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Exercise 1
(a)
i) Least squares

The least squares method: find parameter values that minimizes the residual sum of squares (RSS)

(yi - 377:/3)2 .

1

RSS = r? =

n n
i=1 i=

So, the least squares estimator of 3 is
n
~ ) 5
BoLs = arg mmz (yi — x:3)" .
B =1

Or, by using matrix algebra,

n

RSS = Z (yi — wiﬁ)2

i=1
= Hy — XIBH2 where X € R"*(P+1) and y € R”, 8 € RPH!
=(y—-XB)"(y-XP)
which leads to:

Bovs = arg;nin(y - XB)"(y - XB).

ii) Maximum likelihood

The error term in linear regression is defined as
i.4.d. 2
€1, ,En ~ N(0,0%).
By adding :ciT,B to each g;, we obtain

wrlrﬁ"—gl;"' 7w218+5nNN(Xﬁ70-2)

We can now write the likelihood function by using independence

- (2 B0 = TT (yi — =7 B)”
L= Hf(yz|wza/670' )—};[1 WGXP [_W] .

i=1

n




Then, the log-likelihood is

n

1
¢ =log(L) = Z [—2 log 210 —

i=1

(yi — = B)°

202

]:—log (2m0?) ~ 55 22 (yi — =i B)% (1)

To find the maximum likelihood estimator of 3, we have to maximize the equation (1) with respect to
n
B. And maximizing (1) with respect to 3 is equal to minimizing Z(yz — ] B)? with respect to 8.

i=1
Therefore, the maximum likelihood estimator is same as least squares estimator this case.

(b)

From (a), we have
By = fors = argmin(y — XB)"(y — XB).

Differentiate RSS this with respect to 3.
RSS = (y — XB)"(y - XB)
="' -B'X")(y - XP)
=y'ly-y' XB-8"X"y+8'X'Xp

ORSS  A(yTy—y"XB-B'XTy+BTXTXP)
0B B
=0-XTy - XTy+ (XX +(XXHTB (2)
=2XTy+2XTXp

This first derivative should equal to 0. So,
—2XTy+2XTXB=0
XTxg=Xx"y
B=(X"X)"'X"y.
Therefore, the maximum likelihood estimate for 3 is
B=(X"X)"'Xx"y

which is also the least squares estimator.

For further career in statistics, it is handy to know the following matrix differentiation rules:

Let the scalar a be defined by & = bTAx where b and A are not a function of &, then

ObTAx oxTADb B oxTAx

=A"Tp, e Ab, o = (A + ATz,




These three rules are actually a special case of a more general rule:

Let the scalar o be defined by @ = u™Av where
u=u(zx),v=v(x)and u: R”™” - R" v:R" - R", then

Note that there are several conventions in matrix calculus. In this solution, we stick to the denomi-
nator layout (a.k.a. Hessian formulation).

(c)

In the previous exercise, we obtained the log-likelihood function
1 n
E:fflog (2m0?) ~ 5 QZ i —x) B)? ffflog(27r)fnlog fz—z y; — z; B)>.

Differentiate the log-likelihood function with respect to o2

o n 1 < T 2
507 = 307 T 37 2~ wiB)

This first derivative should be equal to 0. So,

1
ot =3 (i -2l Py
=1
1
- - x5’
1

Therefore, the maximum likelihood estimate for o“ is
o 1 T
5 = —(y— XB)"(y - XP).

Note that 52 is a biased estimator of o?. The unbiased estimator can be obtained by replacing n with
n—op.

(d)

i)
We prove more general case E[XY] = E[X]E[Y] where X ¢ R"P)Y e RP*™ X 1 Y and 1 < i <n,



1<k<pl<j<m.

L1 0 Tk ot Tip| (Y11 o0 Yy o YUim
EXY]=E ||zi1 - ik - Tip| |Uk1 0 Yk 0 Ykm
L _J""L71 DY x"L7k} .o J""L7p yp,l DY yp7] DY yp,m

rp p p 7
E T1,kYk1 E T1,kYk,G E T1,kYk,m
k=1 k=1 k=1

p p P
=E E TikYk1 E TikYk E Ti kYk,m
k=1 k=1 k=1

p P P
§ Tn,kYk,1 = E Tn,kYk,y - E T, kYk,m
Lk=1 k=1 k=1 i

P
We can see that the (4,7) entry of XY is defined as (XY),; ; = in,kyk,j. For arbitrary 7 and j, we

k=1
have
E[(XY);;] =E in,kyk,j] = Elwirv]
k=1 =1
= Elzix]Elye;]
k=1
=(E X]E[Ybi,j

That is, E[XY] = E[X]E[Y].

Now, we prove E[X + Y] = E[X]+E[Y] where X e R™*™Y e R"™ and 1 <i<n,1<j<m. Note
that X and Y don’t have to be independent.
The (i, ) entry of X +Y is defined as: (X +Y);; = xi; + ¥ij-

E[(X +Y);,;] = Elz:; + vi;] = Elzi;] + E[yi ;]
= E[X; ;] + E[Y; 4]

That is, E[X + Y] = E[X] + E[Y].

Finally, by combining the two properties that we just proved, we obtain

E[AZ + b] = E[A]E[Z] + E[b] = AE[Z] + b.
i)
Consider b,d, X,Y ¢ R" and A,C € R"™*".

The scalar-version of covariance is defined as:

Cov(X,Y) = E[(X — E[X])(Y — E[Y])].



Consider a matrix (X — E[X])(Y —E[Y])". The (i, §) entry of this matrix is (X; — E[X;])(Y; — E[Y]]).
Thus, the (i, j) entry of the matrix E[(X —E[X])(Y —E[Y])T] is Cov(X;, Y;) = E[(X;—E[X;])(Y; —E[Y;])]
That is,

Cov(X,Y) =E[(X — E[X])(Y —E[Y])"].
We have

Cov(AX +b,CY +d) =E[(AX +b—E[AX +b])(CY +d —E[CY +d])"]

(AX +b— AE[X] - b)(CY +d— CE[Y]—d)"]

(AX — AE[X])(CY - CE[Y])"]

A(X — E[X]

A(X — E[X]
E[(X - E[X]
ov(X,Y)C".

