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Conditional expectations and the law of total expectation

Let A be some event (i.e. we can talk about the probability of A). Then we define a random variable

1= 1, if A happens,
77 Yo, otherwise.

Let A be some event such that P(A) > 0 and ¢ be a random variable such that E|§| < co. We will call a
conditional expectation of £ with respect to the event A a number

E[S14]

E[E| A= 307
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Conditional expectations and the law of total expectation

BEE| A= S

Quasi-definition of conditional expectation with respect to a discrete random variable

Let £ be a random variable such that E|§| < co and n be a discrete random variable, i.e. there exist a finite
or countable sequence {xi, Xz, ..., Xn, ...} such that

P(n=x)>0, and > P(n=x)=1,
k=1

i.e. with probability 1 n can take only values from {xi, Xz, ..., Xn, ... }. A conditional expectation of £ with
respect to n) is a random variable (!!!)

E[§ | 1] =D EIE | {n = XL n=xe)-

k=1
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Conditional expectations and the law of total expectation

BIE|A = Sl B ol = YOBIE| {0 = w1 ges-

Since E[¢ | n] is a random variable, we can try to compute its expectation.

E[E[S [n]] = E [Z E[¢ [{n= Xk}]]l{nxk}] =D E[EE | {n=x}]Li=x3]

k=1 k=1

E[§ | {n = X }E [L{n-x}] Z E[T tn-x3] Xk}] ~ %)

P(n = xk)
s‘Z 1{nxk}}
k=1
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Conclusion (law of total expectation)

E[E] [ n]] = E[¢].
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Conditional expectations and the law of total expectation

P(A)

Properties of conditional expectation

¢ |f £ and n are independent random variables, then E[§ | n] = E¢.
® For any constant ¢ € R: E[c¢ | n] = cE[¢ | n].

* E[§1 + &2 [ n] = E[§1 | n] +E[&2 | n].

® Define a function g by

EfE] A= ZEM e | = STEE| = x0Ty

9(xc) == E[$ | {n = xc}].
Then E[¢ | n] = g(n).
Extremal property of conditional expectation
Assume that E[£?] < co. Then, for any (measurable) function f such that E[f?(n)] < oo,
E[(§ — E[§ | 1])°] < E[(€ — f(m)?].
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Conditional expectations and the law of total expectation

Let E[¢?] < oo and n be a discrete random variable. A conditional variance of £ w.r.t. n is a random variable

Var(§ | n) = E[( ~ B | nl)? | n]

Proposition (law of total variance)

Let E[?] < oo and 1) be a discrete random variable. Then

Var(§) = E[Var($ | n)] + Var(E[S | n]).
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