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Exercise 4.13

Construct a reduced ordered binary decision diagram of a 3-out-5-system.
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Exercise 4.13 (cont.)
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Figure: ROBDD of a 3-out-5-system.
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Exercise 4.14

Explain briefly why the number of nodes in a reduced ordered binary decision
diagram of a k -out-n-system grows polynomially in n.

SOLUTION: We let X = (X1, . . . ,Xn) be the vector of component state
variables, and introduce the partial sums:

Sk =
k!

i=1

Xi , k = 1, . . . , n.

If we do not merge trivial nodes with the leaf nodes, the number of nodes at
level k in the diagram is determined by the number of different binary
functions that can be formed at this level.

Furthermore, the number of different binary functions that can be formed at
level k is determined by the number of states the partial sum Sk−1 can be in.
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Exercise 4.14 (cont.)

Since Sk−1 ∈ {0, 1, . . . , (k − 1)}, the number of possible states Sk−1 can be
in is k .

Hence, the total number of intermediate nodes is bounded above by:

1 + 2 + · · ·+ n =
n(n + 1)

2

From this we conclude that the number of nodes in a reduced ordered binary
decision diagram of a k -out-n-system grows polynomially in n.

Example. Assume that n = 25. Then we have:

n(n + 1)/2 = 25 · 26/2 = 325

2n = 225 = 33 554 432

Thus, an ROBDD is much smaller than a BDD in this case!!
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Exercise 4.14 (cont.)

A. B. Huseby (Univ. of Oslo) Lecture 13 6 / 31



Exercise 4.14 (cont.)
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Exercise 4.14 (cont.)

Figure: Reliability plot of a 3-out-5-system.
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Exercise 4.14 (cont.)

Figure: Reliability plot of a 13-out-25-system.
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Exercise 4.15

Let (C,φ) be a threshold system with weights a1 = 8, a2 = 6, a3 = 6, a4 = 4,
a5 = 4, a6 = 2 and threshold b = 15.

a) Assume that all components have reliability p = 0.5. Write a python script
for calculating the reliability of the system. [Answer: P(φ = 1) = 0.5.]
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Exercise 4.15 (cont.)
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Exercise 4.15 (cont.)

Number of intermediate nodes = 15

A. B. Huseby (Univ. of Oslo) Lecture 13 12 / 31



Exercise 4.15 (cont.)

b) Run the script from (a) again, but with the weights in reversed order, i.e.,
a1 = 2, a2 = 4, a3 = 4, a4 = 6, a5 = 6, a6 = 8. Compare the number of
intermediate nodes in the ROBDD with the number of nodes in ROBDD from
(a).
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Exercise 4.15 (cont.)
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Exercise 4.15 (cont.)

Number of intermediate nodes = 24
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Exercise 4.15 (cont.)

c) Assume instead that p1 = 0.82, p2 = 0.78, p3 = 0.66, p4 = 0.91, p5 = 0.73,
p6 = 0.88. Modify the script from (a) and calculate the reliability of the system
with these component reliabilities. [Answer: P(φ = 1) = 0.932025.]
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Exercise 4.15 (cont.)
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Exercise 4.15 (cont.)
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Exercise 5.1
Let (C,φ) be a k -out-of-n system, where C = {1, . . . , n}. Prove that all the
components of this system have the same Birnbaum measure for structural
importance.

SOLUTION: Let i ∈ C be a component in the system. We then recall that:

φ(x) = I(
!

j∈C

xj ≥ k)

From this it follows that:

φ(1i , x) = I(1 +
!

j∈C\i

xj ≥ k) = I(
!

j∈C\i

xj ≥ k − 1)

φ(0i , x) = I(
!

j∈C\i

xj ≥ k)

Hence, we have:

φ(1i , x)− φ(0i , x) = I(
!

j∈C\i

xj = k − 1)
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Exercise 5.1 (cont.)
We then insert this into the formula for J(i)

B and get:

J(i)
B =

1
2n−1

!

(·i ,x )

(φ(1i , x)− φ(0i , x))

=
1

2n−1

!

(·i ,x )

I(
!

j∈C\i

xj = k − 1)

The number of non-zero terms in the sum is equal to the number of ways to
choose k − 1 components out of the n − 1 components in C \ i .

Hence, we get:

J(i)
B =

1
2n−1

!

(·i ,x )

I(
!

j∈C\i

xj = k − 1) =
1

2n−1

"
n − 1
k − 1

#

Since this holds for all i ∈ C, we conclude that all components have the same
structural importance.
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Exercise 5.2

Compute J(i)
B for the components of the bridge structure and compare their

structural importance.
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Figure: A bridge structure
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Exercise 5.2 (cont.)

1

2

3

4
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There are 2 critical path vectors for Component 3:

(1, 0, ·, 0, 1), (0, 1, ·, 1, 0)

Hence, we get:

J(3)
B =

2
25−1 =

2
16

=
1
8
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Exercise 5.2 (cont.)
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There are 6 critical path vectors for Component 1:

(·, 0, 0, 1, 0), (·, 1, 0, 1, 0), (·, 0, 1, 1, 0)
(·, 0, 0, 1, 1), (·, 0, 1, 0, 1), (·, 0, 1, 1, 1)

Hence, we get:

J(1)
B =

6
25−1 =

6
16

=
3
8

By symmetry the remaining components have the same structural importance
as Component 1.
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Exercise 5.3

Consider a binary monotone system(C,φ), where C = {1, . . . , n}. Assume
that the i ’th component be in series with the rest of the system, while the j ’th
component is not.