(C(Y —E[Y])7]
(Y — E[Y])TCT]
(Y —E[Y])T]CcT

[
[
[
[
[

E
E
E
E )
E )
AE )
AC

That is,

Cov(AX +b,CY +d) = ACov(X,Y)C". (3)

When AX + b= CY +d, (3) has a special case

Var(AX + b, AX +b) = AVar(X)A".

Note that I assumed that A and b are not random matrices/vectors and that their dimensions are well
defined such that matrix operations (+, —, X, ---) are possible.

(e)

Consider two arbitrary vectors a, X € R".
By using (3) from the previous exercise, we have

Var(a™X) = a™Var(X)a.

Notice that a® X is a scalar. For convenience we call it a. So, o = aT X.
By definition, variance is a non-negative real number, which implies

a’Var(X)a = Var(a) > 0.

That is, a covariance matrix is always positive semi-definite.

(f)
i)
In linear regression, we have Y = X3 4 €. By using the fact that X and @ are not a random ma-

trix/vector, we have

E[Y] = E[X|E[8] + E[e] = X3 +0 = X3.



ii)

By using the results from the previous exercises, we can write

(XTX) ' X Ty

(XTX) 'XT(XB+e)

= (XTX)" ' XTXp+ (XTX) ' XxTe
=B+ (XTX)'Xx"Te.

Take the expectation of the obtained expression of ,@:

E[B] =E[B+ (XTX) ' XTe]
=B+E[(XTX) ' XT|E[]
=B.

(2)

By using the results from the previous exercises, we can write:

Var(8) = Var(XTX)'XTY)
= (XTX)"' XTVar(Y)((XTX)" ' xT)T
= (XTX) ' XTo2r(XxTXx)1xT7T
AXTX) I XTx(xTX)!
_ 0_2 (XTX)—l

(h)

# For reproducibility.
set.seed (1)

# Set parameter values.
n.vec = seq(10, 100, by = 5)
p=>5

sigma.val = 1

# Make a frame to write down results.
var.beta.0 = as.data.frame(matrix(NA, ncol = 2 ,nrow = length(n.vec)))
colnames(var.beta.0) = c("n","var.beta.0")

for (i in 1:length(n.vec)) {
# Select the value of n.
n = n.vec[i]
# Make a frame.
X = matrix(NA, nrow = n, ncol = p)
# 1st column contains only 1.
X[ ,1]1 =1
# Generate random values from standard normal distribution.
for (j in 2:p) {
X[,j] = rnorm(n, mean = 0, sd = 1)



¥

# Create the covariance matrix of beta.
cov.mat.beta = sigma.val*solve (t(X)%*%X)
# Write down the result.

var.beta.0[i,1] = n

var.beta.0[1,2] = cov.mat.betal[l,1]

# Plot the result.
plot(x = var.beta.0[,1], y = var.beta.O[,2],
xlab = "n", ylab = expression(paste("Var(", hat(beta)[0], ")")),

main = "", font.main = 1)
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Figure 1: Result of exercise 1 (h).

(i)

# For reproducibility.
set.seed (1)

# Set parameter values.
p.vec = seq(20, 32, by = 1)
n =31

sigma.val = 1

# Make a frame to write down results.
var.beta.0 = as.data.frame(matrix(NA, ncol = 2, nrow = length(p.vec)))
colnames(var.beta.0) = c("p","var.beta.0")

for (i in 1:length(p.vec)) {
Select the value of p.

= p.vec[i]

Make a frame.

# T #=*



X = matrix(NA, nrow = n, ncol = p)
# 1st column contains only 1.
X[ ,11 =1
# Generate random values from standard normal distribution.
for (j in 2:p) {
X[,j] = rnorm(n, mean = 0, sd = 1)
}
# Create the covariance matrix of beta.
cov.mat.beta = sigma.val*solve (t(X)%*%X)
# Write down the result.
var.beta.0[i,1] = p
var.beta.0[i,2] = cov.mat.betal[l,1]

# Plot the result.
plot(x = var.beta.0[,1], y = var.beta.O[,2],
xlab = "p", ylab = expression(paste("Var(", hat(beta)[0], ")")),

main = "", font.main = 1)
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Figure 2: Result of exercise 1 (i).

()
Consider a linear regression setting with n data points and p predictors. In this situation, we have to
estimate p 4+ 1 parameters (5o, - -- .3,) based on n observations.

When n is small (relative to p). Bj is easily affected by the randomness of an individual data point. But,
when n is large (relative to p), this individual effect on 3; becomes smaller. Therefore, as n increases
(relative to p), Var(By) decreases.

When n < p, there is no unique solution to least squares method and we will get an error in R.

The relationship between P and Var(fp) might be difficult to see in the plots above because n and p are

relatively small. So, we generate the same plots again with larger n and p:
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Figure 3: Exercise 1 (h) with: p =5 and n = 10,15, --- ,995, 1000
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Figure 4: Exercise 1 (i) with: n = 1000 and p = 20,25, - - - , 985,990



Exercise 2
(a)

EPE(f) = E[L(Y, f(X ))] E[(Y - f(X))’]

/w/y y — (@) p(@, y)dyde
- /w/y(y—f(w)) p(z)p(y|z)dyda
- /:c (/ﬂ(y - f(a:))zp(y|m)dy> p(x)dz

— [ (Brix [(v = F0P1X = a]) pla)de

We are looking for a function f that minimizes EPE(f) given the data (i.e. X = x).
EPE(f) becomes

EPE(f) = Ex [Ey|x=z [(Y — f(2))?| X = z]]
Since all X are replaced by the given data x, we can ignore Ex[-]. So,

EPE(f) = Ey|x—z [(Y — f(2))?|X = ]

We are looking for a function f that minimizes this expression, which is by definition

flx) = argcmin Ey|x—a [(Y — )% X = z].

(b)
We want the value ¢ that minimizes L.
L=Eyx—z [(Y — ¢)’|X = 2]
=EBy|x=a [Y? —2Yc+ 7| X = z]
=Ey|x—s [Y?X =] — 2By x_s Y| X = 2] +
Take the first derivative.
oL _
de
This first derivative should equal to 0.

—2Ey|x—¢ [Y|X =] + 2¢

—2Ey‘)(:m [Y|X = LE} +2c=0
¢ = EY|X:$ [Y|X - :13]

Take the second derivative.

0L
—=2>0
Oc? -

Therefore, ¢ = Ey|x— [Y|X = ] is the minimizer of L.

