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Setup

We have a sample of N pairs (xi , yi ) drawn i.i.d. from the following
distribution:

xi ∼ h(x), the design density

yi = f (xi ) + εi , f is the regression function

εi ∼ (0, σ2) (mean 0, variance σ2)

Consider estimators for f linear in the yi :

f̂ (x0) =
n∑

i=1

ℓi (x0;X )yi , (1)

where the weights ℓi (x0;X ) do not depend on the yi , but depend on the
entire training sequence of xi , here denoted by X .
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Exercise (a): linear regression

Show that the linear regression estimator belongs to the class of estimators
that can be written on the form

f̂ (x0) =
n∑

i=1

ℓi (x0;X )yi .
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Solution

Response vector: y = (y1, . . . , yN)
T ∈ RN×1

Design matrix: X ∈ RN×p

When X has full rank, the least squares estimator is given by1:

β̂ = (XTX)−1XTy .

The estimator for f can be written as

f̂ (x0) = xT
0 β̂.

Note: For two column vectors a, b, each of length p, the operation aTb is the same
as the scalar product. That is, aTb = a · b = a1b1 + a2b2 + · · ·+ apbp .

1See page 12 in the textbook.
Exercise 2.7 ESL January 30th 2026 6 / 22



Solution (cont.)

We get that

f̂ (x0) = xT
0 β̂

= xT
0 (X

TX)−1XTy

= (xT
0 (X

TX)−1XT )y

= (X(XTX)−1x0)
Ty

=
N∑
i=1

(X(XTX)−1x0)iyi

=
N∑
i=1

ℓi (x0;X )yi ,

where we have let ℓi (x0;X ) = (X(XTX)−1x0)i .
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Exercise (a): k-NN

We redo the previous exercise for the k-NN estimator2:

f̂ (x0) =
1

k

∑
xi∈Nk (x0)

yi

2See page 14 in the textbook.
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Solution

We get that

f̂ (x0) =
1

k

∑
xi∈Nk (x0)

yi

=
1

k

N∑
i=1

1(xi ∈ Nk(x0))yi

=
N∑
i=1

1

k
1(xi ∈ Nk(x0))yi

=
N∑
i=1

ℓi (x0;X )yi ,

where we have let ℓi (x0;X ) = 1
k 1(xi ∈ Nk(x0)).
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Exercise (b)

Derive the conditional bias-variance decomposition:

EY|X

[
(f (x0)− f̂ (x0))

2
]
= BiasY|X (f̂ (x0))

2 +VarY|X (f̂ (x0)).

Note that

Inside the expectation, the training sequence X is fixed.

We treat x0 and f (x0) as fixed quantities.

Since we condition on X , the only random part is f̂ (x0), as it depends
on Y (see the Setup slide).
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Solution

Use the add-and-subtract trick:

EY|X

[(
f (x0)− f̂ (x0)

)2
]

= EY|X

[(
f (x0)−EY|X [f̂ (x0)] + EY|X [f̂ (x0)]− f̂ (x0)

)2
]

= EY|X

[((
f (x0)− EY|X [f̂ (x0)]

)
+
(
EY|X [f̂ (x0)]− f̂ (x0)

))2
]

= EY|X

[(
f (x0)− EY|X [f̂ (x0)]

)2
]

+ EY|X

[
2 ·

(
f (x0)− EY|X [f̂ (x0)]

)(
EY|X [f̂ (x0)]− f̂ (x0)

)]
+ EY|X

[(
EY|X [f̂ (x0)]− f̂ (x0)

)2
]
.
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First term

EY|X

[(
f (x0)− EY|X (f̂ (x0))

)2
]
=

(
f (x0)− EY|X (f̂ (x0))

)2

= BiasY|X (f̂ (x0))
2.
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Second term

2 · EY|X

[
(f (x0)− EY|X f̂ (x0))(EY|X f̂ (x0)− f̂ (x0))

]
= 2 · (f (x0)− EY|X f̂ (x0)) · EY|X

[
EY|X f̂ (x0)− f̂ (x0)

]
= 2 · (f (x0)− EY|X f̂ (x0)) · (EY|X f̂ (x0)− EY|X f̂ (x0))

= 0.
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Third term

EY|X [(EY|X f̂ (x0)− f̂ (x0))
2] = VarY|X (f̂ (x0)).
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Combining our results

We get that

EY|X [(f (x0)− f̂ (x0))
2] = BiasY|X (f̂ (x0))

2 +VarY|X (f̂ (x0)),

which was what we wanted to show.
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Exercise (c)

Derive the unconditional bias-variance composition:

EX ,Y

[
(f (x0)− f̂ (x0))

2
]
.

In this case

We treat both training sequences X and Y as random.

We still treat x0 and f (x0) as fixed quantities
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Solution

Repeat the steps as in the previous exercise but with the unconditional
expectation,

EX ,Y [(f (x0)− f̂ (x0))
2].
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Exercise (d)

Establish a relationship between the squared biases and variances in the
above two cases.
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Solution

Recall the law of total expectation:

EX ,Y [(f (x0)− f̂ (x0))
2] = EX [EY|X [(f (x0)− f̂ (x0))

2]].

From this, we obtain the relationship

Var(f̂ (x0)) + (Bias(f̂ (x0)))
2 = EX [VarY|X (f̂ (x0))] + EX [(BiasY|X (f̂ (x0)))

2].
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