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Recurrent and transient states
Let {X,} be a Markov chain with state space S and transition probability matrix P.

In the last lecture we considered the probabilities:

)‘,:]P(U{X,zi}’xozi>, i€S.
r=1

We then introduced the following concepts:
e State i is recurrent if fi = 1.
e State j is transient if f; < 1.

Proposition 4.1

e State i is recurrent, if Y- °, P/, = oc.
e State i is transient, if >, P; < oo.

Corollary 4.2
If state i is recurrent, and i < j, then state j is recurrent as well. Thus, recurrence is a class property.
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More corollaries
Assume that X; = /, and let N; denote the number of times X, = |i.
e If jis recurrent, then P(N; = oo | Xo = i) =1 = E[N; | Xo = /] = c<.
e If jis transient, then P(N; = n | Xo = i) = f"'(1 = f) = E[N; | Xo = /] = 1/(1 = f)) < co.

Corollary

e |f state / is transient and / < j, then state j must also be transient. For if j were recurrent then, by
Corollary 4.2, i would also be recurrent contradicting that i is transient. Thus, transience is a class
property as well.

* We verified that, if state i is transient, then E[N; | Xo = i] < co. That means that N; | Xo = i is a finite
random variable (i.e. P(N; = oo | Xo = i) = 0). By definition of N;, this implies that transient state i/ can
be visited only finite number of times.

® Observation above means that, if {X,} is a Markov chain with a finite state space, then not all states
can be transient. This implies that least one of the states must be recurrent.

e If {X,} is irreducible as well, then all states are recurrent.
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Example 4.17

Consider a Markov chain with state space S = {0, 1,2, 3} and transition probability matrix

00 5§ 3
10 0 O
P—o1oo
01 0 O

It is easy to verify that i «» j for all i,j € S. Hence, the Markov chain is irreducible and thus all states must be
recurrent.
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Example 4.17

Figure: State diagram of an irreducible Markov chain with one class {0, 1,2, 3}
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Example 4.18

Consider a Markov chain with state space S = {0, 1,2, 3,4} and transition probability matrix:

%%ooo
11000
P=|0 0 J 1 O
o0 1 1 o0
P00y

This chain has classes {0, 1}, {2,3} and {4}. The first two classes are recurrent and the third is transient.

Anton Yurchenko-Tytarenko

Lecture 6. Long-Run Proportions and Limiting Probabilities 3rd February 2022 5/11



Example 4.18

Figure: State diagram of a Markov chain with classes {0, 1}, {2,3} and {4}
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Example 4.19. Random walk
Consider a Markov chain with state space S = {...,—2,—-1,0,1,2,...} and, 0 < p < 1 and

Piiy1=p, Pii—1=1-p, i€S.

It is obvious that i «+» j for all i,j € S. Hence, according to Corollary 4.2, all states are either recurrent or
transient.

In order to check for recurrence, it is sufficient to check if 32, Pf, = oo.

Thus, we assume that Xy, = 0, and observe that in this case X, is odd if nis odd, and X, is even if n is even.
Hence, since 0 is even, we have:

Pl = <2nn)p”(1 —-p)" = (2n)'! (p(1-p))", n=1,2,..
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Example 4.19. Random walk
We then use Stirling’s formula for n!:

n

n
n' ~ 271n(—e>, n — oo.

From this we get:

(2n)!  V2mwe 2(2n)?™t: 47

nin! (nthe-—ny2m)2 VN
Hence: )
. (4p(1 —
s = 0 o1 -~ CPOZP) o
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Example 4.19. Random walk
This implies that convergence/divergence of the series

e}

2n
>_ %
n=1
can be determined via convergence/divergence of the series

Z 4,01* ))

This series is divergent if and only if p = 1/2. Hence, the states are recurrent if and only if p = 1/2.
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Section 4.4. Long-Run Proportions and Limiting Probabilities
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Long-Run Proportions and Limiting Probabilities

For pairs of states i # j we let f; ; denote the probability that the Markov chain, starting in state i, will ever
make a transition into state j:

fij =P(X, = j for some n > 0| Xo = i)
el
n=1

We recall that i — j if and only if f;; > 0. We now show that:

Proposition 4.3.

If i is recurrent and i <+ j, then f,; = 1.
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