10



(c)

In the previous exercise, we showed that ¢ = Ey|x— [Y|X = @] is the minimizer of EPE(f). We plug
in the given expression of Y into this solution.

c=Ey|x— [Y|X = z]
= By |x=z [9(z) + | X = ]
=g(x) + Ey|x—z [¢| X = 2]
=g(x)

So, f(-) is the optimal predictor when f(-) = g(-).

(d)
EPE(f) = E[(Y - f(X))?]
=E[(Y - E[Y] +E[Y] - f(X))?]
=E[(Y - E[}])* + (B[Y] - f(X))* +2(Y - E[Y])(E[Y] - £(X))]
=E[(Y - E[Y])’] + E[(E[Y] - f(X))?] + 2BE[(Y — E[Y])(E[Y] - f(X))]
=E[(Y - B[Y])?] + E[(E[Y] - f(X))?] + 2Ex [E[(Y — BY])(B[Y] - £(X))|X]]
(Law of total expectation)
=E[(Y —E[Y)])?] + E[(E[Y] - f(X))?] + 2Ex [(E[Y] - f(X))E[(Y - E[Y])|X]]
=E[(Y - EY])’] + E[(E[Y] - f(X))?]
= Var(Y) + E [(B[Y] - f(X))?]
= Var(f(X) +¢) + E[(E[Y] — f(X))?]

The last term will be 0 when E[Y] = f(X). So, the lower bound is Var(f(X)) + o°.

11



Exercise 3

(a)
This is quite straightforward.
EPE(f) = E[L(Y, f(X))] = E[1 = I{f)}(y)]
/ / (1= If@)y (v) p(z, y)dyde
— [ [ 0= 150 ) p@ipiule)dyde
= [ ([0~ twnpieny) s
= [ (= Paly = f@)|X = @) pe)de
(b)

EPE(S) = [ {1=Pr(Y = f@)X =) pla)da

We are looking for a function f that minimizes this expression, which is by definition

f(x) =argmin [l — Pr(Y = k| X = «)] = argmax [Pr(Y = k| X = x)] where k €0, 1.
k k

Since f(x) is a binary predictor, we have only 2 options for the value of f(x): 0 and 1.

We are maximizing Pr(Y = k| X = ). So, if Pr(Y =0|X =z) < Pr(Y = 1| X =), k = 1. And if
Pr(Y =0/X =) > Pr(Y = 1|X = 2), k = 0.

Notice that Pr(Y = 0|X = x) + Pr(Y = 1|X = ) = 1. So, the decision boundary is at Pr(Y = 0|X =
z)=Pr(Y =1|X =2)=0.5

Therefore,
1 ifPr(Yy =1|X =x) > 0.5
) = v =nx=e
0 otherwise
(c)
Intuitively,

K-1 if K — 1 =argmax [Pr(Y = k| X = x)]
k

K-2 if K —2=argmax [Pr(Y = k| X = x)]
k

1 if 1 = argmax [Pr(Y = k| X = )]
k

0 otherwise

12



(d)

Assume ko : argmax [Pr(Y = k| X = x)]. We get an error when Y # k,p;. The probability that this
k

happens is 1 — Pr(Y = kop:| X = a) which corresponds to 1 — max Pr(Y = k|x).

13



Exercise 4

(a)

See extrad.r on the course webpage.

(b)

It’s given that
X ~N(0,1), n~N(0,1) and X L 7.
Now we assume
Z=09X+ v1-0.92n,
then
Var(Z) = Var(0.9X + /1 — 0.9%2n)
= 0.92Var(X) + (1 — 0.9%)Var(z)

=0.9%-1+(1-09%)-1
=1.

By using the rule Cov(aX +bY,cU + dV) = acCov(X,U) + adCov(X, V) + bcCov(Y,U) + bdCov (Y, V),
we have

Cov(X, Z) = Cov(X,0.9X + /1 —0.9%n)
= Cov(X,0.9X) + Cov(X, V1 —0.92n)
= 0.9Cov(X, X) + /1 — 0.92Cov(X, n)
=09-1+1-0.92.0

=09

and

Cor(X,7) = — 22D 4
’ Var(X)Var(Z)

So, defining Z with {Z = 0.9X + /1 —0.92n and n ~ N(0,1)} is same as defining Z with {Z ~ N(0,1)
and Cor(X,Z) =0.9}.

When we simulate (X, Z) in R, both generating algorithms will give the same result, except for the
differences created by the random number generator.

(c)

See extrad_extended.r on the course webpage.

14
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(d)
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(e)

z has a high correlation with . When z is added to the model, it takes over a part of variance y that is
previously explained by x. So, the rejection rate of 5, decreases.

16



Exercise 5

(a)

1
B[] = Fl(=")"B) = (=) E[B] = ()78 = 0 where @* = |

So, 9 is an unbiased estimator of .

(b)

0% = Var(f) = Var((z*)"8) = (z*)"Var(B)a* = (") o*(X"X)'a* = o?(z") (X" X) 1"

Here, X is the design matrix that is used to fit the model (i.e. to estimate 3) and o = Var(e). =* is
the new data point for prediction.

(c)
i

From the previous exercise, we have: 092 =o?(x")N(XTX)'x*. So, s2 =52 =5 (z") " (XTX) tx*

_ \/02(m*)T(XTx)—1m*

G2(n—p=1) _ 1
o2 n—p—1

17



Now we need to show that Z ~ N(0,1), X ~ x7_,_; and Z L X.

~ 00
We know that 6 ~ N (0,02 (z*)" (XTX) " *x*). So, Z = ~ N(0,1).
\/UQ(m*)T(XTx)—lw*
=2
As a direct result of the given property, we obtain: X = U—z(n —-p—1)~ X?l—p—l'
o
-0 52

It’s given that B 1 32 So,

L —=n-p-—1).
\/02(33*)T(XTX)—193* 0'2( p )

Therefore,
b—0 Z
T = = ~tp_p1-
Sé\ X
n—p—1
ii)
-y
0
So,

To sum up, the 100(1 — a)% confidence interval for 6: o — t1_g np1- 55 0+ t1-gmnp1- s§]

(d)

B 0] =E |(@) 8+ — ()78
= (@78~ (@")"E[B] + B[]

(@*)'B—(x")'B+0
=0

-~ -~

The result that we obtain here is E[f] = E[Y*] and not E[] =Y.

