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Suggested solution

Let Y = (Y7,...,Y,)T denote the response vector and & = (x1,...,2,)T a vector of observed values of an
explanatory variable X. We use X to denote a design/model matrix.
In Ridge regression, we seek to minimize the objective function

9(8) = (Y —=XB)"(Y - XB)+ 8" 8
=YTYy —YTXB - 8TX"Y + 8TX"XB + 2373,
with respect to B € RP*!. We get that

99(8)
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meaning that 8 ** must satisfy the equation
(XTX +A1,)8 =X"Y. (1)
Note that is equivalent to a system of p equations, where p is the number of coefficients. Solving with
respect to 3 yields

B = (XTX 4+ ML) IXTY.

First assume that p = 1. That is, we only include the explanatory variable X in the model (and, for
simplicity, no intercept). Thus, we can write the design matrix as

1
X=x=|": e R™1,

Tn
This means that X’ X =Tz =" 22 and XTY = 27Y = Y"1 | 2;V;, and the Ridge estimator becomes
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Next, assume that we include another variable in the model, X* = X. We show that the estimated
coefficients become the same. The new design matrix is given by

X:(x w*):(w a:),



such that

and
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Inserting this into gives as system of 2 equations for which 57 and Sy must satisfy:

zlz+\ 2’z g\ (2'Y
xTx T+ X)) \By)  \2TY
(Tx+ N1+ xTzpB)  [(2'Y

- xlxp + (2T + N3]~ \z'Y )"

If we subtract the second equation from the first, we get that

(T 4+ Np +axTxfy —xTxf) — (2T 4+ NP =0
= alxpf + 231 —xTaxpf = xTxfs+ \oo — xT s

= AB1 = AB2
= p1 = fa.
This means that the estimated coefficients F198°, 4198 must be equal, which was what we wanted to show.

We also derive an expression for the estimators. From the first equation, we get

(T 4+ N +xTxf =Y
— alaxp + 2\ + 2T ap =2'Y
= 22Tz +N)B =2"Y

z'Y
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showing that Bf‘ldge = 52Rldge = 2$T:1:1:->\'

For the general case with p explanatory variables, all being equal, the equations take the form

Te+ )\ =Tz ... xTx 5 'Y
Tz xle+ ) ... Tz ! zTY

zTx Tz oo 2T+ N Br zTY

For any i, j, subtract equation j from equation i to conclude that Bf‘idge = le«)‘idge

to derive the expression:

, and use the first equation

xTxf + \61 +xTap +- - +axlzp =2TY
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