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Consider the truncated power series representation for cubic splines with K
interior knots. Let

P K
FX) = BX7+ > 0u(X — &) (ESL 5.70)
Jj=0 k=0
where p = 3 and (X — £)% is the “positive cubic function”

a3 )0 if X <¢,
(X =& = {(X — €)% otherwise

The exercise asks us to:

1. Prove that the linearity-constraints posed on natural cubic splines implies
the following restrictions on the coefficients in

K K
P2 = Ps =0 and Zak = z Oxér =0 (ESL 5.71)
k=0 k=0

1. Derive the basis representation of natural cubic splines (ESL 5.4)-(ESL 5.5),
starting from the restricted truncated power series above (ESL 5.70)-(ESL

5.71).
o Swapping the starting point, we can also derive (ESL 5.70)-(ESL 5.71)

from (ESL 5.4)-(ESL 5.5).

The solutions below are based on this solution manual by Weatherwaz and Epstein

1. Prove constraints on the coefficients

A natural cubic spline is a cubic spline with a(n) (additional) constraint: the
spline is linear beyond the boundary knots, that is for X < & and X > £x. To
find the required restrictions on the coefficients, we visit these domains in turn:


https://waxworksmath.com/Authors/G_M/Hastie/WriteUp/Weatherwax_Epstein_Hastie_Solution_Manual.pdf
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Figure 1: A natural cubic spline is a cubic spline that is linear beyond the
boundary knots



1. For X < &;, we have that:
p .
X) = Zﬁij = fo+ B X + B X2 + B3 X7

Thus, for f to be linear in this segment, we need the first two restrictions:
P2 = ps = 0.
2. For X > £k, we have that (when 5 = 3 = 0):

K
FX)=Bo+BX +> (X —&)°

k=1

since (X — &) = (X — &)? for every k. Expanding these cubic terms,
we get:

K
FX) =B+ BiX + > 0p(X® - 36X% + 35X - &)

K K K
=Bo+BX+ X7 0 — X3 Okl + X3 0h&E = k&
= k=1 k=1 k

Thus, for f to be linear in this segment, we need the two last constraints:

S O = Ok =0

2a. Derive basis representation of natural cubic splines from the
restricted cubic spline representation

First, consider the linear terms in equation (ESL 5.70-5.71), namely 8y + 51.X.
These are captured by the two first basis functions N;(X) = 1 and No(X) = X.
Second, for the non-linear part, we can write

K-1

K—-1
Zekx &)Y = ) Ou(X =) +0k(X—Ek)T = Y 0 [(X — &)T — (X — €x)7 ]
k=1

k=1 k=1

The last equality follows from the linearity constraints in (ESL 5.71), that implies
K—1

O = — K1,

Using

(X —&)3 — (X —¢r)}
Ex — &k

di(X) = (ESL 5.5)

we can re-write the above as

K-1
Zekx &% =Y Ok(Ex — &)di(@)
k=1



or
K K-2
D (X —&)% = 0k(Sx — &)di (@) + Ok 1 (Ex — Ex—1)dr 1 ()
k=1 k=1

Now, using the linearity constraints again, we can show that

K—2
Or—1(Ex —€x—1) = O0x—1&x — Ox—1€x—1 = — Z Or(Ex — &k)-
=1

This follows from
-2

O —1§k—1 = 01k + 9K€K]

g
S (So0)

MH

—2
= O (§rc — &) + 0x 18K
k=1

Hence,

K—2 K—2
ZQk (X—¢&)3 Z Or(Ex—&r)di(x Z Or(Ex—Er)dr—1( Z Ok Nit2(
=1 k=1

Thus, under the linearity constraints in (ESL 5.71), we have that

p K K—2
=Y BXT+ D 0k(X = &)T = BoN1(X) + BaNo(X) + Y 6k Niyo(X)
j=0 k=0 k=1
where the basis functions Ny are those given in (ESL 5.4):
Ni(X) =1
(X) =X

Nk+2(X) = dk(X) 7dK—1(X)a k= 13"'7K7

2b. Derive the restricted cubic spline representation from the basis
representation

In the above, we have shown that the basis (ESL 5.4-5.5) is implied by the
truncated power basis representation of a cubic spline (ESL 5.70) under the
required linearity constrains in (ESL 5.71).

We can swap the starting-point and end-point, and show that we can derive the
restricted cubic spline model in (ESL 5.70- 5.71) from the basis representation
(ESL 5.4-5.5).

X)



The basis representation of a natural cubic spline implies

K-2

F(X) = BiNu(X) + BoNa(X) + ) BryaNera(X)

k=1

We want to find coefficients Bj such that this model corresponds to that in (ESL
5.70- 5.71).

First, consider the linear parts of the two models. These are equal when

Bo+ B X = BiNi(X) + BiNo(X) = b1 + BoX,
and therefore ﬁl = Bo, ﬁg = 61-

Next, consider the non-linear terms. Using Nyi12(X) = di(X) —dr—1(X), these
can be decomposed into a blue and a red term as follows:

K—2
> BryaNira(X Z Brradi(X)—di 1(X) Y Prro,

k=1 k=1

where (using (ESL 5.5))

Broade(X) = 3 L (X - gl - (X -0l Y
k=1 =1 SK TSk k=1 SK TSk
and K—2 K—2
— = X — & X - 3 ~
dic_1(X) Z Bris = ( &k 51) —( §x)y Brvo
1 K — &k—1 Pt

Define 0;, = Bk+2/(§K — &) for k=1,...,K — 2. Then

K-2 K—2 K—2

> Brredi(X) =) 0u(X &)1 — (X €)1 D> 0k

k=1 k=1 k=1
and

K—2 K—2
5 (X —&r-1)} — (X = €)%
d O (Ex —
K-1( ;ﬁ e —Er Z k(Ex — &k)
_ (X =&k )3 — (X —¢€x)3
Oy — 6
Ex —E&r—1 b Z : Z 8k
Now, recall the constrains on the coefficients in (ESL 5.71):
K—2

Zek:() & Zek— (Ox-1+0K) Z9k€k:0 & Zakfk— —(Ox—1€r-1+0K€K)

k=1 =



Using these constraints, we can rewrite the blue and the red part as follows:

K—2 K—2
Brtody(X) = Z (X — &) 4+ (Ox—1 + 0k ) (X — k)3
k= k=1
' K—2
= 0k (X — &k)% + 0 (X — €x)3 4+ Ok 1 (X — Ex)3
k=1
and
K—2
dr—1( ;B X = EKE;)_ €K()]( i) [(Or—16x—1 +0kéx) — (Ox—1 4+ 0K )EK]
_ 3 _ _ 3
— (X €K71)+ (X €K)+ [9[(71(6](71 o 5}()]
Ex —Ex1

=01 (X —&x-1)] — (X —€x)1)
— (01 (X —Ek—1)3 — Ok—1(X — €x)})

Putting everything blue and everything red back together, we have that

K-2 K
> BryaNira(X Z Brp2di(X)=dre—1(X) D Brpz =Y (X — &)
h=1 ,

Hence,

K-2 K
BINL(X) + BaNa(X) + Y BrraNiya(X) = Bo+ S X + D 0u(X — &)
k=1

k=1

where )7, 0, =0and ), 0,&, =0. x
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