E[f] - Y* = (2")T8— (&) T8~ = —" #£0

18



(f)
i)

First, show that Y* — 9 follows a normal distribution.

Y~ 6= (@)"8 - («*)"B + &
= (@)"8 — (@) (XTX)'X Ty +¢
=(@)"8 - ()" (XTX) ' X (XB+e)+e
_ (m*)Tﬁ . (m*)T(XTX)qXTXﬁ o (w*)T(XTX)leTg 4ot
= ()T XTX) 1 XTe +¢

~ N0, ()T (XTX) T X To? ()" (XTX) T XT) ) + N(0,0%)
(because —(x*)T(XTX)™1 X e 1L &%)

= N(0,0(@")"(XTX) "' X" ()" (XTX) ' XT) ) + N(0,07)
= N(0,0?(z)T(XTX) I XTX(XTX) 12*) + N(0,0?)
= N(0,0*(z")" (X" X)'&*) + N(0,0?)
= N(0,0%(x")"(XTX) 'x* + 0?) (by the additivity of independent normal distributions)
= N(0,0%((z")"(XTX) 2" + 1))
We have: 07, =0 ()" (X" X) 'a" +1). So, 52, s=07. ;=0 ()" (X" X)"z" +1)

19



Y*—9

T =
Sy«_g
B Y-
Vo2 (z*)T(XTX) 1z + 1)
Y*—8

_ \/0.2((w*)T(XTX)—1w*+1)

C VEPE)TXTX) e D)

Vo (@) T(XTX) 1w +1)
Y*—8

_ VAR TXTX) e+ 1)

6-\2

\V o2

Y*—9
 Vo2(m)T(XTX) lar+1)

52(n—p—1)
o2(n—p—1)

Y*—0
B \/02((m*)T(XTX)—1m*+1)

G2 (n—p-1) _ 1
o2 n—p—1
Z

X
n—p—1

Now we need to show that Z ~ N(0,1), X ~ Xi—p—l and Z 1 X.

o~

~ Y*—40
We know that Y* — 6 ~ N(0, o*((z*)"(XTX) 'x* +1)). So, Z = ~
V(@) (XTX) T2 + 1)
N(0,1).
52
As a direct result of the given property, we obtain: X = —2(71 —p—1)~ xi_p_l.
o
~ Y*_0 ~2
It’s given that 3 1 2. So, A1 J—Q(n —p—1).
VA XX e ) o
Therefore,
Y*—6 Z
Y-8 Pro——
ii)
Y* -0
T = ~ tnfpfl
Sy«_g

20



2

=P (0 —ti_ap_p_1- Syu_g <Y*<6+ tl—%,n—p—l . SY*—§)

_p (5 fogapt - (@) T(XTX) e 4 1< Y <O+ tig 3y (@)T(XTX)lar + 1)

=1-«a

To sum up, the 100(1—«)% prediction interval for Y*: [5— tognp-1"Sy._p 0+ ti—gm—p-1- SY*_(;}
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Exercise 7

(a)
(i)

1
p =0, so the model: Y; = By +¢;, and X = |:

1
The least squares estimate is given by:

B=(X"X)"' X"y,
which in this case leads to
Bo = 2eiz1 Ui =y
n

So,

(ii)

Same procedure as in (i), but you have to replace X and y with X _; and y_,; by removing the i-th data
point.
The resulting prediction:

@fi:nilzyi-

J#i
(iii)
H=XxXTx)'xT
1 17\ "
o R LR R O I LR
1 1
1
=pn1 [1 1}
1
1 .- 1
_1 .
=~ .
1 --- 1
Thus,
h“:l
n

22



(iv)

. > i Vi
Yi —Y; t= Yi i
n—1
_ Z?:l Yir Yi
=Y
n—1
Z?le Yir Yi
=Yi— nnfl =
n
G W
=Yi— T
1=
o (1—%)%"'%—%
= i
T
_ Y~ Vi
= 1
T n
Yi — Yi .
=1 (by using the result from (iii))
—
(b)
(1)
M, =X X,
11 o Tyl ot Tl T1,1 15 - Tip
=% 0 Tigo o Tag || Tia Tij o Tip
xl,p ... :L’Z’p .. mn7p xn,l xn,j ... xn,p
4
:[wl...m"].
T,
n
-l
i=1
(i)
1 A luvTA?
A+ uv” A= =
(A+ ) 1+vTA
if and only if
A luvTA!

A lypT A1
T _ _
(A + uv ) (A L 1_|_UT141U> =1 and (A I

23

1+ vTA

>(A+uvT) =1



1

For convenience, lets write ¢ = —————.
1+vTA 1y

First condition:

(A +uv™) (Al - m) = (A+uv") (A —cAluvTATY)
= AA —cAA T AT funT AT — cu(vT AT )T AT
=T - cuv" A +uvTAT — (v AT u)uvT AT
=TI+ (—c+1-cv'A u)uvTA!
“1+1+vTA lu —vTA

T 4—1
A
1+9vTA 1y Juv

=1

Second condition:

~1,,. T p—1
(A1 — w> (A + uvT) = (A*1 — cAflu'vTA*l) (A + uvT)
v u
=ATTA+ A "uvT —cA v — cA T A uw T
=1+ (1 —c— cA_luvT) A 'uoT

1+vTA -1 —vTA 1y

=1 A luw”
+ 1+vTA-lu ) uo
=1
Thus,
- A tuvT A
A oo MW A
( +uv ) 1+’UTA71'U/

(iii)

Let x,, = M__ll:nn, then

n

n ~1
M= (Z :l)zil’:?)
i=1
n—1 -1
- (Z xx) + :c,ﬂ:f)
i=1

= (Mn:l1 + mnmz)_l

M 'z, Mt
! noltnn nl (by using the Sherman-Morrison formula)

= n—1 " 1
1+a2TM, -z,
~ Tar—l
B -1 Thpx, M,
n-l 1+afz,
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(iv)

B-

Bn
= (XEXn)ingyn
= M, ' X, yn

_ -1
- (Mnl - 1+men )szyz
~ — n—1
_ Tnx, M
- (pat - ) (o)

=1
~ T —1
. Tz, M, | T
:O@*‘lﬁﬁ%>‘&”%1+““)

