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Brush-up: First passage probabilities
Consider a Markov chain {X,} with state space S and transition probability matrix P, and let A be
a non-empty proper subset of S.

We want to calculate the following probability:
B:=P(Xx € Aforsome 1 <k <m|Xy=1i),

where we assume that i ¢ A. In other words, we are interested in probability that { X} will visit A at
least once within m steps given that is starts in /.

In order to analyze this, we introduce:
N :=min{n>0:X, € A}

Thus, N represents the first time the Markov chain enters A.
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First passage probabilities: Transition probabilities
of {W,}

. Xn, if n <N,
= f 1<k< Xo = W, =
B:=P(Xx € Aforsome1 < k<m| Xo=1i), n {A., tn>N.

The transition probability matrix of { W}, denoted Q = (Q;), is given by:
cifi¢ A jé¢ A,

Qij=Pij.
o ifid A,
Qa= Z Pi.
jeA
® Qpa=1.

We now have:

m

B=P(Xkc Aforsome 1 <k<m|Xo=1)=P(Wn=A| Wy =1i)= Q.
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Example 4.13
Let {X,} be a Markov chain with the state set S = {0, 1,2, 3} and transition probability matrix P.
We then introduce:

N:min{n24:Xn_3:1, )(,7_2:27 Xn_1 :1, X :2}

Thus, N is the number of steps we need to observe the sequence (1,2,1,2) for the first time.

For a given value of k > 4 calculate P(N < k) given that X, = 0.
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Example 4.13

To solve this problem, we start out by introducing the following process {Z,}:
Z, = The minimal possible number of steps required to observe the first (1,2,1,2)

for any given time step n of the original process. The state space of {Z,} is T = {0,1,2,3,4} and
we observe that:

P(Zn+1:0|Zn:0):1, ]P)(Zn_‘_1:O|Zn:1):P1727
P(Zp1 =112 :2):P2,17 P(Zn1 =212 :3):P172.

Determining P(Z,,1 = 3 | Z, = 4) is more difficult, but we may express this by conditioning on X,
as follows:

P(Zoo1 =3 Zn=4)= Y P(Zy1=8|Z,=4, Xo=iP(Xy=1)
i€{0,2,3}

The term P(Z,.1 =3 | Z, =4, X, =1)P(X, = 1) is skipped since X, = 1 implies that Z, < 4.
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Example 4.13

The problem with the transition probability P(Z,.1 = 3|Z, = 4) is that it depends on n. In order to
avoid this problem, we need a process which contains more information about the state of the
original process.

Thus, we introduce a new Markov chain {Y,} defined as follows:
Y,=2,+ Xn]l{Z,,:4}
The state space of {Y,}is 71 = {0,1,2,3,4,6,7}.

71 does not contain the state 5 since the combination where Z, = 4 and X, = 1 is not possible.

If Y, > 4,then X, = Y, — 4. Thus, in this case the state of the original process can be derived
from Y. As a result the transition probabilities of { Y,,} do not depend on n.
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Example 4.13

The transition probability matrix of {Y,,} with state space 7 = {0,1,2,3,4,6,7} is:
1 0 0 0,0 0 0
;

P 2 0 0 P1,1 I P1’0 0 P173
Py 0 0 : Poog Pop Pogs

fY,=10rY,=3,then X, =1.If Y, =2, then X, = 2.

The entries below the horizontal dashed line corresponds to cases where Yn > 4, implying that
Xn = Yn - 4.
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Example 4.13

Since we have assumed that Xy = 0, it follows that Yy = 4. Moreover, recalling that:
N=min{n>4: Xp3=1, Xp2=2, X,o1 =1, X, =2}
and using the fact that state 0 is an absorbing state for { Y, }, it follows that
N<k< Y=0

Hence, we get that:
P(N<Kk)=P(Yk=0]| Yo =4)=Q,

In the textbook, the numbering of states is different.
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First-passage probabilities
Consider again a Markov chain {X,} with state space S and transition probability matrix P, and let
A be a non-empty proper subset of S.

We now consider the following probability:
a:=PXx ¢ Aforall1 <k<m-1, Xp=j|Xo=1)

As before, we let N := min{n > 0: X, € A} and:

W, = Xn, ?f n<N,
if n>N.

As before, we let the state A be some arbitrary state in A, and hence, the state space of { W}
becomes (S\ A) U {A}.
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First-passage probabilities. Case 1: i ¢ A, j ¢ A

Leti¢ A, j¢ A
In this case the event { X ¢ Aforall1 <k <m-—1, X, =/} is equivalent to the event { W, = j}.

Hence, it follows that:

a=PB(Wn=j| Wo=1i)=QJ.
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First-passage probabilities. Case 2: i ¢ A, jc A

Leti¢ A je A

In this case we have:

a=)Y P(Xc¢ Aforall1 <k<m—2, Xp_1 =1, Xp=j| Xo =1)

r¢ A

=Y P(Xc¢ Aforall 1 <k<m—2, Xpq =r|Xo=1i)x

r¢ A

XPXm=j| Xo=1i, Xk g Aforall1 <k<m-2, Xp_1=7)
:ZP(ngéAforalH <k<m—-2, Xp1=r|Xo=)PXpn=J|Xm_1=1)

r¢ A

= Z Qm__1 Pr,j-

rg¢ A

a3

r¢ A

m—1
ir

P:.

