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Time Reversible Markov Chains
We recall that the time reversibility equations implies that:
XiPij = xiPji,
XiPrj = XiPjk.

Assuming that P; jP; x > 0 these equations imply that:

P
X = X’?,’
ij
X = Xk5—=.
) k P] B
Hence,
Xi _ PejPji
X PPk
At the same time the time reversibility equations imply that
ﬁ _ Pk,l
Xk Pix
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Example 4.38
Undirected graph with weighted edges.

Wi :
Pij= , IL,jeS
M Zkes ik j
Thus, e.g., 3 1 »
P1,2—67 P1,4—67 P1,5:6
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Example 4.38

The nodes represent states of a Markov chain with state space S.
Thus, we define:
X» = The node where the process is atstepn, n=0,1,2,...

We then introduce weights:

wj = The weight associated with the edge between node jandj, i,je S
and let
Wi ..
Pj==——, ijES.
i S e Wi )

27th February 2022

Lecture 13. Time reversible Markov chains

Anton Yurchenko-Tytarenko



Example 4.38

The time reversibility equations:
‘IT,'P,',/' = 7Tij,,', /,j eS

then become

Wi Wi .
| y =T ! , ILjeS.
Zkes Wik Zkes Wik
Since w; = wj;, the equations simplify to:
Ti i ..
L ijes.

Zkes Wik Zkes Wik
which equivalent to:
i

= =¢, I€eS.
Zkes Wik

Anton Yurchenko-Tytarenko Lecture 13. Time reversible Markov chains 27th February 2022



Example 4.38

Alternatively, these equations can be written as:

Wj:CZW,'k, ieS.

kes
Summing over all i we get:
REDHITED
ies i€s kes

Hence,

o= (S m

i€ES keS
Thus, we get the stationary probabilities:
Wi
T = M, I c S
Zjes Zkes Wik
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Example 4.38

In this graph we get:
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Time Reversible Markov Chains
Thus, for a valid solution to the time reversibility equations we must have that:

PrjPii P,

PijPix  Pik

or equivalently:
Pi ik Pi.jPpi = Pj Pk Pr,i.
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Time Reversible Markov Chains

A stationary Markov chain for which P;; = 0 whenever P;; = 0 is time reversible if and only if starting in
state i, any path back to i has the same probability as the reversed path. That is, if:

Pii, P

1«f2"'P"kyi:P/ Pi

kolk—1 "

Jik "Pi17/

for all states i, Iy, . .., ik, k=1,2,....
PROOF. That this condition is necessary essentially follows from the argument above. We thus focus on

proving sufficiency.
We fix i and j and write the condition in the theorem as:

Pii, Pi

vi - PiciPii = PijPricPicicy - Pii-
By summing over all paths of length k + 1 we get that:

K+1 k+1
Pij Pii = PijPy
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Time Reversible Markov Chains
We then sum over k from 1 to m and divide by m:

L 5 m +1 N k+1
Pi,i > ks Pi,j _ Pij> i ’D/:

m m
By letting m — oo this implies that:
Pj,,"IT/‘ = P,',/"IT,'.

Hence, we conclude that the chain is time reversible.
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Doubly stochastic transition matrices

Let P be the transition probability matrix of a Markov chain {X,} with state space S where |S| = n < co. We
then know that:

> Py-1=1, forallies.
j€s
Ife = (1,...,1) is an n-dimensional vector, we can rewrite this as:
Pe’ —e.

We say that P is doubly stochastic if we also have:

> Py-1=1, foralljes.
ieS

In matrix notation this condition can be expressed as:

eP=e.
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Doubly stochastic transition matrices

Let P be the transition probability matrix of an ergodic Markov chain {X,} with state space S where
|S| = n < co. Then P is doubly stochastic if and only if the stationary distribution is uniform, i.e.: = le.

PROOF.

P is doubly stochastic

The stationary distribution is uniform
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Doubly stochastic transition matrices

Let P be the transition probability matrix of an ergodic Markov chain {X,} with state space S where
|S| = n < co. Assume that P is doubly stochastic. Then the Markov chain is time reversible if and only if P

is symmetric.
PROOF. Since P is doubly stochastic, ; = :—7 forall i € S. Hence, we get:

1
TP 7'Dj,f .

Q, = fn—.N =1 =P Ii,jeS

]

SI—=

Thus,@Q=Pifandonlyif P;; = P;;foralli,j € S. Thatis, Q = P if and only if P is symmetric.
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Example
Let P be the transition probability matrix of a Markov chain {X,} with state space S = {0, 1,2}, where:

02 04 04
P=104 02 04
04 04 02

Since P is doubly stochastic and symmetric, the Markov chain is time reversible.
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Example
Let P be the transition probability matrix of a Markov chain {X,} with state space S = {0, 1,2}, where:

0.0 0.1 0.9
P=|(09 00 01
0.1 09 0.0

Since P is doubly stochastic and not symmetric, the Markov chain is not time reversible.

Anton Yurchenko-Tytarenko Lecture 13. Time reversible Markov chains 27th February 2022



Time Reversible Markov Chains
The concept of the reversed chain is useful even when the process is not time reversible.

Consider an irreducible Markov chain with transition probability matrix P and state space S. If we can find
positive numbers 1, and a transition probability matrix Q such that:

'IT,'P,',]‘ = 'ITijy,', for all i,j S S,

then Q is the transition probability matrix of the reversed chain, and 1 is the stationary distribution for both
the original and reversed chain.
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Example 4.40

Let L denote the lifetime of a type of light bulb, and assume that the distribution of L in days is:
P(L=i)=p, i=12,..,
E[L] < oo.

We have an infinite supply of light bulbs of this kind, with lifetimes L, Lp, . . . being independent and with the
same distribution as L. Each time a bulb fails, it is replaced by a new one the next day.

Xn = The age of the lightbulb atday n, n=1,2,...

Then {X,} is a Markov chain with state space S = {1, 2, ...} and with transition probabilities:

- P(L=i) pi 1 P .
PlJiP(LZI’)iZI‘Oi/p}" PI,I+171 PI,17 171727~~-
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Example 4.40
We then claim that the reversed chain has transition probabilities:
Qi1=1, i>1
Qi=P(L=i)=p;,i>1
To show this we need to find a stationary distribution ¢, 12, . . . such that:
Py =mQ i, j=1,2,...
We start out by letting j = 1 and determine 14, 12, . . . such that:

]P’(L i)

miPi =g s

=m1 Qi = mP(L=1).

This is equivalent to:
T = mP(L > ).
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Example 4.40

Summing over all i and using that the 7r;-s add up to 1, we get:
1= "m=mYy_ PL>i)
i=1 i=1
pr=my > pL(>i)

NgE
\Mg

= 1
i=1 j= i=1 j=t1
oo o0

:7T122p (<)) 'IT1ZPJZ i<y
j=1 i=1 i=1

p; - j = mE[L].

gk

T4
y

—.
[

Hence, it follows that 4y = (E[L])~", and thus:
P(L > i)

B =1,2,..

=mP(L> )=
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Example 4.40

We note that if j > 1, we have P;; = Q;; = 0 for j # i + 1. Hence, it remains to verify that:

‘IT,'P,‘J:7T]QI,,‘, i=1,2,..,j=i+1.

Using the expressions for 1y, w2, . . . and that Qi11, i = 1 for i > 1, this is equivalent to:
PL>7) (; P(L=7Y _P(L>i+1)
E[L] P(L>Q)) E[L] '

By simplifying this equation we get:

which is trivially true.
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