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1 Neural networks
In chapter 6 of James et al. (2013) we defined new variables through principal components or
partial least squares in a linear regression setting. The model in that case can be written as

zim =

p∑
j=1

αmjxij,= α
T
mxi m = 1, ...,M

yi =β0 +
M∑

m=1

βmzim + εi = β0 + β
Tzi + εi

Here, zim,m = 1, , ...,M can be considered as a set of latent variables that are not directly
observed but are defined through a linear combination of the original covariates.

A generalisation of this model, taking non-linear relations into account is to assume

zim =h(αT
mxi), m = 1, ...,M (1)

Ti =β0 + β
Tzi (2)

yi =g(Ti) + εi (3)

where both h(·) and g(·) are now possible non-linear functions. Figure 1 illustrates this model.
Note that we might write

yi =f(xi) + εi

where

f(xi) =g(β0 +
M∑

m=1

βmh(

p∑
j=1

αmjxij)).
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Figure 1: Visualisation of neural network with one hidden layer.

Note that usually, neural networks are not presented through models, but rather through predic-
tions

zim =h(αT
mxi), m = 1, ...,M (4)

Ti =β0 + β
Tzi (5)

ŷi =g(Ti) (6)

or

ŷi =f(xi) (7)

where now no distributional assumptions are made on yi itself. In this case, neural networks
are considered more as a blackbox in that the direct relationship between the covariates and the
response is not that easy to see.

Different choices of the h(·) and g(·) functions are possible. Typical choices are

h(x) =
1

1 + exp(−x)
the sigmoid function; (8)

g(z) =z the identity function. (9)

The resulting model is called a neural network model with one hidden layer. This note discuss
such models. For more a detailed description, see Friedman et al. (2001, chapter 11)

2 Estimation of parameters
There are a range of parameters to be estimated:

θ = {αmj,m = 1, ...,M, j = 1, .., p, βm,m = 0, ...,M}
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As usual for regression, we will use the sum-of squares errors

R(θ) =
n∑

i=1

(yi − f(xi))
2

Due to the large number of parameters, overfitting will be a problem for such models. In order
to avoid such overfitting, a penalty term, similar to the Ridge regression approach, is typically
applied by Q(θ) = R(θ) + λJ(θ) where

J(θ) =
M∑

m=1

p∑
j=1

α2
mj +

M∑
m=1

β2
m

The tuning parameter λ is usually termed the weight decay parameter.
Assuming the h(·) and g(·) are smooth, we can find the optimal value of Q(θ) through

derivation.

∂Q(θ)

αm∗j∗
=− 2

n∑
i=1

(yi − f(xi))
∂f(xi)

∂αm∗j∗
+ 2λαm∗j∗

where, using the chain rule,

∂f(xi)

∂αm∗j∗
=g′(

M∑
m=1

βmh(

p∑
j=1

αmjxij))h
′(

p∑
j=1

αm∗jxij)xij∗

=g′(βT
mzm)h

′(αT
m∗xi)xij∗

and

∂Q(θ)

βm∗
=− 2

n∑
i=1

(yi − f(xi))
∂f(xi)

∂βm∗
+ 2λβm∗

where, again using the chain rule,

∂f(xi)

∂βm∗
=g′(

M∑
m=1

βmh(

p∑
j=1

αmjxij))h(

p∑
j=1

αm∗jxij)

=g′(βT
mzi)zim

Computation of these quantities for a given set of parameters can be performed through first
performing a forward pass of the model (following the arrows in Figures 1) giving the zim’s
and f(xi). The derivatives are then computed by a backward pass through the model. These
derivatives are then used to update the parameters through a gradient decent approach given by

βr+1
m =βr

m − γr
∂Q(θ)

βm
|θ=θr (10)

αr+1
mj =αr

mj − γr
∂Q(θ)

αmj

|θ=θr (11)
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Figure 2: The sigmoid function 1/(1 + exp(−α ∗ x) for different values of α.

which results in the so-called back-propagation algorithm. The tuning parameter γr is called
the learning rate. This learning rate is usually defined as a constant, but can also be a sequence
decreasing (slowly) to zero.

The back-propagation algorithm has the advantage of being local in that computation of
hidden variables are only performed through variables are connected (arrows in Figure 1). Due
to the additive nature of the gradient with respect to the observations, computation can also be
performed in batches, enabling parallel computation in cases of huge data sets.

The algorithm will typically be slow in convergence, but including second order derivatives
and applying Newton’s method can be applied for improving convergence speed.

2.1 The sigmoid function
A popular choice for h(·) is the sigmoid function (8). In Figure 2 the function 1/(1+exp(−α∗x)
for different values of α are displayed. Note in particular that small α values the function is
almost linear, showing that hidden layers with low weights will correspond to linear terms in the
model. For large values of α the sigmoid function works more like a threshold function.

