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Section 7.1.3

The Birnbaum measure of reliability importance for
non-repairable systems
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The time-dependent Birnbaum measure

The time-dependent version of the Birnbaum importance measure is defined
as follows:

I9(t) = h(1;, p(1)) — h(0;, (1)), >0, ieC.
We then choose a sufficiently dense set of t-values, 0 = fp < t < --- < Ik,
and calculate I,(g’)(t), for these t-values.

The importance curve for t € [0, t] is then obtained by drawing a curve
through the points:

(to, 19(t)), (81, 19(11)), ..., (b, 19(tx)).

If K is sufficiently large, a nice smooth curve is obtained.
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Example — 2-out-of-3 system

EXAMPLE: Let (C, ¢) be a 2-out-of-3 system with C = {1, 2,3} and structure
function:

O(X1, X2, X3) = X1 Xo + X1 Xz + Xo Xz — 2X1 Xo X3
From this it follows that the reliability of the system at time t > O is:

h(p(t)) = p1(D)p2(t) + pr(t)pa(t) + Pa(t)ps(t) — 2p1 (£)p2(1)ps(t)
Hence, we get:
192(t) = h(11, p(t)) — h(01, P(t)) = Pa(t) + Pa(t) — 2p2(t)pa(t)
I2)(t) = h(12, p(1)) — h(02, p(t)) = p1(t) + p3(t) — 21 (t)ps(1)
1§(t) = h(13, p(1)) () + pa(t) — 2p1(D)p(t)
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Example — 2-out-of-3 system (cont.)

By inserting pi(t) = Fi(t), i = 1,2,3 into 19(8), 12)(1), I)(t), we can calculate
the reliability importance of the three components for any ¢ > 0.

We assume more specifically that the lifetime of component i, T; is
Weibull-distributed with parameters «; and g;, for all i € C, where:

Q1 = 2.0, Qo = 2.5, gz = 3.07
B4 =500, B,=60.0, p[3=70.0.
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Example — 2-out-of-3 system (cont.)

from math import exp
import matplotlib.pyplot as plt
import numpy as np

save_plots = True

# Time parameters
max_t = 120
steps = 120

# Weibull-parameters for the components
alpha = [2.@, 2.5, 3.0]
beta = [50.0, 60.0, 70.0]

# Number of components in the system
num_comps = len(alpha)

# The reliability function of the system
def reliability(pp):
return pp[@] * pp[1] + pp[0] * pp[2] + pp[1] * pp[2] - 2 * pp[@] * pp[1] * pp[2]

# The survival function of a Weibull-distribution
def weibull(aa, bb, t):
if t >= 0:
return exp(- (t / bb) ** aa)
else:
return 1.9
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Example — 2-out-of-3 system (cont.)

# Component reliability vector
p = np.zeros(num_comps)

# Time values and Birnbaum measures
time = np.linspace(@.@, max_t, steps)
IB = np.zeros((num_comps, steps))

# Calculate the Birnbaum measures
for step in range(steps):
for i in range(num_comps):
p[i] = weibull(alpha[i], beta[i], time[step])
for i in range(num_comps):
temp = p[i]
p[il =1
hl = reliability(p)
p[i]l = @
h@ = reliability(p)
p[i] = temp
1B[i][step] = hl - ho

# Plot the results
fig = plt.figure(figsize = (7, 4))
for i in range(num_comps):

plt.plot(time, IB[i], label="IB(" + str(i+1) + ", t)™)
plt.xlabel( ' Time")
plt.ylabel( ' Importance")
plt.title( "Importance as a function of time'™)
plt.legend()
if save_plots:

plt.savefig( "birnbaum_01/birnbaum_01.pdf™)
plt.show()
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Example — 2-out-of-3 system (cont.)
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Estimating Birnbaum measure using simulation

The time-dependent Birnbaum measure can also be estimated using Monte
Carlo simulation.

Our goal is to estimate the importance curves for t € [0, t«] for a sufficiently
dense setof t-values 0 =fh < f; < --- < Ix.

The estimated importance values for the ith component are denoted:
19(1),19),...,190), iecC

The resulting estimated importance curve for t € [0, t«] for the ith component
is obtained by drawing a curve through the points:

(0, 15 (t0)). (11, 19(1)), - (t, 19 (k).
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Estimating Birnbaum measure using simulation (c.)

We start by generating N samples of component lifetimes { T1, ..., Ta},
k=1,...,N, where Ty denotes the lifetime of the ith component in the kth
simulation.