Tag—1
Tpx, M
-1 ne'n n—1 T
=M XYy, + M ey, - L —
1Yn-1 1 nlYn ~ —1Yn—1
e 1+ wgwn "
~ ~ _1
> T PN I M, !

n—1 +Mn 1LnYn —

n—1 —

1+ zlz,

~
\
iR

1+aTz,

-~ T
Tn -
T -—F )z
< 1_’_932:[:“) nYn

B
(An—l + fényn>

I
/\?/\
\

—
-1-38?
8
8
34
R
3
N———
™

~
|

—

_|_

5
|73
3
N———

Or alternatively,

™)

To prove (I -

T ~ T~
T, i~ ~ Tny, TnYn
< 1+ wzwn) no1 F Enyn = 7 +azlz,
T T =~
Ly = ~ Ly TnTnYn
< 1+ m}:mn) R +zlz,
U T
I,T ~ z' T, _
= (I - —F=— g+ 1l-—F
( 1+ mzwn) nt < 1+ wzmn) nn
I TpTr 3 4 l+zrz, —zlz, _
= _ — T
1+ wzwn n—1 1+ wzwn nYn
~ T
T ~ 1 ~
= I — 7”,\, 1t =
< 1+ acza:r) P v 2Ta, nin
-1
Lmﬂ =1+ Z,x", show
1+aTz,

I—% (I+w )—I and (I—&-%wT) I-—
1+zrz, n® nen

or simply use the Sherman-Morison formula.
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~ .7 ~ ..T
Tpx ~ Tpx
") 1+ <I _ n"~> Mn__llmnyn

wnyn

T

T,

1+aTz,
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Use the result from (iv):
~ Tt ~
= I— n7n~ ( n— ~n n)
ozl \ s 4 -
(I - nr{%) Bn = Bn-1+ Tnyn

~ Ty P
ﬁnfl =|I~- ~ Bn — TplYn-

1+ zlx,
Use the equality that we just proved

(vi)

= Z ( + wn ) lgn - mnyn)
(i

((

= (1+2,@0) yn — (1 + 2, &) Un

= (1 + :cgfc'n) (Yn — Un)

m mn n)ﬁn m,@nl/n)

(vii)

@
H=XX"X)"'XT=|: | - M [z =]

T
Ty

From this, we can directly see that (H), ; = x; M, 'z;.
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n n
T LTI MY
=z, | M, T n
1+z,x),
T . Toxt M, x,
=z, (M, z, T
1+z x),
T~ ToT T,
=z, (T, — 0
1+x,;x,
T
T, T
=xrz, (1- -2 -
1+x;x,
r~ (l1+zrz, —z}lz,
=z, T, T
1+z,x,
T
. x,T,
First, we use the result from (vii):
T~
o~ _Znn
n — P
1+aTz,

T~ T
hp + hnx, Tp =T, Ty

T~ T
hp =z, Xy — hpx, Ty,

h
- .
1—h, "

We plug this result into the equation we just obtained:

~

Yn —Un W = (1 + xzin) (yn —Un)

h ~
= <1 + 1 —nhn) (yn - yn)

_yn_gn

1—h,

This verifies equation (5.2) in the textbook for i = n.

(viii)

Changing the order of data points in the dataset doesn’t effect the model. This means that we can set
any data point to be x,. Therefore, equation (5.2) is valid for alli =1, -+ ,n.

(c)
Consider a situation where we fitted a model based on n data points. (i.e. We estimated Bn.) If we get

m extra data points (after we already estimated En), we don’t have to fit the whole model again, but we
can just ‘update’ our model by using the formulas we obtained. (i.e. We can update 8, to Bptm.)

27



Exercise 8

(a)

First, realize that natural spline is a cubic spline with a constraint, namely: g(x) is a linear function in
the intervals x € (—o00,¢1) and = € [ck, 0).

The constant we want to impose in this exercise (on a cubic spline) is clearly a nested case of this
constraint of natural spline. So, this constraint can also be expressed as a natural spline with an extra
constraint, namely: The linear function in « € (—00,¢1) and z € [ck, 00) has a slope of 0.

(b)

The constraint requires that g(z) is a constant for x € (—o0,¢1) and z € [ck, 00).
Let’s look at the first interval. Since z € (—o00,¢1), all (z — ¢;)% = 0. Which means that all ny(z) = 0.
So, g(z) becomes: g(x) = 6y + 01x. For g(x) to be a constant, 6; should be 0.

(c)

Cubic spline is a ‘stitched’ cubic polynomials and the stitching points are called ‘knots’. So, each interval
created by knots has a single cubic polynomial curve. Therefore, g(x) in the last interval is also a cubic
polynomial.

Now, let’s write this cubic polynomial in the interval x € [cx,00) as g(x) = ap + a2 + aox? + aza®.

The constraint from the exercise requires that this polynomial is a constant. So, a3 = as = g3 = 0 and
g(x) = ag. Thus, ¢'(x) = 0.

28



(d)

K—2

From (b), we have 6; = 0. So g(z) in the interval x € [cx,0) is g(z) = 0y + Z Op+1mp ().
k=1

From (c), we know that ¢’(z) = 0 in this interval. So,

K—2
g (x) = O+ 1y, (2)
k=1
K—2
= 9k+1 (d;c(l') - /K—l(w))
k=1
_ K_Qe ((m — Ck)3 - (33 — CK)3>/ - ((93 - CK—l)3 - (33 — CK)3>/
£ k+1 CK — Ck CKk —CK—1
5 (3@ —a)? =3 —ex)® 3@ —ex1)? -3 — cz<>2)
= +1 CK — Ck CK — CK-1
_ K-2 ek (3(CK _ Ck)(QCIJ —cp — CK) _ 3(CK — CK,]_)(Q.'E —CK—-1— CK))
e +1 CK — Ck CK —CK-—-1
K-2
— 0k+1 (3(2:13-0]6_CK)_B(QI_CK_l_CK))
k=1
K—2
=3 Opr (cx-1 — cx)
k=1
=0
(e)
K—2
Now, we reparametrize g(x) = 6y + Z Or1mi(x).
k=1
Let,

[0 k=0
Ty itke{l, K —2)

and let the new basis function be:

This gives
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Exercise 9
(a)

