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Section 7.1

Non-repairable binary monotone systems
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Non-repairable binary monotone systems

Let (C,φ) be a binary monotone system, where C = {1, . . . , n}, and
introduce:

Xi(t) = The state of component i at time t , t ≥ 0, i ∈ C

NOTE: Xi(t) is a random variable, while the development of the state of
component i over time, {Xi(t)} = {Xi(t) : t ≥ 0}, is a stochastic process.

We assume that {X1(t)}, . . . , {Xn(t)} are independent of each other.

We also let:

φ(X (t)) = The state of the system at time t , t ≥ 0.

NOTE: φ(X (t)) is a random variable, and the development of the state of the
system over time, {φ(X (t))} = {φ(X (t)) : t ≥ 0} is a stochastic process.
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Non-repairable binary monotone systems (cont.)
Time-dependent component and system reliabilities are defined as follows for
t ≥ 0 and i ∈ C:

pi(t) = P(Xi(t) = 1) = The reliability of component i at time t , (1)
h(p(t)) = P(φ(X (t)) = 1) = The reliability of the system at time t .

These quantities are closely related to the lifetimes of the system and the
components. To show this we let:

Ti = The lifetime of component i , for i ∈ C, (2)
S = The lifetime of the system.

and let:

P(Ti ≤ t) = Fi(t), i ∈ C,

P(S ≤ t) = G(t)
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Non-repairable binary monotone systems (cont.)

We then have the following relations:

pi(t) = P(Xi(t) = 1) = P(Ti > t) = 1 − Fi(t) = F̄i(t), (3)

h(t) = P(φ(X (t)) = 1) = P(S > t) = 1 − G(t) = Ḡ(t). (4)

and
Ḡ(t) = h(p(t)) = h(F̄1(t), . . . , F̄n(t)). (5)

F̄i(t) is called the survival function of the component lifetime Ti , i ∈ C

Ḡ is called the survival function of the system lifetime S
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Failure rates

Let F̄ (t) = P(T > t) for the lifetime T of some component, and assume that
F̄ (t) > 0 for all t ≥ 0. Then we have:

F̄ (t) = e−R(t), t ≥ 0,

where R(t) = − ln(F̄ (t)). The function R is called the cumulative failure rate
function of T .

The derivative of R(t), denoted r(t), is called the failure rate function of T and
can be expressed as follows:

r(t) =
∂

∂t
(− ln(F̄ (t))) =

f (t)
F̄ (t)

, t ≥ 0.

NOTE: r(t)dt is the conditional probability that the component fails in the
interval (t , t + dt ], given that the component survived the interval [0, t ].
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Failure rates (cont.)

Note that the survival function can be expressed in terms of the failure rate
function as follows:

F̄ (t) = e−
! t

0 r(u)du, t ≥ 0, (6)

Thus, the lifetime distribution is uniquely determined by its failure rate
function.

If r is increasing, we say that the lifetime has an increasing failure rate.
If r is decreasing, we say that the lifetime has a decreasing failure rate.

Increasing failure rates are used to describe aging. As the component
gets older, it becomes more prone to failures.

Decreasing failure rates are used to describe infant mortality. As the
component gets older, early failures are eliminated or corrected.
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Section 7.1.1

The Weibull distribution
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The Weibull distribution

A commonly used lifetime distribution in reliability is the Weibull distribution,
named after the Swedish mathematician Waloddi Weibull, who introduced the
distribution in 1951.

The probability density of a Weibull distributed variable T is given by

f (t) =
α

β

!
t
β

"α−1

e−(t/β)α , t ≥ 0. (7)

The parameter α > 0 is called the shape parameter, while the β > 0 is called
the scale parameter.
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The Weibull distribution (cont.)
The cumulative distribution function:

F (t) = P(T ≤ t) =
# t

0
f (u)du = 1 − e−(t/β)α , t ≥ 0,

The survival function:

F̄ (t) = P(T > t) = 1 − F (t) = e−(t/β)α , t ≥ 0.

The cumulative failure rate:

R(t) = − ln(F̄ (t)) =
!

t
β

"α

, t ≥ 0,

The failure rate:

r(t) =
f (t)
F̄ (t)

=
α

β

!
t
β

"α−1
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The Weibull distribution – Density
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The Weibull distribution – Survival probability
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The Weibull distribution – Survival probability (cont.)

NOTE: In the survival probability plot all four distributions have the same
scale parameter, β = 50.

