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Discrete time stochastic processes

A discrete time stochastic process is a sequence { Xy, X1, Xz, ...} of random variables
with values in some set S.

® The process is sometimes denoted by { X, : n > 0} or by {X,}.
e The index nis interpreted as time, and is a non-negative integer.
e |f Sis finite or countable (e.g. {0, 1} or N), the process has a discrete (state) space.

e The elements of S are referred to as states. Thus, X, is the state of the process at
timen,n=0,1,2,...

Remark

In simple cases Xy, X, ... are independent. However, in this course we will focus on
cases where Xy, Xj, ... are dependent.
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Markov chains

A discrete time, discrete space stochastic process {Xp, X1, Xz, ...} is called a time
homogeneous Markov chain if its transition probabilities satisfy the following:

P(Xnt1 =/ | Xo =i, Xn—1 = In—1, ..., Xo = Io) = P(Xpnp1 = J | Xn = 1)
for all states iy, i1, . .., Ih_1,i,j€Sandalln> 0.

e The relation between conditional probabilities above means that “the future” value
X1 of the process depends on the “history’ of the process Xy,..., X, only through
the value in the previous time point Xp,.
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Notation for transition probabilities and one-step
transition probability matrix

Notation:
* Pij=PXnp1 =/ Xn=1)=P(Xnp1 =/ | Xn =1, Xn—1 = In—1,..., Xo = Ip)-
* P;; can be interpreted as probability of getting to state j given that the previous value
of the process is i.
* One-step transition probability matrix:

P=[Pilijes,

where Pj; > Oforalli,j € S,and } ;. Pij=1forallieS.
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Example 1. Forcasting the Weather

Consider a Markov chain with state space S = {0, 1}, where 0 represents rain and 1
represents no rain. By X, we denote a random variable which represents
presence/absence of the rain on day n.
We assume that:

e [f it rains today, then it will rain tomorrow with probability o,

e If it does not rain today, then it will rain tomorrow with probability 3.

Mathematically, this can be expressed as follows:
Poo=P(Xpy1=0|Xp=0)=0a, n=0,1,2...
Pio=P(Xpy1=0[Xp=1)=8, n=0,1,2...

This implies that we also have:

Po1=P(Xp1=1[Xp=0)=1-a, n=0,1,2...
Pia=PXpp1=1[Xp=1)=1-B, n=0,1,2..
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Example 1. Forcasting the Weather

© In this example, we assume that the transition probabilities do not change over
time, i.e., that the process is time-homogeneous.

@ Since we have assumed that {X,} is a Markov chain, this implies that given the
weather today, the weather tomorrow is independent of the weather in past days.

The one-step transition probability matrix for {X,} is given by:

P— <Po’o P071) _ (a 1 —or)
Pio P g 1-pB
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Example 2. A Communications System

A communications system transmits the digits 0 and 1. Each digit transmitted must pass
through several stages, at each of which there is a probability p that the digit entered will
be unchanged when it leaves.

We let X, denote the digit entering the n-th stage.

Then {X, : n > 0} is a Markov chain with state space S = {0, 1}, and with a transition

probability matrix:
_ <Po,o P0,1> _ < p 1 —P>
Pio P 1-p p

Anton Yurchenko-Tytarenko Lecture 1. Introduction to Markov chains 18th January 2022 6/16



Example 3. Mood swings

A person (Gary) has three mood states: cheerful, so-so and glum. The “mood” state
space is denoted by S = {0, 1,2}, where 0 represents cheerful, 1 represents so-so and 2

represents glum.

We let X, denote Gary’s mood state at day n, n=0,1,2, ..., and assume that {X,} is a
Markov chain. Thus, Gary’s mood state tomorrow depends only on his mood state today,

not on previous days.

The one-step transition probability matrix for {X,,} is assumed to be:

Poo Poi Pos 05 0.4 01
P= P~|70 P171 P172 =103 04 03

Poo Poq Pop 0.2 03 05
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Example 3. Mood swings

Poo Poi Pos 05 0.4 0.1
P=(P,o Py P2|=[03 04 03

Poo Poq Pop 0.2 03 05

© The highest numbers in this transition probability matrix are Py o and Py ». Thus, if
Gary is cheerful or glum one day, the most likely mood state the next day will be
the same mood state.

@ The lowest numbers in this transition probability matrix are P,y and Py o. Thus, a
change in mood state directly from cheerful to glum or the other way around are
the least likely changes to occur.
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Example 4. Transforming a Process into a Markov
Chain

Suppose that whether or not it rains today depends on previous weather conditions
through the last two days:

e [f it rained today and yesterday, then the probability of rain tomorrow is 0.7.
e If it rained today but not yesterday, then the probability of rain tomorrow is 0.5.

e |f it did not rain today but it rained yesterday, then the probability of rain tomorrow is
0.4.

e [f it did not rain today and yesterday, then the probability of rain tomorrow is 0.2.

