Modeling by Stochastic Processes (STK 2130)
Solutions to Exercises 12

Problem 4 (Memoryless property) Let 7" be an exponentially distributed random
variable with parameter A > 0.
Then, using the definition of conditional probabilities gives

P(T>t+sand T > s)

P(T > t+s|T>s)=
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for all s, > 0.
Problem 5 By Remark 5.2.6 in the manuscript we have to solve

Kolmogorov's forward equation

P'(t) = P(t) - Q, P(0) = (0i5); je1 -

5ij={ 1. ifis=y

0 else

where

The latter equation is equivalent to the following system of 16 linear differential equations

d 4
apij(t) - ;Pik(t)%ﬁ pij(0) = &y

for all i,j € I = {1,2,3,4}, where p;j(t) and g;; are the entries of P(t) and (), respectively.

Rather than applying systematic theory let us make a guess to find the solution to these
equations. Actually, one checks by differentiation w.r.t. time ¢ that

Pt) = (pi(t))i<ij<a
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is the solution.
Problem 6 (Cramér-Lundberg model) (i) Calculate the maximum likelihood esti-

mator A based on the Danish fire insurance data from 02/09/1987 until 02/22/1987, that is
maximize the likelihood function

L) =[] fs:(%: S))
Jj=1

1



w.r.t. A > 0 for i.i.d. inter-arrival times (holding times) S; ~ Ezp()).
So we get

n
LX) = H Aexp(—AS;) = A" exp(A(S1 + ... + Sn)) = A" exp(ATy).
j=1

So L(\) attains the maximum at A= 7. - Using the data we see that the sample size is given
by n = 10 and that 7}, = 13 (days). Hence A= 1 ~0.769.

(ii) In order to compute the mean and the variance of the arrival times 7},, we have to
determine the distribution their distribution. N

Since T}, = S1 + ... + S, with i.i.d. S; ~ Exp()\) we obtain

_n—1 (X.’L‘)k
P(Tngm):l—e_’\IZT,xZO. (1)
k=0 ’

Without loss of generality let us verify this for n = 2 :
P(Ty < z) = P(S1 + 52 £ 2) = E[l{gcs; 455<2) (51, 52)] = E[F (51, S2)],
where F' is the function

1 f0<si+s2<x

F(s1,52) = 1{0<s; +s,<2} (51, 82) = { 0 else

Since the holding times are 7.i.d. with exponential joint distribution we can compute the joint
density g(s1,s2) of (S1,S52) :

9(s1,52) = fs, (X 51) - sz(X; 53) = Ae~ Ao Aoz,

So we can rewrite E[F(S1, S2)] as a double integral w.r.t. to the joint density g(s1,s2) and
get

oo o0
P < a:)=//F(sl,SQ)g(sl,SQ)dsldsz
00

So we get (1). Differentiation of (1) w.r.t. = on both sides finally shows that the density fr,
of T,, is given by the density of the Gamma function with shape parameter a = n and scale

parameter A = A, that is

fpan zn—l

ool = —A
fr.(z) = e " (71—1)!’$>0'




Using this we see that

E[T,] = ; L

>N 3

and o -
2
Var[T,] = roha ? = (1.3)" - n.

As a special case (i.e. n = 1) we get for the expected inter-arrival time of the occurence of

fire losses

E[S1] = 1.3 days.