Anton Yurchenko-Tytarenko Lecture 4. First passage probabilities. Classification of states 27th January 2022

10/23



First-passage probabilities. Case 3: i€ A,j ¢ A

Letic A, j¢ A

In this case we have:
a= Y "PXi=r, Xe¢ Aforall2<k<m—1, Xp=j| X =)
r¢ A
=3 P(Xi =r|Xo=1i)x
r¢ A
xP(Xe g Aforall2<k<m—-1, Xn=j|Xo=1i, Xy =7)
:ZIP’(X1 =r|Xo=)PXxk ¢ Aforall2<k<m-1, Xp=j| X1 =17)
r¢é¢ A

= Z P,'JQT/-_1.

r¢ A

a = Z Pi’rQ,f‘T)ljf'l.
r¢ A

Anton Yurchenko-Tytarenko Lecture 4. First passage probabilities. Classification of states 27th January 2022 11/23



First-passage probabilities. Case 4: ic A,jc A
Letie A, je A

By combining the previous arguments, we get:

} : m—2
a = Pl',for,s PSJ.
r,s¢ A
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Example 4.14

Let {X,} be a Markov chain with state space S = {1,2,3,4,5}, and let A = {3,4,5}.

We now consider the following probability:

a=P(X ¢ Aforall1 <k <3, Xy =2|X =1).
We thenlet N =min{n >0: X, € A} and:

Xy ifn< N
W — ) b
" {3, if n> N.

The state space of {W,} becomes T = {1,2,3}.
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Example 4.14

The transition probability matrix of { W,}, denoted Q, is given by:

Qj=Pij, i,j=1,2,
Qs=1-Pi1—Pip, =12,
Qs —1.

We then assume that:

Pi1=03, P12=03, P1=01, Pp=02
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Example 4.14

Hence we get that
03 03 04
Q=01 02 07
0.0 00 1.0

From this we calculate that:

0.0095 0.0124 0.9781

0.0219 0.0285 0.9496
Q¥ —
0.0000 0.0000 1.0000

Hence, we get that:

a=P(X ¢ Aforall 1 <k<3, X, =2| X =1)= P(Wy =2 |Wp = 1) = @}, = 0.0285
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Section 4.3. Classification of states

P =1

ii
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Accessible states

Let {X,} be a Markov chain with state space S and transition probability matrix P.

State j is said to be accessible from state /, denoted as i — j, if P{]j > 0 for some n > 0.
Note that we have:
Pl <P(Uto{Xk =J} | Xo=1), n=0,1,2..

Hence, we also have:

sup P, <P (U{Xk = j} ‘ Xo = i>
k=0

n>0

<SPXe=jlXo=0)=Y Pl
k=0
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Accessible states

If i — j, then by definition P; > 0 for some n > 0, and hence we obviously also have that
sup, P7; > 0. This implies that:

P (U{Xk =} ’ Xo = i) >sup P/, > 0.
k=0 n=0
Conversely, if P (U,fo_o{Xk =Jj} ‘ Xo = i) > 0, then also

ZP,ﬁsz<U{xk:j}‘xO:i> >0
k=0 k=0

which implies that P, > 0 for some n > 0, i.e. i — j. Therefore we conclude:

i e P(D{Xk:j}‘xozi>>0.

k=0
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State diagram

A state diagram for a Markov chain is a directed graph where the nodes represent the states and
the edges represent possible one-step transitions. More precisely, the state diagram contains an

edge from node /i to node j if and only if P;; > 0.
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State diagram example
Let {X,} be a Markov chain with state space S = {1, 2,3, 4,5} and transition probability matrix

01 08 01 0 O
0 07 03 0 O
0 o 1 0 O
0 0O 0 06 04
0 0O 0 05 05
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State diagram and accessible states

04 A
06<nd) o @P 05

Ifi,j € S, then i — j if and only if the state diagram contains at least one directed path from j to j.
If such a path exists, we have:
P,-rjj > P,‘_’k1 . Pk1,k2 Cae :‘3;("72’;("71 . Pk”,w,j >0,

K1, ..., Kn—1 are some states such that P; x,, Pk, k»..» Pk, ,j >0, m=1,...,n-2.
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Communicating states

States i and j communicate, denoted as i <> J, if i — jand j — i.

The relation «» is an equivalence relation. That is, <> satisfies the following properties:
* Reflexivity: i <> i (follows since we always have P, =1 > 0).
e Symmetry: i + jif and only if j + /i (follows directly from the definition).
e Transitivity: i <» j and j <> k implies i <> k (requires a proof).

Anton Yurchenko-Tytarenko Lecture 4. First passage probabilities. Classification of states 27th January 2022 22/23



Communicating states: proof of transitivity

To prove transitivity we assume that j <» jand j < k.

Hence, in particular i — j and j — k, implying that there exists m, n > 0 such that F; > 0 and
P’ > 0.
j.k

By the Chapman-Kolmogorov equations, we have:

m+n __ m pn m n
Pk _Zpi,r rk > P Pl > 0.
res

Hence, by definition i — k.

By a similar argument we can show that kK — i as well. Hence, we conclude that j « k.
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