Prove that:

J(i)
B > J(j)

B .
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Exercise 5.3 (cont.)
Since i is in series with the rest of the system, we have:

φ(0i , x) = 0, for all (·i , x) ∈ {0, 1}n−1

Since j is not in series with the rest of the system, we have:

φ(0j , x) = 1, for at least one (·j , x) ∈ {0, 1}n−1

Hence, we then get:

2n−1J(i)
B =

!

(·i ,x )

[φ(1i , x)− φ(0i , x)] =
!

(·i ,x )

[φ(1i , x) + φ(0i , x)]

=
!

x
φ(x) =

!

(·j ,x )

[φ(1j , x) + φ(0j , x)]

>
!

(·j ,x )

[φ(1j , x)− φ(0j , x)] = 2n−1J(j)
B

A. B. Huseby (Univ. of Oslo) Lecture 13 25 / 31



Exercise 5.4

Compute I(i)B for the components of the bridge structure and compare their
reliability importance.
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Figure: A bridge structure
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Exercise 5.4 (cont.)

SOLUTION: We know that:

h(p) = p3(p1 ∐ p2)(p4 ∐ p5) + (1 − p3)((p1p4)∐ (p2p5))

= p3(p1 + p2 − p1p2)(p4 + p5 − p4p5)

+ (1 − p3)(p1p4 + p2p5 − p1p2p4p5).

Hence, we get:

I(1)B =
∂h(p)
∂p1

= p3(1 − p2)(p4 + p5 − p4p5) + (1 − p3)(p4 − p2p4p5)

I(2)B =
∂h(p)
∂p2

= p3(1 − p1)(p4 + p5 − p4p5) + (1 − p3)(p5 − p1p4p5)
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Exercise 5.4 (cont.)

I(3)B =
∂h(p)
∂p3

= (p1 + p2 − p1p2)(p4 + p5 − p4p5)− (p1p4 + p2p5 − p1p2p4p5)

I(4)B =
∂h(p)
∂p4

= p3(p1 + p2 − p1p2)(1 − p5) + (1 − p3)(p1 − p1p2p5)

I(5)B =
∂h(p)
∂p5

= p3(p1 + p2 − p1p2)(1 − p4) + (1 − p3)(p2 − p1p2p4)

Assuming that all components have the same reliability, that is, pi = p,
i = 1, . . . , 5, we get:

I(i)B = p(2p − p2)(1 − p) + (1 − p)(p − p3)

= p(1 − p)(1 + 2p − 2p2), i = 1, 2, 4, 5,

I(3)B = (2p − p2)2 − (2p2 − p4)

A. B. Huseby (Univ. of Oslo) Lecture 13 28 / 31



Exercise 5.4 (cont.)
In order to compare the reliability importance of the components, we plot I(i)B
as functions of the common component reliability p:
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The blue curve represents I(3)B , while the other curves represent
I(1)B , I(2)B , I(4)B , I(5)B . We see that the bridge component 3 is less important than
the other components for all p ∈ (0, 1).
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Exercise 5.4 (cont.)
Assume instead that p1 = p3 = p5 = 0.9, while p2 = p4 = 0.1. In this case we
get that:

I(1)B = p3(1 − p2)(p4 + p5 − p4p5) + (1 − p3)(p4 − p2p4p5)

= 0.9(1 − 0.1)(0.1 + 0.9 − 0.1 · 0.9) + (1 − 0.9)(0.1 − 0.1 · 0.1 · 0.9)

= 0.92(1.0 − 0.09) + 0.1(0.1 − 0.009) = 0.7371 + 0.0091 = 0.7462

I(2)B = p3(1 − p1)(p4 + p5 − p4p5) + (1 − p3)(p5 − p1p4p5)

= 0.9(1 − 0.9)(0.1 + 0.9 − 0.1 · 0.9) + (1 − 0.9)(0.9 − 0.9 · 0.1 · 0.9)

= 0.9 · 0.1 · (1.0 − 0.09) + 0.1 · (0.9 − 0.081) = 0.0819 + 0.0819 = 0.1638

I(3)B = (p1 + p2 − p1p2)(p4 + p5 − p4p5)− (p1p4 + p2p5 − p1p2p4p5)

= (0.9 + 0.1 − 0.9 · 0.1)2 − (0.9 · 0.1 + 0.1 · 0.9 − 0.92 · 0.12)

= (1.0 − 0.09)2 − (0.18 − 0.092) = 0.8281 − 0.1719 = 0.6562
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Exercise 5.4 (cont.)

By symmetry we also get that:

I(4)B = I(2)B = 0.1638

I(5)B = I(1)B = 0.7462

Hence, with these component reliabilities we have the following ranking of
importance:

I(1)B = I(5)B > I(3)B > I(2)B = I(4)B
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