If we denote X, the weather on day n, {X,} is NOT a Markov chain! Why?
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Example 4. Transforming a Process into a Markov
Chain

In order to represent the weather in our example as a Markov chain, we need to perform a
trick that is sometimes called Markovian lift. The idea is to consider the weather on two
consecutive days together. Namely,
e State space S = {RR, RR, RR, RR} where:
* RR = Rain yesterday, Rain today,
* RR = No rain yesterday, Rain today,
* RR = Rain yesterday, No rain today,
®* RR = No rain yesterday, No rain today.
¢ By X, denote the weather on days nand n — 1.
Assume that X, = RR, i.e. it rained on days n— 1 and n. Then, for X, 1 only two states
are possible: RR (if it rains on day n+ 1) or RR (if it does not rain on day n+ 1). By the
above assumptions, we get:

P(Xpy1 = RR| X, = RR)=0.7, P(X,.1=RR|X,=RR)=1-0.7=0.3.
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Example 4. Transforming a Process into a Markov
Chain

Now it easy to see that the process X, representing the weather on two consecutive days
becomes Markovian! We can calculate it’s transition probabilities:

P(X,:1 = RR| X, =RR)=0.7, P(X,.1=RR|X,=RR)=1-0.7=0.23,

P(X,.1 = RR| X, = RR) =0.5, P(X,.1 = RR| X, = R) =1-05=0.5,

P(Xp.1 = RR| X, = RR) =04, P(X,,1=RR|X,=RR)=1-0.4=0.6,

P(X,.1 = RR| X, =RR)=02, P(X,.1=RR|X,=RR)=1-02=0.8.
Thus, we have the following transition probability matrix:

07 0 03 O
05 0 05 O
0O 04 0 06
0O 02 0 038

where the row and column order is: RR, RR , RR , RR.
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Example 5. A Random Walk

Let £n, n > 1, be independent identically distributed random variables such that

£ = 1, with probability p,
"7 1-1,  with probability 1 — p.

Consider Xo =0 and X, = >_7_, &. Then {X,} is a Markov process called (Bernoulli)
random walk.

e Statespace: S=7Z={...,-2,-1,0,1,2,...}.

e Foranyie S: Pijt1=p, Piji.1=1-p.

e If Xo =0, then X, is odd if nis odd and even if nis even.

A random walk is a stochastic model for the position of a particle “walking” on a straight
line: at each point of time it either takes one step to the right with probability p or one step
to the left with probability 1 — p.
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Example 6. A Gambling Model

Consider a gambler who initially has a fortune of M NOK. At each play of the game, either
wins 1 NOK with probability p or loses 1 NOK with probability 1 — p. If we suppose that
our gambler quits playing either when he goes broke or he attains a fortune of N NOK,
then the gambler’s fortune is a Markov chain having transition probabilities

Pi,i+1:p7 Pi,i—1:1_pa i:1721"'7N_17
P070 = PN,N: 1.

This Markov chain is quite similar to the random walk which starts at M with one important
exception: if the process reaches either state 0 or state N, it “gets stuck” there. Such
states are called absorbing.
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Example 7. Automobile Insurance

The annual automobile insurance premium depends on the claim history of the client.
Each policyholder is given a positive integer-valued state which represents the “reliability”
of a client; the annual insurance premium is a function of this state (i.e. the more
accidents the client gets into, the more he has to pay as a premium). A policyholder’s
state changes from year to year in response to the number of claims made by that
policyholder in the previous year (see table below).

. Next state if
State | Annual Premium - . . .
0 claims | 1 claim | 2 claims | 3 or more claims
1 200 1 2 3 4
2 250 1 3 4 4
3 400 2 4 4 4
4 600 3 4 4 4
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Example 7. Automobile Insurance

The client state X, during year n can be modelled via a Markov chain (as the state next
year depends only on the state this year). According to the table on the previous slide, the
transition from state to state depends only on the number of claims.

Denote Y, the random variable that represents number of claims on a year prior to n (so
that X, is determined by Y,). We assume that Y;, Ys,... are independent identically
distributed random variables such that

P(Yp=k)=ar, k=0,1,2,..

Now we can calculate:
e |f X, =1, then
® Xoxi=1onlyif Y,=0,i.e. P(Xpr1 =1 Xp=1)
° Xoq=2onlyif Y,=1,i.e. P(Xp1 =2 | Xp=1)
* X, g =3onlyif Y,=2,i.e. P(Xp1 =3 | Xy =1)
* X1 =2onlyif Y, >3,ie. P(Xpp1 =4 | X, =1)

Ammm

—dp — a1 — an.
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Example 7. Automobile Insurance

By similar arguments we find that the transition probability matrix of the process is

a a a 1—-a —a —a
P— a 0 a4 1—ay— ay
0 a O 1—a
0 0 a 1—a
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