Extra 2.d

Assume
Y =g(X)+e,

where

Ele] = 0,Var(e) = E[?] = o
and e is independent of X.

Let f(x) be some predictor function for Y (possibly different from the optimal
g(x) = E[Y|X=x]) from exercise 3.c).

By insertation, we find that the expected prediction error is given by
EPE(f) = E[(Y — f(X))*]
= E[(g(X) + e~ f(X))?]

From the independence assumption, we have that

resulting in
EPE(f) = E[(9(X) = f(X))? + B[¢*] = E[9(X) - f(X))*] +0°

where equality holds if g(X) = f(X) for all values of X, that is when the
predictor function f is equal to the conditional expectation g(X) = E[Y|X].

An alternative route starts with the following expansion of the squared loss:
(Y - f(X))? = (Y - E[Y|X] + E[Y|X] - f(X))
= (Y - E[Y|X])? + (E[Y|X] - f(X))* +2(Y — E[Y|X])(E[Y]X] - f(X))

The expectation of the last term is zero, as

B((Y - EY|X)(E[Y|X] - f(X))] = Ex [(E[Y]X] = f(X))Eyx[(Y — E[Y|X])|X]]
= Ex[(E[Y|X] - f(X))- 0]

Hence, using g(X) = E[Y|X],

EPE(f) = ExEyx [(Y — E[Y|X])* + (E[Y|X] — f(X))?]
= ExFEy|x [€] + ExEyx [(9(X) = f(X))?]
=0’ + E [(9(X) — f(X))*]

— —

as above.
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