Since F̄ (t) = e−(t/β)α , we have:

F̄ (β) = e−(β/β)α = e−1

Hence, all four survival functions go through the point (β, e−1).
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The Weibull distribution – Cumulative failure rate
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The Weibull distribution – Cumulative failure rate
(cont.)

NOTE: In the cumulative failure rate plot all four distributions have the same
scale parameter, β = 50.

Since R(t) =
$

t
β

%α

, we have:

R(β) =

!
β

β

"α

= 1

Hence, all four cumulative failure rate functions go through the point (β, 1).
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The Weibull distribution – Failure rate
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The Weibull distribution (cont.)

The failure rate is decreasing when 0 < α < 1, and increasing when α > 1.

When α = 1, the distribution is an exponential distribution, and we have:

Density function: f (t) =
1
β

e−t/β , t ≥ 0

Cum. failure rate: R(t) = − ln(F̄ (t)) =
t
β
, t ≥ 0

Failure rate: r(t) =
f (t)
F̄ (t)

=
1
β
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The Weibull distribution – Mean and median

If T is Weibull distributed with parameters α > 0 and β > 0, then we have:

E [T ] = β · Γ(1
α
+ 1),

Med [T ] = β · [ln(2)]1/α

NOTE:

lim
α→0

E [T ] = ∞, lim
α→∞

E [T ] = β

lim
α→0

Med [T ] = 0, lim
α→∞

Med [T ] = β
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The Weibull distribution – Mean, β = 1
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The Weibull distribution – Median, β = 1
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The Weibull distribution – Properties

Theorem

a) If T is a Weibull distributed random variable with parameters α and β, and
K > 0 is a constant, then U = KT is Weibull distributed with parameters α
and Kβ.

b) If T1, . . . ,Tn are independent random variables, and Ti is Weilbull
distributed with parameters α and βi , i = 1, . . . , n, then min(T1, . . . ,Tn) is
Weilbull distributed with parameters α and γ = (

&n
i=1 β

−α
i )−1/α.

c) If T1, . . . ,Tn are independent and identically Weibull distributed random
variables with parameters α and β, then n1/α min(T1, . . . ,Tn) is Weilbull
distributed with parameters α and β.
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The Weibull distribution – Properties(cont.)

PROOF (a) Assume that T is Weibull distributed with parameters α and β,
and that K > 0 is a constant.

The survival function of U = KT is given by:

P(U > u) = P(KT > u) = P(T > u/K ) = e−[(u/K )/β]α = e−[u/(Kβ)]α

This is the survival function of a Weibull distributed variable with parameters
α and Kβ.

Hence, we conclude that U = KT is Weibull distributed with parameters α
and Kβ.
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The Weibull distribution (cont.)

PROOF (b) Assume that T1, . . . ,Tn are independent random variables where
Ti is Weibull distributed with parameters α and βi , i = 1, . . . , n. We then let:

T = min(T1, . . . ,Tn)

The survival function of T is then given by:

P(T > t) = P(T1 > t ∩ · · · ∩ Tn > t) =
n'

i=1

P(Ti > t)

=
n'

i=1

e−(t/βi )
α

= exp(−
n(

i=1

(t/βi)
α)

= exp(−tα
n(

i=1

β−α
i ) = e−tα γ−α

= e−(t/γ)α

where γ−α =
&n

i=1 β
−α
i . Hence, T is Weibull with parameters α and γ.
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The Weibull distribution (cont.)

PROOF (c) Assume that T1, . . . ,Tn are independent random variables where
Ti is Weibull distributed with parameters α and β, i = 1, . . . , n, and let:

T = min(T1, . . . ,Tn)

By (b) it follows that T is Weibull distributed with parameters α and γ, where:

γ = (
n(

i=1

β−α)−1/α = (nβ−α)−1/α = n−1/αβ

By (a) it follows that n1/αT is Weibull distributed with parameters α and
n1/αγ = β.

NOTE: This holds for any n, and thus, also when n → ∞. This is linked to the
fact that the Weibull distribution is an extreme value distribution.
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Section 7.1.2

Plotting system reliability as a function of time
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Plotting system reliability as a function of time

We first assume that the reliability function, h(p(t)) is known.

To plot h(p(t)) as a function of the time t ≥ 0, we choose a sufficiently dense
set of t-values, 0 = t0 < t1 < · · · < tK , and calculate h(p(tj)), for these
t-values.

The reliability curve for t ∈ [0, tK ] is then obtained by drawing a curve through
the points:

(t0, h(p(t0))), (t1, h(p(t1))), . . . , (tK , h(p(tK ))).

