also a specific model can give variable fits based on different data sets
@ |dea: Combine different predictors

@ Bagging: Combine fit from many different data sets
e Boosting: Similar, but sequential updates and simpler individual models
e Random forrest: Combine different models based on subsets of covariates
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Bagging

@ Assume training set Z = {(X1, ¥1), .., (Xn, ¥n)}
@ C(x) classifier based on Z
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Bagging

Assume training set Z = {(X1, 1), ..., (Xn, ¥n)}
C(x) classifier based on Z

Bootstrap sample Z;" = {(X7, y1), ..., (Xn, i)}
C7 (x) classifier based on Z7

Repeat, obtain Cj(x), ..., Ca(x)
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Bagging

Assume training set Z = {(X1, 1), ..., (Xn, ¥n)}
C(x) classifier based on Z

Bootstrap sample Z;" = {(X7, y1), ..., (Xn, i)}
C7 (x) classifier based on Z7

Repeat, obtain Cj(x), ..., Ca(x)

Combine (binary outcome)

B
1
Cbag = Z Cb (X
b: 1

Classification: J = 1 if Cpag(X) > 0.5.
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Extensions to several classes

Assume training set Z = {(X1, ¥1), ..., (Xn, ¥n)}
C(x) classifier based on Z

Bootstrap sample Z;* = {(X7, ¥7), ..., (Xn, ¥)}
C; (x) classifier based on Z7

Repeat, obtain Cj (x), ..., Ca(x)
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Extensions to several classes

Assume training set Z = {(X1, ¥1), ..., (Xn, ¥n)}
C(x) classifier based on Z

Bootstrap sample Z;* = {(X7, ¥7), ..., (Xn, ¥)}
C; (x) classifier based on Z7

Repeat, obtain Cj (x), ..., Ca(x)

Combine through majority vote
Crag(X) is class with most "votes"
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Bagging with probabilities

@ Assume training set Z = {(X1, y1), ..., (Xn, ¥n)}
@ pk(x) is estimate of Pr(Y = k|x) based on Z
@ Bootstrap sample Z; = {(X7,¥7), -, (X5, ¥i)}
o pP*(x) classification probabilities based on Z;,
@ Combine (binary outcome)

B
1 ,
pk,bag(x) - E ZP}? (X)
b=1
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Bagging with Numercal outcomes

@ Assume training set Z = {(X1, 1), ..., (Xn, ¥n)}
@ u(x) is estimate of E(Y|x) based on Z
@ Bootstrap sample Z; = {(X7,¥7), -, (X5, ¥i)}

o 1" (x) classification probabilities-based on Z;, .

@ Combine (binary outcome) \ . V\M o 4‘
LGHn

5 AN
Mk,bag(x) = 1§ Z ,uﬁ*(X) 5
b=1
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Bagging - comments

@ Can in principle combine results from any classifiser/regression model
e Highest benefit when original method is highly variable (e.g trees)

@ Will often improve predictive ability but have greater difficulty in interpreting the
results

@ Can also be used for regression problems
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Out-of-bag

@ Division of data into training, validation, testing
o Validation: Specify complexity of method/model selection
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Out-of-bag

@ Division of data into training, validation, testing
o Validation: Specify complexity of method/model selection

@ Bagging: Bootstrap samples from training set
@ Out-of-bag: Those observations not in bootstrap sample can be used for validation
@ Can also be used as an alternative to cross-validation
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Random forest

@ Bagging/boosting: Putting different weights on samples
@ Alternative idea: Consider different subsets of covariates
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Random forest

@ Bagging/boosting: Putting different weights on samples
@ Alternative idea: Consider different subsets of covariates

o When trees are used on each subset: Random forest
o Atevery tree node it selects randomly among a small subset g < p of covariates to split
e Tuning parameters is size of subset and number of trees
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Random forest

@ Bagging/boosting: Putting different weights on samples
@ Alternative idea: Consider different subsets of covariates

o When trees are used on each subset: Random forest
o Atevery tree node it selects randomly among a small subset g < p of covariates to split
e Tuning parameters is size of subset and number of trees

@ The global error converges to a lower bound when B increases

@ Increasing B does not cause overfitting
@ Alternative definition of Random forest

@ Any classifier obtained as a combination of a set of classification trees
@ Includes bagging and boosting

@ phoneme_tree.R
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@ When building tree b:

@ A new bootstrap sample is selected
@ A new sample of g covariates are selected
e Out-of-bag can also be used to specify g

@ Much faster because every single tree is based on fewer variables
@ Can use parallel computing
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Importance of each explanatory variable

@ mean decrease of accuracy in predictions on the out of bag samples when a given
covariate is excluded from the model, or

@ total decrease in node impurity that results from splits over that variable, averaged
over all trees
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@ Bagging: C{(x), ..., Cz(x) made in parallel, all samples made similarly
@ Boosting : Cf(x), ..., Cz(x) made in sequence
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@ Bagging: C{(x), ..., Cz(x) made in parallel, all samples made similarly
@ Boosting : Cf(x), ..., Cz(x) made in sequence
e Data to be used for Cj;(x) depend on C; (X), ..., C}_(X)
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@ Bagging: C{(x), ..., Cz(x) made in parallel, all samples made similarly
@ Boosting : Cf(x), ..., Cz(x) made in sequence

e Data to be used for Cj;(x) depend on C; (X), ..., C}_(X)

@ Assign greater weight to observations predicted poorly in the earlier stages
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@ Bagging: C{(x), ..., Cz(x) made in parallel, all samples made similarly
@ Boosting : Cf(x), ..., Cz(x) made in sequence
e Data to be used for Cj;(x) depend on C; (X), ..., C}_(X)

@ Assign greater weight to observations predicted poorly in the earlier stages
e Each Cj(x) are weak learners (typically small trees)
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@ Bagging: C{(x), ..., Cz(x) made in parallel, all samples made similarly
@ Boosting : Cf(x), ..., Cz(x) made in sequence

e Data to be used for Cj;(x) depend on C; (X), ..., C}_(X)
Assign greater weight to observations predicted poorly in the earlier stages

Each Cj(x) are weak learners (typically small trees)
Slow learning: Shrinkage parameter A small

Choost(X) = CE L (%) + AC5(x)

boost
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@ Bagging: C{(x), ..., Cz(x) made in parallel, all samples made similarly
@ Boosting : Cf(x), ..., Cz(x) made in sequence

e Data to be used for Cj;(x) depend on C; (X), ..., C}_(X)
Assign greater weight to observations predicted poorly in the earlier stages

Each Cj(x) are weak learners (typically small trees)
Slow learning: Shrinkage parameter A small

Choost(X) = CE L (%) + AC5(x)

boost

@ Number of iterations b is a tuning parameter
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Boosting on regression trees

1. Set f(r) =0 and r; = y; for all ¢ in the training set.
2. Forb=1,2,...,B, repeat:

(a) Fit atree f with d splits (d+ 1 terminal nodes) to the training
data (X,7).

(b) Update f by adding in a shrunken version of the new tree:
F(@)  f(2) + Af* (). (8.10)
(e) Update the residuals,
i i — M), (8.11)

3. Output the boosted model,

@) = S A (@), (8.12)
b=1
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Boosting on classification trees

Algorithm 5.2 Boosting (AdaBoost)

1. Initialize weights w; = 1/n, i=1,2,...,n
2. Cycleforb=1,...,B:

a. Fit a classification model C,(x) to the training set, with target
values 0 or 1, by weighting the observations by w;.
b. Obtain:

TR w10 # Gy(x)
zil w;

1 —erry,
(Y
R

c. Assign the néw weights:

err, <

)

w; < w; exploy, I(y; # Cplx;))). i=1,2,...,n
V .

3. The new classifier is:

B
_ C
1 if 721’*1;% () >
C(x) = b=1%
0 otherwise

1
20
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Gradient tree boosting

1. Initialize fy(z) = arg min,, E?:l Ly, 7).
2. Form =1 to M:
(a) Fori=1,2,..., N compute ,>
I 6

[P 1)
im af(Tz) f=fm-1 ‘
S~—" S~

(b) Fit a regression tree to the targets r;,, giving terminal regions .
w J= L2 Ty -
A =02 Iy, —
(c) For j =1,2,...,J,, compute S a,,,,—Y§—

~jm = arg min E L (yiy fra—1(@i) +7) .
i
TiERjm

(d) Update fo(z) = fon1(2) + 572 Vim (& € Rjm)-
3. Output f(z) = faa(zx).

Possible to use only a sub-sample of the data! Then stochastic gradient boosting is
derived!
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