Eksamen: Modellering av stokastiske prosesser (STK 2130)
Lgsningsforslag 11.6. 2025
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(ii) As one observes from the diagram the communicating classes are given by {1,2,3}
and {4,5}. However, {4,5} is a "trap", i.e. a closed class.
(i)
P(X2 _ ] |X0 _ Z) Th. 3.1.5 in the notes 1(]2)7
where

P> = PP () 1ci s
8/45 8/45  1/5  10/63  2/T
. 8/75 61/150 27/100 1/15  3/20
matrigmult 910 9/40  29/80  9/40 7/80
0 0 0  194/245 51/245
0 0 0  153/700 547/700

(iv) Finite and closed classes are recurrent. So {4,5} is recurrent. On the other hand,
recurrent classes must be closed. Hence {1, 2,3} must be transient.

We see from the diagram that pg;) > 0 for all n. Hence the state ¢ = 5 is aperiodic.
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(ii) We want to find A = P;(hit 0) for all ¢ = 1,2,3,4. Th. 1.3.2 in Norris shows that
R, i € I =1{0,1,2,3} is the minimal non-negative solution of the linear equation

R =1, if i =0
3

h =) pihf, ifi#0
§=0

Using the transition probabilities we get

hd =1
hY = 0.2 + 0.3h9 + 0.3 + 0.2h3
hY = 0.1 + 0.35h + 0.25R3 + 0.3h3
hg = 0.05 + 0.3k + 0.5h9 + 0.15h3

Substitution of variables yields the unique (and therefore minimal) solution
R =hy =hd =h% =1.

(iii) By Theorem 3.2.6 in the manuscript the mean hitting times k9,7 = 0,...,3 are the
minimal non-negative solution of

kA =0, ifi € A={0,3}

2
KA =14 pykd,  ifie{l,2}
j=1

This implies that
ki = kit =0
kA =14 0.3k +0.3ks
ks =14 0.35k" + 0.25k5!

140.3k4! . e .
So kA = +0 == Hence, using substitution gives

4 1+03k32 4 2
kD = —(14035——"2) = = 4+ Z(140.3k%
2 3(+ 07 ) 3+3(+ 2)
1



which yields k4! = 22 = 2.5 weeks and k= % = 2.5 weeks.

(iv) Using the definition of expectations we get

E[ST+2‘T<OO]
= 1~P(ST+2=1’T<OO)+2~P(ST+2=2’T<OO)+3~P(ST+2=3’T<OO>.

Because of the strong Markov property we have that
P(Spys=i|T < ooand Sp=1) = P(Sy =[Sy =1) =p\2 i =0,1,2,3.
On the other hand the definition of 7" implies that

St = 1 with probability 1 (on {7 < oo} ).

So we get
P(ST+2 = i|T< OO) :P(ST+2 :’L"T< oo and ST = 1)
= P(S=2[S=1)=p2 i=01,23.
Since
de
P> = PP & (pg))ogi,jgz
1 0 0 0
_ 0.3 0.255 0.265  0.18
- 0.21 0.2825 0.3175 0.19
0.1675 0.31 0.29 0.2325
we obtain
E[ST+2 ‘T < OO]
= pi7 + 200 +3p1) =
= 0.255+2-0.265+3-0.18 = 1.325 §.
Problem 3

1. step (see hints/formulas):

m = 0:
poo=P((2-D)"=0)=P(D>2)=6"2= 5
pr=P(2-D)f=1)=PD=1)=6"-672=g
p2=P((2-D)"=2)=PD=0)=6"-6"=2
pro=P(1-D)"=0)=P(D>1)=6"=¢
pu=P(1-D)"=1)=P(D=0)=6"-6"1=2
p2=P(1-D)"=2)=0
po=P(2-D)"=0)=P(D>2)=6"2%= 4
pr=P(2-D)f=1)=PD=1)=6"-672=g
pa2 = P((2— D)t =2) = P(D=0) =606 = 3



So we get

P=( 1 2 0
f 8 5
36 36 6
m = 1:
poo=P(2-D)t=0)=P(D22)=6"7= g
pr=P(2-D)t=1)=PD=1)=6"1-6"2=2
+=2 P(D=0 6