If K is sufficiently large, a nice smooth curve is obtained.
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Example – 2-out-of-3 system
Let (C,φ) be a 2-out-of-3 system with C = {1, 2, 3} and structure function φ is
given by:

φ(X1,X2,X3) = X1X2 + X1X3 + X2X3 − 2X1X2X3

From this it follows that the reliability of the system at time t ≥ 0 is:

h(p(t)) = p1(t)p2(t) + p1(t)p3(t) + p2(t)p3(t)− 2p1(t)p2(t)p3(t)

By inserting pi(t) = F̄i(t), i = 1, 2, 3 into the expression for h(p(t)), we can
calculate the system reliability for any t ≥ 0.

We assume that the lifetime of component i , Ti is Weibull-distributed with
parameters αi and βi , for all i ∈ C, where:

α1 = 2.0, α2 = 2.5, α3 = 3.0,

β1 = 50.0, β2 = 60.0, β3 = 70.0.
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Example – 2-out-of-3 system (cont.)
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Example – 2-out-of-3 system (cont.)
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Example – 2-out-of-3 system (cont.)
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MC simulation using minimal path sets

Given the minimal path sets P1, . . . ,Pp and the minimal cut sets K1, . . . ,Kk of
the system, the relation between the component lifetimes, T1, . . . ,Tn and the
system lifetime, S, can be expressed as:

S = min
1≤j≤k

max
i∈Kj

Ti = max
1≤j≤p

min
i∈Pj

Ti .

This formula is useful when the system reliability is estimated using Monte
Carlo simulation.

Consider a binary monotone system (C,φ), where C = {1, . . . , n}, and where
Pi , . . . ,Pp are the minimal path sets of the system.

We generate N samples of component lifetimes {T1k , . . . ,Tnk}, where Tik
denotes the lifetime of the i th component in the k th simulation, k = 1, . . . ,N.

A. B. Huseby (Univ. of Oslo) STK3405 – Lecture 14 31 / 55



MC simulation using minimal path sets (cont.)

We then calculate the resulting system lifetimes S1, . . . ,SN given by:

Sk = max
1≤j≤p

min
i∈Pj

Tik , k = 1, . . . ,N.

Based on these lifetimes we can estimate the system reliability as a function
of the time t ≥ 0 using the following estimator:

ĥ(t) =
1
N

N(

k=1

I(Sk > t)

It follows that:

E [ĥ(t)] =
1
N

N(

k=1

P(Sk > t) = Ḡ(t) = h(p(t))

Thus, ĥ(t) is an unbiased estimator for the system reliability at time t ≥ 0.
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MC simulation using minimal path sets (cont.)

In order to calculate ĥ(t) more efficiently for all t ≥ 0, we sort the system
lifetimes in ascending order:

S(1) < · · · < S(N),

assuming for simplicity that all the lifetimes are distinct. We also define
S(0) = 0, and note that:

ĥ(S(m)) =
1
N

N(

k=1

I(Sk > S(m)) =
N − m

N
, m = 0, 1, . . . ,N.

Hence, the function ĥ(t) passes through the following N + 1 points:

(S(0),
N − 0

N
), (S(1),

N − 1
N

), . . . , (S(N),
N − N

N
).

For sufficiently large values of N a nice smooth estimate of the function
h(p(t)) can then be obtained by drawing a curve through these points.
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MC simulation using minimal path sets (cont.)

EXAMPLE: Let (C,φ) be a bridge system with C = {1, 2, 3, 4, 5} and minimal
path sets:

P1 = {1, 4}, P2 = {1, 3, 5}, P3 = {2, 3, 4}, P4 = {2, 5}.

The lifetime of component i , Ti is Weibull-distributed with parameters αi and
βi , for all i ∈ C where:

α1 = 2.0, α2 = 2.5, α3 = 3.0, α4 = 1.0, α5 = 1.5,
β1 = 50.0, β2 = 60.0, β3 = 70.0, β4 = 40.0, β5 = 50.0.

The reliability h(p(t)) is estimated for t ≥ 0, by running a Monte Carlo
simulation with N = 100000 simulations.
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MC simulation using minimal path sets (cont.)
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MC simulation using minimal path sets (cont.)
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MC simulation using minimal path sets (cont.)
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MC simulation using sorted component lifetimes

It is possible to estimate the reliability function without knowing the minimal
path sets provided that we can calculate the structure function efficiently.

IDEA: Use the fact that the lifetime of the system always coincides with the
lifetime of one of the components.