_PY=k)
S PY =1)
exp {01@0 + Z?:l Gk,jxj}
Yo' exp [91,0 + 3 91,]'%]

exp[@kyoJrZ?:l Ok,jwj]
. exp[OO,O—Q—Z;?:l 90,J$_7‘]
O 00+, 61,55)
eXP[GO,OJer:l 00,;7;]

exp {ak,o — 0,0 + Z;):l(ek,j - 90,;’)%}
- >y exp [91,0 — 00,0+ 2201 (01; — 90,;‘)%}
exp {91@70 — 00,0 + 251 (On,j — 90,3')%}
1+ Y exp {91,0 —bo,0 + 2251 (015 — 90,]')%']

P(Y =k) =

by defining 8y ; = 0;; — 0o, j, we get

exp {51@70 +20 5k,j$;}

1+ S exp {51,0 +20 51,;‘%’]

K-1
By definition, »  P(Y =1) = 1. So,
=0
K-1 K-1 K—1
PY=0)=> PY=1)-> PY=0)=1-)Y PY =1).
= =1 =1

B-model imposes a restriction that Y = 0 is set as the reference case. So, S-model has smaller number
of parameters then the 6-model.
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(b)

P(Zf =1) = P(Y; = k|Y; € {0, k})
P =k)
~ P(Y; = 0)+ P(Yi = k)
exp[ﬁk,o+2§:1 5k,jmj]
1+ T exp[Brot b, Bujas]

k-1 o exP[Bk,O"‘E?:l ﬂk,jlj]
1 =1 PY =1)+ 14+ exp[Bro+ 38, B jzs)

exp|Br,0+35_; Br,; 7]
14325 exp[Bro+ 30—y Brgws)

1— ZK—l ( EXP[BLI,Q-i‘Z?:l 51/,]'%'] > exP[Bk,O"l‘Z?:l ,Bk,jwj]

P\ e[Brot i B 14+ exp[Bro+ 8, Brjzs)
Cxp[ﬂk,oJer:l 5kﬁjxj]
I+ T exp[Brot b, Bujas]
S s S NN > S s S
1+ZZKZ*11 exp[ﬁz,o‘i‘Zf:l ﬁl,jxj]
exp|Br,0+ 30— Br,i75]
1+ exD[ﬁz,oJrZ?:l Bz,jmj]
1 exp|Br,0+ 3%, Br.sz;]
1+EZK:;1 exp[Bl,0+E§:1 5l,jlj] 1+Zf<:*11 eXp[ﬁl,0+Z§:1 Bl,jivj]
exp[ﬁk,o-‘rZ?:l ,Bk,jwj]
14+ 5 Texp[Bro+ 30—, Br ;]
1+exp|Bro+30_, Br.jz;]
1+ Texp[Brot+b_, Brjag]

exp [ﬁk,o + 20 51@4‘%}

1+exp [Bk,o +30 ﬂk,j%}

exp|Br,0+X"_; Br.;7;]
1""21}(:;1 exp[ﬁl.o‘f'z;?:l 51,3'-”67']

_|_

This is equal to logistic regression. So, we can use the theories from logistic regression to estimate .
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Exercise 14

(a)

Bayes classifier is a classifier that minimizes the probability of misclassification (i.e. error rate).

By using Bayes theorem, we have:

PV, X)  Pr(X]Y)Pr(Y)
PV = 5% =

We are given that

(5 + 5k)ze~ (5+5K)

Pr(X|Y = k) = Poisson(\g) = '
x!

and m, =Pr(Y =k) =

=[ =

So,

v
g

Il
e

Pr(X|Y = k) Pr(Y = k)

b
Il
—

NE

Pr(X|Y = k)

>
Il
—

o Wk Wl

7N
—_

016—10 15we—15 2016—20
| + | + |

|
—_
S

10% 15% —5 20% —10
3(a!) (107 +15%€2 +20%7)

Pr(X|Y =k)Pr(Y =k)
Pr(X)
(545k)e”5+50) ¢
_ x! 3

e—10

m (].0Z + 15w€75 + 20w€710)
- (5 + 5k)%e(5=5k)
107 + 15%e =5 + 20%e 10
(4 k)TN
- 2T 4 31675 + 4w6710

Pr(Y = k|X) =

Minimizing the probability of misclassification is equal to maximizing the probability of correct classifi-
cation. Thus,

(1 + k)m6(575k)
2% 3w6—5 + 4.’1)6—10

Bayes classifier: argmax Pr(Y = k|X) = argmax {
k k

:17} = arg max {(1 + k)””es(l*k)‘x} .
k

(b)

Bayes classifier is a classifier that minimizes the probability of misclassification (i.e. error rate).
So, error rate of Bayes classifier:

Pr(Y £ Y|X)=1-Pr(Y =Y|X)
=1—max Pr(Y = k| X)
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# Theoretical error rate of Bayes classifier
theoretical.Bayes.error.rate = function(x,K) {
prob.mat = data.frame(k = 1:K, prob = NA)

for (k in 1:K) {
prob.mat [k, "prob"]l = ((1 + k)“x)*exp(5 - 5xk)/(2°x +3"x*exp(-5) + 4 x*exp(-10))
}

theo.error.rate = 1 - prob.mat[which.max(prob.mat[,"prob"]), "prob"]

return(theo.error.rate)

b
theoretical.Bayes.error.rate.vec = Vectorize(theoretical.Bayes.error.rate, vectorize.args = c("x"))

# Plot the theoretical error rate of Bayes classifier.

x.grid = 0:50

y.grid = theoretical.Bayes.error.rate.vec(x.grid, 3)

plot(x = x.grid, y = y.grid, type = "1", xlab = "x", ylab = "Error rate of Bayes classifier")

Error rate of Bayes classifier
0.0 01 02 03 04 05

(c)
set.seed(1)

# Simulate y
simulated.data = data.frame(y = sample(x = 1:3, size = 1000, replace = T))

# Simulate X

simulated.data[(simulated.datal,"y"] == 1), "x"] = rpois(sum(simulated.datal,"y"] == 1), 10)
simulated.data[(simulated.datal,"y"] == 2), "x"] = rpois(sum(simulated.datal,"y"] == 2), 15)
simulated.data[(simulated.datal,"y"] == 3), "x"] = rpois(sum(simulated.datal,"y"] == 3), 20)