3 Neural network for classification
Although most simple to explain for regression, neural networks are most popular for classifica-
tion tasks. In that case binary dummy variables

yik =

{
1 if yi = k

0 otherwise

Note that yi = argmaxk yik.
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Figure 3: Illustration of the neural network model for classification with K classes.

A neural network is then design to predict the responses yik through

zim =h(αT
mxi), m = 1, ...,M (12)

Tik =β0k + β
T
k zi, k = 1, ..., K (13)

ŷik =gk(Ti), Ti = (Ti1, ..., TiK) (14)

Figure 3 illustrates the model in this case. For h(·) again the sigmoid function is typically used.
For the gk(·) functions, a popular choice has been the softmax function

gk(T) =
eTk∑L
l=1 e

Tl

which guarantees that the response will be in the interval [0, 1] and sum to one. A classification
can then be performed by the rule

ŷi = argmax
k

gk(Ti)

3.1 Zip code data
Le Cun et al. (1990) presented an application of zip code recognition where normalized hand-
written digits were automatically scanned from envelopes by the U.S. Postal Service. The orig-
inal scanned digits are binary and of different sizes and orientations; the images here have been
deslanted and size normalized, resulting in 16 x 16 grayscale images. some examples of these
data are shown in Figure 4.

There are many packages within R that contain functions for neural network. We will start
by using the nnet package. First we read the data into R by
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Figure 4: 16 examples of handwritten digits.

z i p . t r a i n = read . t a b l e ( " z i p . t r a i n " , c o l . names=c ( " c l " , p a s t e ( " x " , 1 : 2 5 6 , sep =" " ) ) )
z i p . t e s t = read . t a b l e ( " z i p . t e s t " , c o l . names=c ( " c l " , p a s t e ( " x " , 1 : 2 5 6 , sep =" " ) ) )
z i p = rbind ( z i p . t r a i n )
z i p [ ,−1] = s c a l e ( z i p [ , −1] )

We first try out a neural network with 10 hidden variables, using the nnet routine:
n t r a i n = nrow ( z i p . t r a i n )
z i p . n n e t = n n e t ( c l ~ . , data= z i p [ 1 : n t r a i n , ] , s i z e =10 , decay = 0 . 1 ,

MaxNWts=3000 , max i t =300)

Here the variable decay specifies the penalty term λ, which usually is called the weight decay.
The call to nnet is quite time-consuming, which should not be a surprise given the number of
weights that needs to be calculated in this case, 256 ∗ 10 from the input variables to the hidden
variables and further 10 ∗ 10 weights from the hidden layers to the output variables. This gives
in total 2660 weight parameters to be estimated! The default call to nnet do not allow so many
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weights, but the option MaxNWts=3000 makes this possible. Prediction on the test set can be
performed by the following commands:
n t e s t = nrow ( z i p . t e s t )
p r ed = p r e d i c t ( z i p . nne t , z i p [ n t r a i n +1: n t e s t , ] , t y p e =" c l a s s " )
t a b l e ( z i p . t e s t $ c l , p r ed )
mean ( z i p . t e s t $ c l ! = p red )

This produces the confusion matrix below with an error rate of 10.76%.

0 1 2 3 4 5 6 7 8 9
0 343 0 8 0 2 0 5 0 1 0
1 0 249 3 2 1 0 3 3 1 2
2 4 2 168 4 5 3 4 3 5 0
3 5 0 6 139 1 10 0 0 4 1
4 2 2 7 1 164 2 5 3 4 10
5 4 1 1 10 1 136 2 1 2 2
6 0 0 4 0 2 4 159 0 1 0
7 1 1 1 0 7 0 0 133 0 4
8 4 5 2 4 2 5 0 5 134 5
9 0 0 1 0 1 2 0 3 4 166

Tabellen nedenfor viser hvordan feilraten varierer med antall latente variable. Vi ser at feil-
raten minker med antall latente variable. Dette på tross av at antall parametre øker betraktelig.
Samtidig vil beregningstiden også øke betydelig.

Antall latente variable 2 5 10 15 20 30
Antall parametre 532 1330 2660 3990 5320 7980
Feilrate 0.42 0.17 0.11 0.09 0.07 0.065

4 Deep learning
So far, we have looked at one layer of hidden variables. There is however nothing that prevents
us from applying several layers of variables, as shown in Figure 5. When working with more
than one layer, the name deep learning is usually used instead of neural networks.

