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Branching Processes
Population with Xy individuals, each able to produce offspring of the same kind during its lifetime.
P; :== P(An individual produces j new offspring), j=0,1,2,...

All individuals give their offspring independently and
Py, >0, P<T, j=0,1,2, ..

Xn = Population size in the nth generation, n=20,1,2,...
P(Xpi1 =0 Xa=0)=1, PXp41=j|Xa=0)=0, j#O0,

P(Xpi1 =j | Xo=1i) = > PgPs,-...-Ps, i#0
S1,...,8>0: 81+...+8;=]
1 0 0 0
Py P P, Ps
P=| P2 2PP; 2PP,+ P?

P 3PP
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Branching Processes

® Since Py = 1, then 0 is a recurrent state.
e Since Py > 0, it follows that P; o = P{; > 0. Hence, state j is transient for all j > 0.
® Any finite set of transient states {1,2, ..., n} will be visited only a finite number of times.

Hence, since P, > 0, the population size converges to 0 or co with probability 1.
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Branching Processes
Assume that X; = 1, and let u and o denote respectively the mean and the variance of the number of
offspring of an individual. Then:

= Z/P/v Z(/ - )
j=0 j=0

We also let Z: be the number of offspring from individual r in the (n — 1)-st generation. Hence:

Xn—1
== E Zr.
r=1
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Branching Processes

E[Xa] = E[E[Xn | Xo—1]]

= E[Xo-14] = pE[X-1]

=E [E Xn—1

Since we have assumed that Xy = 1, it follows by induction that:

E[Xn] = 1.
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Branching Processes
To find Var[X,] we use that:

Xn—1 Xn—1
Var[Xs] = E[Var(Xu|X,_1)] + Var[E(Xs|X,_1)] = E [Var (Z Z xn1> + Var |E (Z Z xm)
r=1 r=1

= E[X,_10°] 4 Var[X,_1u] = o?u"" + u® Var[X,_1]
_ qun—1 + yz(ozyn_z +y2 Var[Xo_z])

= U (1 + ) + p* Var[X,—o]

= oW (1 + p+ ) + 1 Var[X, ]

=" (At ") + W Var[Xo).

Hence, since Var[X;] = 0, we get:

2 n—1 (1=y" if 1
Var[xn]:{ay (1,y), ifu#1,
n
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Branching Processes
We then consider the probability that the population eventually dies out:

o = lim P(Xn =0 | Xo = 1)
n— oo
We first note that:

,Un:E[Xn]:E[Xn‘X0:1]:i/"]p(xn:j|x0:1)

=

> 1 PXa=j|Xo=1)=1-P(X, =0[X =1).
j=1

Hence, it follows that P(X, = 0|Xo = 1) > 1 — u". If u < 1 this implies that:

12> = lim P(X,=0[X=1)>1— lim " =1-0=1.

Thus, if u < 1, we must have o = 1.
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Branching Processes
In general, we have:

1o = P(The population dies out)

M

P(The population dies out | Xi = j)P;
0 (1)

-
Il

j p.
™o P

o

T
<)

It can be shown that 1y is the smallest positive number that satisfies (1).

® Since ijo P; = 1, we see that o = 1 is always a solution to (1).

e If P, =0 forall j > 2, this implies that u < 1, and hence, o = 1. Thus, in the following we assume
that P; > 0O for at least one j > 2.
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Branching Processes
We then introduce the following functions:

p(2)=> 7P, U2)=z

and note that a solution z to the equation (1) is found by solving ¢(z) = ¢(z). We observe that:

j=0 s
¥(2)=2_j- 2P, (1) =D =
j=1 =
9'(2)=>_j(i—-1)-2Z?p, ¢"(z) > Oforall z > 0.
j=2
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Branching Processes
CASE1.¢'(1) =u < 1

|
|
|
|
|
|
|
|
' >
1 z

In this case ¢(z) = ¢(z) for z = 1 and some z > 1. The smallest positive number that satisfies (1) is mo = 1.
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Branching Processes
CASE 2. ¢/(1) = u > 1

|
|
|
|
|
|
|
|
‘ >
1 z

In this case ¢(z) = ¢(z) for z=1 and some 0 < z < 1. The smallest positive number that satisfies (1) is
T < 1.
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Branching Processes
CASE3. ¢/(1) =u =1

|
|
|
|
|
|
|
:
1

z

In this case ¢(z) = ¢(z) for z = 1 only. The only positive number that satisfies (1) is mo = 1.
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Branching Processes

Conclusion

e |f u <1, then mo = P(The population dies out) = 1.
e |f u> 1, then Ty = P(The population dies out) < 1.
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Example 4.34

Assume that

1 1 1
P0_§7 P1_Z7 PZ_Z
Find 7ro.
SOLUTION:
u=0-Po+1-P+2-P,
1 1 1 3
=0-54+1-g+2. 7 =7<1.