# Bayes classifier
Bayes.classifier = function(x,K) {
prob.mat = data.frame(k = 1:K, prob = NA)

for (k in 1:K) {
prob.mat [k, "prob"] = ((1 + k)“x)*exp(5 - 5*k)/(2"x +3"x*exp(-5) + 4 xxexp(-10))
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}
y.hat = prob.mat[which.max(prob.mat[,"prob"]), "k"]

return(y.hat)
}

# Compute y.hat based on Bayes classifier.
Bayes.classifier.vec = Vectorize(Bayes.classifier, vectorize.args = c("x"))
simulated.datal,"y.hat.Bayes"] = Bayes.classifier.vec(simulated.datal,"x"], 3)
simulated.datal,"is.pred.correct"] =

as.numeric(simulated.datal[,"y.hat.Bayes"] == simulated.datal,"y"])

# Overall error rate
error.rate = 1 - sum(simulated.datal,"y"] == simulated.datal,"y.hat.Bayes"])/nrow(simulated.data)
show(error.rate)

# Error rate per x value
empirical.error.rate.mat = data.frame(
X sort (unique(simulated.datal,"x"])),
n = as.numeric(table(simulated.datal,"x"])),
n.correct.pred = NA)

for (i in l:nrow(empirical.error.rate.mat)) {
X.target = empirical.error.rate.mat[i, "x"]
empirical.error.rate.mat[i, "n.correct.pred"] =
sum(simulated.data[(simulated.datal[,"x"] == x.target), "is.pred.correct"])

}

empirical.error.rate.mat[,"error.rate"] =
1 - empirical.error.rate.mat[,"n.correct.pred"]/empirical.error.rate.mat[,"n"]

# Plot the error rate as a function of x.
plot(x = empirical.error.rate.mat[,"x"], y = empirical.error.rate.mat[,"error.rate"],
type = "1", xlab = "x", ylab = "Error rate of Bayes classifier")
points(x = x.grid, y = y.grid, type = "1", 1ty = 2, col = "red")
legend("topright", c("Theoretical error rate","Error rate from simulation"),
1ty = c(2,1), col = c("red","black"))

O
3 © .
= ---- Theoretical error rate
@ 7] —— Error rate from simulation
SR
(%] o
g
© _|
m
5 o
&J o
o
5 _|
wm 9 J--ee VN \meeeeo....

© T T T T T T T

0 5 10 15 20 25 30 35
X
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Exercise 15

(a)

Use same approach as in exercise 14 (a)

[
]

Pr(X) Pr(X|Y =k)Pr(Y = k)
k=1
12
=3 > Pr(X|Y =k)
k=1
_1 ( 1 6_<z+21>2 N 1 e_(acl)?)
2 \V2nr V2T
1 <e<m+21>2 N (m—1>2)
2V21
Pr(X|Y = k) Pr(Y = k)
Pr(Y =klX) =
 (@—np)
7=
- _ (@12 (2—1)2
2var (e ’ )
 (m—pp)?
e 2
T T Gro? G-1?
2

Bayes classifier: argmax Pr(Y = k|X) = arg max
k

2+1)2 z_1)2
L _(Jc2) +6_(L2)

e

We can simplify this classifier further. We examine the decision boundary
Pr(Y =1|X) > Pr(Y =2|X) <= —(z+1)*> (1) <= 2 <0.
So, we have
Bayes classifier: kB%* = argmin {1 — Pr(Y = k|X)}
k

= argmax Pr(Y = k|X)
k

1 ifx <0

2 otherwise

(b)

_ (@+1)?
e 2

z+1)2 z—1)2
_% + e_%

We plot Pr(Y = 1|X) =
e
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prob.yl.cond.x.func = function(x) {
prob.yl.cond.x = exp(-((x+1)"2)/2) / (exp(-((x+1)"2)/2) + exp(-((x-1)"2)/2))
return(prob.yl.cond.x)

}

x.grid = seq(from = -10, to = 10, by = 0.1)
y.grid = prob.yl.cond.x.func(x.grid)

plot(x = x.grid, y = y.grid, type = "1", xlab = "x", ylab = "Pr(Y=1|X)")

Pr(Y=1|X)

00 0.2 04 06 08 1.0

-10 -5 0 5 10

(c)

2

fx(@) = Pr(X|Y = k)Pr(Y = k)

k=1

fly=1)fy=1)+ f(zly=2)f(y =2)
= S aly=1)+ 5 iy =2)

1 (@412 1 _(@-1)?
2 2

[ + ——€
2V 2w 242w
1 ( _@? N _<m21>2>
e e (&
221

Null hyphothesis testing:
. . a e
Reject Hy if Fx(z) < 5 Or Fx(z)>1- 3 where

Fx(z) = /_x fx(u)du = %@(m—i— 1)+ %@(x —1).
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(d)

When a = 0, the confidence interval is (—oo,00) and we will always accept the null hypothesis. In this

case, the given classifier is equal to Bayes classifier.

Bayes.classifier = function(x) {
y.hat = as.numeric(x < 0)*1 + as.numeric(x >=
return(y.hat)

}

custom.classifier function(x, alpha) {

# Test null hypothesis

if (
(1/2*pnorm(x+1) + 1/2%pnorm(x-1) < alpha/2) |
) {
# Null hypothesis is rejected
y.hat = c("outlier")

} else {
# Null hypothesis is accepted
y.hat = Bayes.classifier(x)

}
return(y.hat)
}

0)*2

(1/2*pnorm(x+1) + 1/2%pnorm(x-1) > 1 - alpha/2)

custom.classifier.vec = Vectorize(custom.classifier, vectorize.args = c("x"))

(e)
set.seed(1)

# Simulate y

error.rate.1 1 - sum(simulated.datal,"y"]
1 - sum(simulated.datal,"y"]

1 - sum(simulated.datal,"y"]

error.rate.?2
error.rate.3

y.hat.1) /nrow(simulated.data)
y.hat.2) /nrow(simulated.data)
y.hat.3)/nrow(simulated.data)

>

>

>

> simulated.data = data.frame(y = sample(x = 1:2, size = 1000, replace = T))
>

> # Simulate X

> simulated.datal[(simulated.datal,"y"] == 1), "x"] = rnorm(sum(simulated.datal,"y"] == 1), mean =
> simulated.data[(simulated.datal,"y"] == 2), "x"] = rnorm(sum(simulated.datal,"y"] == 2), mean =
>