So we have
1/36 5/36 5/6

P=| 1/36 5/36 5/6
1/36 5/36 5/6

2. step: Invariant distribution
m = 0: 7P = m becomes

1 1 1
Togg + M1 + T236 = 7o
5
7T03g+7T16 + mag5 = M1
Tog +7T10+7T26 = 9

—— Ty = é7T2:>%Wg—i-ﬁlg—i-ﬂg%:ﬂl:>7T2:7T17r0+72>ﬂ2 57T2—|—7T2—|—7T2:1:>
WQZ% So
5
ST TR T
m = 1: It’s easy to guess that
1 55
™= (35366

3. step (see hints/formulas):

E[(D-j)%] = Y. P(D-j)T=k=> P(D=>k+j)

k>1 k>1
; 1
(K _
= 26(4‘]) JZG _6]1_1_1)
k>1 >1 6
1
= 67-.
5

Hence we get

m=0: f(0) = B(D=2)"]"=" ik, f(1) = E[(D = 1)*] = g5, f(2) = BI(D - 2)*] = 1k

m=1: f(0) = f(1) = f(2) = E[(D - 2)*] = 5.

4. step (see hints/formulas): Calculation of the cost functional

4



— 2 . _ 2 .
m=0: f(0)=37 omif(i) = tr1e5 + a5 + 185 = == and g(0) = Y7 mig(i) = mo =

— 3 b
b = —+ —
ag(0)+b](0) = T+
< a(l)—l—bf(l)—§+i
= 6 180°
The latter is equivalent to saying that
b <18
On the other hand m = 1 is minimal if
b > 18.

Problem 4 In order to apply the dichotomy theorem for Markov chains, we first want to

calculate
P(TU < o0 |X0 = 0)

where
To:==inf{n >1: X, =0}.

Because of the Markov property we have that

P(Ty < oo|X;=i)=Pinf{n>0: X, =0}+1<o00|X; =1i)
= P(H° <o0|Xg=1)=h0,i>0. (1)

On the other hand we have that

P(T0<OO,X0:O) ZP(T0<OO,X0=O,X1=i)

P(Ty < oo|Xp=0)= =

P(Xo = 0) 2 P(Xo=0)
L P(Xy=1
I S e
>0
Markov proper . L P(X1 =1 .
LTSN P(Ty < oo |Xy =) P(Xo = 0|Xy :Z)P((X;:O)) = " P(Ty < o0 |X1 = 1) po;
i>0 i>0

— P(Ty<oo|Xi=1)Y PH® < 00 |Xg = 1) = K.

We know that h?,i > 0 is the minimal non-negative solution to the equation

hg=1 if i =0
h) =) pijh)
;0 ! ifi£0 )

_ 0 0
= pii—1hi_1 + Piivihi

5



Set
ui=h) 1 —hY, p; = piiy1 and ¢; = p;i—1,i > 1.

qi qiq;—1---91
Ui+1 = () Ui = (> Uy = y;uU1,
Di PiPi—1---P1

where

. 44i-1---q1

V=
biPi—1..-p1
Then
ug + ... +u; = hY — hY
and so
hi =1—Alvg + -+ %i21), (4)
where A = uy (unknown) and v, := 1.
We see that '
(2 .
J 1 .
Vi = ( )= > 1.

- 7Z_
TR (i +1)4

So Y >0 < 0o. Therefore the minimal non-negative solution in (4) is given for

A=1/(3 ) M 90 /2t & 0,924,

i>0

So from (1) and (3) we see that

P(Ty < 00|Xo=0)=1-90/7% ~0.076 < 1.

It follows from the dichotomy theorem (see Norris) that 0 is a transient state.
Further, let j > 4. Then

P(Xy, = jlXo=1)= pE;"’ = Y PiisPivin-Pionrj
11,eyim—1€1
> Pii+1Pi+1i+2---Pj—15 > 0.
Similarly, one shows that P(X,, = j|Xo =14) > 0, when ¢ > j. So I is a communicating class.
The latter implies that states of I are transient.

Define Ry ={0,...,k} and Ly = {X,, € Ry, for infinitely many n}. Then the complement
of the event Ly is given by

. = {there exists a N such that for alln > N : X,, ¢ Ry}.

We also observe that L, 1 C L. Using the latter and the observation that {lim,,— 00 X, = 00} =
Nk>oLg,we find that

P( lim X, = 00) = P(NgoLS) = lim P(LS).
n—->00 - k—s00
We see that P(L§) = 1— P(Ly). On the other hand, Lj, C U?:o {X,, = j for infinitely many n}.

So the transience of the states implies that P(Ly) = 0 and therefore we obtain that P(lim,, . X, =
o0) = 1.