Hence, we must have 1y = 1.

Anton Yurchenko-Tytarenko Lecture 12. Branching processes. Time reversible Markov chains 27th February 2022 13/23



Example 4.35

Assume that

Po=1 Pzl p=l
Find ro.
SOLUTION:
u=0-Po+1-Pi4+2-P
oty lie o5y

4 4 2 4
In order to find o we solve (1), which in this case becomes:

1 1 1
7To=7T8PO+7TgJP1+7TgP2=Z“FZTFO"'E"TS

or equivalently:

215 — 31 + 1 =2(7T0—1)(7T0—%)=0

Hence, the smallest positive number that satisfies (1) is o = 3.

Anton Yurchenko-Tytarenko Lecture 12. Branching processes. Time reversible Markov chains 27th February 2022



Time Reversible Markov Chains
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Time Reversible Markov Chains

Consider a stationary Markov chain with transition probabilities P;; and stationary probabilities 7r; > 0, i,
Jj € S (e.g. ergodic Markov chain with initial distribution equal to ).

We then consider the backwards chain X,, Xn_1, Xh_2, . . .

It turns out that the backwards chain is also a time-homogeneous Markov chain with transition probabilities
Qij, i, j € S given by:

Q/,j = P(Xm = | X1 = i)
_ P X =} 0 { X1 = )

P(Xmi1 = i)
_ PXe = )PXiis =1 | Xm =]) _ ;P
P(Xmns1 = i) o
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Time Reversible Markov Chains
We say that {X,} is time reversible if Q;; = P;;forall i,j € S.

Hence, {X,} is time reversible if and only if:

;P

= Pij,
T

forall i,j € S, or equivalently if and only if:

7T,'P,',j = 'lTij,,'7 for all /,j €S.
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Time Reversible Markov Chains

Theorem (Time reversible chain)

Assume that, for a stationary Markov chain with a unique stationary distribution, we can find non-negative

numbers x;, i € S such that:

x;iP;; = x;P;;, foralli,jcSand Zx, =1.
ieS

Then the Markov chain is time reversible.

PROOF. If x;, i € S satisfy (2), then it follows that:

ZX;P,‘J:X/ZPN:X]‘, foraIIjeSand ZX/:1.

ieS ieS ieS
We have proved that the equations (3) have the unique solution:
xi=1;, forallies,

which completes the proof.
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Example 4.37

Consider a Markov chain {X,} with state space S = {0, 1, ..., M} and transition probabilities:

P/,/+1:C(,'=1—P,",‘_1, I'=1,...,/M—17
Po1=ao=1- Poyo,

PM,MZO'M: 1 —PM7M71.

In matrix form we have

1—o9 o 0 O 0 0 0
1 —ay 0 a; 0 0 0 0
0 1—a 0 o 0 0 0
P=| : :
0 0 0 O 0 ap—2 0
0 0 0 0 1-— am—1 0 am—1
0 0 0 O 0 1—ow owm
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Example 4.37
In this case the long run rate of transitions from i to i + 1 must be equal to the long run rate of transitions from
i+ 1 to i. From this it can be shown that:

TP i1 = Wig1 P, i = 0,1,.., (M —1).

That is, the Markov chain is time reversible.
In order to find the stationary probabilities we solve the following equations:

Moo = (1 — at),
T = 7T2(1 —02),

Ty—1om—1 = Tn(1 — aum).
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Example 4.37

Hence, we get:

(o ¢] a1

e ™ T A—a)d —oq) ™

Ty = =M= = AM—1 -~ A1do 1o
T—aw "' T —am) - (T—a)(d—a)
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Example 4.37
We then use that 3> r; = 1 and get:

- 1A
1 =
o +Z 1—a 1—0(2)(1—0(1) 1

From this it follows that:

- 1QAp
mo= |1+
0 Z(pa, 170(2)(170(1)

and that:
CX/_1 BERNe Yo ()

(1—0)---(1 —o)(1 - )

Tj = mo, j=1,...., M.
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Example 4.37
Assume in particular thato; = a0, j = 0,1,..., Mand let B = a/(1 — a).
We then get:

and .
_PO-B) j=1,.., M.
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