> # Perform classification

> # alpha = 0.05

> y.hat.1 = custom.classifier.vec(x = simulated.datal,"x"], alpha = 0.05)

>

> # alpha = 0.01

> y.hat.2 = custom.classifier.vec(x = simulated.datal,"x"], alpha = 0.01)

>

> # alpha = 0

> y.hat.3 = custom.classifier.vec(x = simulated.data[,"x"], alpha = 0)

>

> # Error rate

>

>

>

>

>

cat ("Error rate with alpha = 0.05: ", error.rate.l, sep = "", "\n")
Error rate with alpha = 0.05: 0.212
> cat("Error rate with alpha = 0.01: ", error.rate.2, sep = "", "\n")
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Error rate with alpha = 0.01: 0.164
> cat("Error rate with alpha = 0: ", error.rate.3, sep = "", "\n")
Error rate with alpha = 0: 0.148
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Exercise 16

(a)
G G G G n
ng_ 1 1 1 1 1
IC TR DR DU (oM B o o Do,
g=1 g=1 g=1 9 icg g=1i€g i=1
1 - 2
—n;(yz 7)
1 n
:H;(% Uy + U, — )
1 & _ _ N /e
=3 (-5, + @, ~9)" +2 (-5, (7, - 7))
1=1
G
1 n _ _ _
=3 (- 0)"+ @ -9 +2 (5 - 5,) (5, - 9))
g=1""9 ieg
G G
1 1 _\2 _\2 N\ /=
== g | —D (v —7,) +nZ(yq—y))+ZZ(yi—yg)(y
g=1 9 ieg 9 ieg g=1icg
G G
1 R _ 2
==y (324 (@, -0)") + = DD (v~ ) (7, 9)
g=1 g=1icg
G
1 R _ 2
=S (B -0 @, -0 Y (-7,
g=1 g=1 icg
:li” (2 + @ y)2)+2§:(y ~7)-0
n g g g n g
g=1 g=1
:lin (32+ @, -9)°)
n 9\"9 g
g=1
(b)

D

Use the results from (a) with g3 = {1,---,n — 1} and g2 = {n}.

ii)

67 = " 55+ @, ~ 1) + 2 (57, + (3, — 7))

= (Gt + Guer = 9]+ — [0 = 90)* + (00 — D)7
n—1_ n—1_ _ 1
= Toy + U1 —9)° + E(yn -7)?
n—1_ n—1 _ _ 9
=T (0 9P -0
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Usey*iyn 1+~ Yn
:n—l&2 n—1
n n—1 n2
n—1, n—1
= Op_1+ o n
n—1_ n—1/,1
= n—1 2 ﬁ
n—1_ n—1, 2
= 721—1 2 (ynfl_yn)
n
n—1_ n—1 _
T = 5 (Un = U

(c)

We already showed this in (iv) of exercise 7 (b). The recap of the result:

B\n = (XEXn)_lXEyn
=M, ' Xy,

_ —1
- (Mnl 1+ZL'T£E” >Zmzy1

1 + a:Tmn

= (Mn—ll -
= (Mn_ll -

= ann 1Yn— 1+M

ﬁn—l + Mn__llmnyn -

This equation allows us to update the coefficients (instead of calculating from scratch) when we add or

remove a data point.

Instead of doing matrix multiplication with a design matrix of size n X p, we do matrix multiplication

Tpx)r

between | I — L
( 1+ zlz,
p < m, we use less memory.

We can start this algorithm with the ordinary least squares based on the at least p+ 1 data points. This

is to avoid the nonsingularity.

:En:Bn Mn—l
1+axlz,

] +(I
v+ (1-

B
(Anfl + inyn)

T (5

1TnYn —

mn
1+:B

Ty + anyn)

) (Xg—lyn—1 + mnyn)

-1
nwEMn—l T
Tt ags, T
~ TM—I
5n 1— Tmnyn

1+zfz,

Tozy

40

~ ..T
(Enilfn —1
- ) M, TpYn

- m~ %
1+ man) n¥n

5 ATpg—1
Tpx, M, |

1+ zTz,

LnYn

) and (,@n,l + inyn) which are of size p x pand p X 1 respectively. So, when



(d)
The ‘empty’ linear model (e.g. no predictor) has design matrix: X = [1 e 1]T and estimator 7; = B =

—~ 1 &
Bo=(XTX) 1 XMy = - Z Yi = 7,. We plug this into the result from (c)
i=1

~ 1
M,=X'X,=n, &,=M,"z,=—

" n—1
_ ~ Ty =~ ~
Up = Bn = (I - 1_|_$T5§> (ﬁnfl + wnyn>

(o mt ( -
- 141 L It Ty

n—1/_ 1
= n yn—l"'iyn

n—1

n—1_ 1

= 1+ -
n Yn—1 nyn

So, (*) is a special case of (**) when X = [1--- 1]T.
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Exercise 17

(a)

B; follows the normal distribution. So, we expect that 1.000.000 - 0.01 = 10.000 null hypothesis will be
rejected.

(b)

a
Probability of making at least one error when we use significance level of — is Pr U reject Hy; |. We
q ,
J
apply Boole’s inequality to this

= Q.

q
Pr [ | reject Ho; | < Pr(reject Hoj) =Y
Jj=1

J Jj=1

= | e

Thus, if all Hy ;’s are true, the probability of making at least one errors is less ore equall to a.

e
power = Pr (reject Ho j|H, ; is true) = Pr (pj < )
q

Obviously, Pr (pj < ) < Pr(p; < a).

e
1000000
(c)

V, S, U, T, R are stochastic.

Without Bonferroni correction and given that all Hy ;’s are true, the probability of wrongly reject Hy ;
is a.

Type I error rate: Pr(V>0)=1-Pr(V=0)=1-(1—«)?
If we apply Bonferroni correction,

Type I error rate: Pr(V >0)=1—(1— g)q
q

o . .
Since 1 — — > 1 — «, Bonferroni correction decreases the type I error rate. (But, it reduces the power.)
q

(d)
o o Vi _ 1% =V B
qo = ¢q implies S =T = 0. Thus,E{R} _E[VJrS] —E{ }—E[l]—l

1%
So, we never get E {R} =1<a.

(e)
When R > 0, go = g still implies S =T = 0. So, we have the same problem as in (d).
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(f)

FDR
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