Consider a binary monotone system (C,φ), where C = {1, . . . , n} where the
lifetime of the i th component is Ti , i ∈ C.

By sorting the lifetimes the order at which the components fail is identified,
assuming that all the component lifetimes are distinct.

If Ti1 < · · · < Tin are the sorted lifetimes, the components fail in the order
i1, . . . , in.

For convenience we also define Ti0 = 0.
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MC simulation using sorted component lifetimes (c.)

Let X j denote the component state vector after the j th failure, j = 1, . . . , n,
and let X 0 = 1. Finally, let:

j∗ = min{j : φ(X j) = 0}

Then the lifetime of the system, S, is given by:

S = Tij∗

In the trivial case where φ(X 0) = φ(1) = 0, we get that j∗ = 0. Thus,
S = Ti0 = 0 in such cases.

In the trivial case where φ(X n) = φ(0) = 1, j∗ becomes undefined. To avoid
this issue we simply define S to be ∞ in such cases.

Having found a method for calculating the system lifetime, we proceed as
before and obtain an estimate of the system reliability as a function of time.
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MC simulation using sorted component lifetimes (c.)

EXAMPLE: Let (C,φ) be a threshold system with component set
C = {1, 2, 3, 4, 5} with structure function:

φ(X ) = I(
5(

i=1

ωiXi ≥ 5.0)

where the component weights ω1, . . . ,ω5 are:

ω1 = 2.0, ω2 = 4.0, ω3 = 2.3, ω4 = 3.5, ω5 = 1.9

The lifetime of component i , Ti is Weibull-distributed with parameters αi and
βi , for all i ∈ C where:

α1 = 2.0, α2 = 2.5, α3 = 3.0, α4 = 1.0, α5 = 1.5,
β1 = 50.0, β2 = 60.0, β3 = 70.0, β4 = 40.0, β5 = 50.0.

The reliability h(p(t)) is estimated for t ≥ 0, by running a Monte Carlo
simulation with N = 100000 simulations.
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MC simulation using sorted component lifetimes (c.)
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MC simulation using sorted component lifetimes (c.)
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MC simulation using sorted component lifetimes (c.)
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Exact reliability function using ROBDD

Instead of using MC simulations, we could use an ROBDD-representation of
the system, and then calculate the reliability as a function of time, h(p(t))
analytically.

RECALL: By using an ROBDD-representation we can calculate the reliability
function h(p) analytically for any p.

Thus, we choose a sufficiently dense set of t-values, 0 = t0 < t1 < · · · < tK ,
and calculate h(p(tj)), for these t-values.

The reliability curve for t ∈ [0, tK ] is then obtained by drawing a curve through
the points:

(t0, h(p(t0))), (t1, h(p(t1))), . . . , (tK , h(p(tK ))).

If K is sufficiently large, a nice smooth curve is obtained.
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Exact reliability function using ROBDD (cont.)
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Exact reliability function using ROBDD (cont.)
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The estimated reliability function
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The exact reliability function
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MC simulation using sorted component lifetimes (c.)
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MC simulation using sorted component lifetimes (c.)

EXAMPLE: Let (C,φ) be an undirected network system with component set
C = {1, . . . , 7}. The structure function of this system is given by:

φ(X ) = X4 · φ(14,X ) + (1 − X4) · φ(04,X ),

where:

φ(14,X ) = (X3 ∐ X5) · (X1 ∐ X2) · (X6 ∐ X7)

+ (1 − X3 ∐ X5) · ((X1X6)∐ (X2X7))

φ(04,X ) = ((X1X3)∐ X2) · ((X5X6)∐ X7)
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MC simulation using sorted component lifetimes (c.)

The lifetime of component i , Ti is Weibull-distributed with parameters αi and
βi , for all i ∈ C where:

α1 = 2.0, α2 = 2.5, α3 = 3.0, α4 = 1.0,
α5 = 1.5, α6 = 2.0, α7 = 2.5,

β1 = 50.0, β2 = 60.0, β3 = 70.0, β4 = 40.0,
β5 = 50.0, β6 = 55.0, β7 = 65.0.

The reliability h(p(t)) for t ≥ 0 is estimated by running a Monte Carlo
simulation with N = 100000 simulations.
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MC simulation using sorted component lifetimes (c.)
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MC simulation using sorted component lifetimes (c.)
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MC simulation using sorted component lifetimes (c.)

A. B. Huseby (Univ. of Oslo) STK3405 – Lecture 14 54 / 55



MC simulation using sorted component lifetimes (c.)
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