The point with multiple layers is to increase the flexibility in the model. Each layer uses the
output from the previous layer as input. The number of parameters (weights) will typically be
high in deep learning networks. Taking the example in Figure 5 there will be

5 ∗ 4 + 4 ∗ 5 + 5 ∗ 6 + 6 ∗ 2 = 82

weight parameters to be defined. Note however that if the same number of hidden variables were
to be applied in a single layer model, the number of parameters would be

4 ∗ 15 + 15 ∗ 2 = 90
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Figure 5: Illustration of a neural net with 5 input variables and 2 output variables (classification
with two classes). The net contains 3 hidden layers and 4, 5 and 6 variables within each layer,
respectively.

weights. As with other methods with great flexibility, the problem of overfitting must be taken
into account. This can again be tackled by including a penalty term in the object function to
be optimised. Estimation of weights can be performed similar to how neural networks with
one hidden layer is performed, using the chain rule to obtain derivatives. The expressions will
however be more complicated and will be omitted here.

Deep learning has been successfully applied in many problems where a large number of
training data are available, e.g. in computer vision, automatic speech recognition and bioin-
formatics. Some applications can be seen at e.g. http://machinelearningmastery.
com/inspirational-applications-deep-learning/

4.1 Overfitting
As for neural networks with one hidden layer, deep learning networks can severely overfit. As
earlier, a penalty term can be introduced to avoid such overfitting. However, in many implemen-
tations of deep learning algorithms, a penalty is introduced more indirectly through early stop-
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ping of the optimization algorithm. Since the optimization is usually initialized by small weight
values, this results in that the weights will not grow too large, corresponding to the penalty in-
troduced earlier. In this case, the number of iterations will serve as a tuning parameter instead of
the weight decay parameter λ.

4.2 Deep learning applied to the Zip data
As for neural networks with one hidden layer, there are many packages available for the multi-
layer neural network (or deep learning) approach. We will consider the mlp routine within the
RSNNS package. The following code produce a network with three hidden layers, 10 variables
within each layer. Note that the response needs to be decoded to a specific type in this case, using
the built in function decodeClassLabels. The learnFuncParams option specifies the
learning rate γr in this case. Note that there is no specification of the penalty term λ in this case.
l i b r a r y (RSNNS)
z i p T a r g e t s <− d e c o d e C l a s s L a b e l s ( z i p [ , 1 ] )
z i p T a r g e t s . t r a i n = z i p T a r g e t s [ 1 :N. t r , ]
z i p T a r g e t s . t e s t = z i p T a r g e t s [N. t r +1 :N. t e , ]
z i p . d n e t = mlp ( as . matrix ( z i p . t r a i n [ , −1 ] ) , z i p T a r g e t s . t r a i n , s i z e = c ( 1 0 , 1 0 , 1 0 ) ,

l e a r n F u n c P a r a m s =c ( 0 . 3 ) , max i t =500)
l a b = 0 : 9
p red . d n e t = l a b [ apply ( p r e d i c t ( z i p . dne t , z i p . t e s t [ , −1 ] ) , 1 , which . i s . max ) ]
t a b l e ( z i p . t e s t $ c l , p r ed . d n e t )
mean ( z i p . t e s t $ c l ! = p red . d n e t )

This produces the following confusion matrix while the error rate is 0.095 in this case.

0 1 2 3 4 5 6 7 8 9
0 348 0 3 1 2 1 1 0 2 1
1 0 252 1 2 1 2 4 1 0 1
2 3 0 175 2 6 2 2 1 7 0
3 5 0 8 135 0 12 0 0 5 1
4 1 2 5 2 176 0 2 1 2 9
5 4 0 1 7 1 140 3 1 2 1
6 4 0 4 0 2 3 156 0 1 0
7 1 1 1 1 3 1 0 132 1 6
8 3 2 3 2 3 7 5 2 134 5
9 0 0 0 0 2 1 0 2 3 169

A natural question is how many layers and how many latent variables one should use. There
is no clear strategy for selecting these, and typically one do a lot of experiments before ending
up in a final model. Table 1 shows results from different number of layers and different number
of latent variables within each layer when using only the first 10 principal components as input
variables. Note that, at least for this example, the performance seems to go down with the
number of weights while being quite stable with different types of sizes when the total number
of weights are similar.
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Figure 6: Error rate of deep learning method with size=(6, 10, 6) and with maximum number of
iterations varying from 10 to 1000.

Size: Number of latent z’s Number of weight parameters Test error rate
(12) 12 240 0.160
(6,6) 12 156 0.209
(4,4,4) 12 112 0.254
(3,3,3,3) 12 87 0.449
(11,6) 17 236 0.160
(6,10,6) 22 240 0.160
(5,8,8,5) 26 244 0.218

Table 1: Test error rates for different sizes of deep learning networks.

It was also mentioned earlier that the number of iterations can be used to control the overfit-
ting. In Figure 6, the error rate is given for different values on the maximum number of iterations.
We see that the error rate seems to stabilize in the region 100-1000 indicating that the method is
not so sensitive to this tuning parameter.
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