Furthermore, we assume that we are able to calculate the system lifetime as
a function of the component lifetimes, either by using the formula based on
minimal path sets:

S= min maxTi= max minT;
1<j<k iekK; 1<j<p ieh;

or by using the formula based on sorted component lifetimes:
S=T,.
where:

J©=min{j: ¢(X;) = 0}
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Estimating Birnbaum measure using simulation (c.)

We now consider the component lifetimes generated in the kth simulation,
i.e.,, {Tik, ..., Tk}, and focus on component /.

For component i/ we calculate two system lifetimes:

Ly = The system lifetime given that T is replaced by 0
Uik = The system lifetime given that T is replaced by co

Thus, it follows that:

@ L is the lifetime of the system given that component i is failed all the
time

@ Uy is the lifetime of the system given that component i is functioning all
the time
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Estimating Birnbaum measure using simulation (c.)

We then consider a point of time t € [0, t].

@ If t < L, we know that the system is functioning regardless of the state
of component i

@ If t > Uy, we know that the system is failed regardless of the state of
component i

@ If Ly <t < Uk, the system is functioning if component i is functioning,
and failed if component i is failed.

Thus, we conclude that in the kth simulation component i is critical for the
system if and only if Ly <t < Ug.
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Estimating Birnbaum measure using simulation (c.)

In each simulation we keep track of the points of time when component i is
critical, and introduce:

D; = The number of times component i is critical at time .

foriceCand0=fh <t <--- < Ig.

We then obtain the following unbiased estimates for the importance of
component i at the points of time f, ty, .. ., Ix:

o D:: )
19(t) = N €C
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Estimating Birnbaum measure using simulation (c.)

EXAMPLE: Let (C, ¢) be a bridge system with C = {1,2,3,4,5} and minimal
path sets:

Py ={1,4}, P>={1.3,5}, Ps=1{2,3.4}, Ps={25}.

The lifetime of component i, T; is Weibull-distributed with parameters «; and
Bi, for all i € C where:

aq = 2.0, Qo = 2.5, a3 = 3.0, Qg4 = 1.07 a5 = 1.5,
81 =50.0, B>=60.0, B3=70.0, pB4=40.0, S35=>50.0.

The Birnbaum measures lg)(t), ce I,(;’)(t) for t > 0, are estimated by running
a Monte Carlo simulation with N = 100000 simulations.
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Estimating Birnbaum measure using simulation (c.)

A. B. Huseby

from math import *

from random import *

import matplotlib.pyplot as plt
import numpy as np

save_plots = True

# Time parameters
max_t = ZD
steps = 120

# Number of simulations
num_sims = 100000

# Weibull-parameters for the componen(s
alpha = [2.0, 2.5, 3.0, 1.0
beta = [50.0, 60.9, 70.0, 40 0, 50 0]

# Number of components and minimal paths
num_comps = 5
num_paths = 4

# Birnbaum measures
IB = np.zeros((num_comps, steps))

np.zeros(num_comps)

A component is identified as critical when t is in [L, U)
= np.zeros(num_comps)

#
L
u

# Minimal path set
paths = [{1,4}, (1 3,5}, {2,3,4}, {2,511

# Calculate the system lifetime given the component lifetimes
def sys_lifetime(tt):
sys_life = 0.0
for j in range(num_paths):
path_life = np.inf
for i in paths[j]:
if tt[i-1] < path_life:
path_life = tt[i-1]
if path_ \ife > sys_life:
sys_life = path_life
return sys_life
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Estimating Birnbaum measure using simulation (c.)

A. B. Huseby

# The simulated lifetimes of the components
t = np.zeros(num_comps)

# Time steps
time = np.linspace(0.0, max_t, steps)

# Run simulations
for k in range(num_sims):
for i in range(num_comps):
t[i] = weibullvariate(beta[i], alpha[i])
for i in range(num_comps):

temp = t[i]

t[i] = np.inf

U[i] = sys_lifetime(t)
tli] =

L[i] = sys_lifetime(t)

emp
for step in range(steps):
for i in range(num_comps):
if L[i] <= time[step] and timel[step] < U[i]:
IB[i] [step] += 1

# Calculate average importance values
for step in range(steps):
for i in range(num_comps):
IB[i] [step] = IB[i][step] / num_sims

fig = plt.figure(figsize = (7, 4))
for i in range(num_comps):
plt.plot(time, IB[i], label='IB(' + str(i+l) + “, t)")
plt.xlabel('Time")
plt.ylabel( ' Importance')
plt.title("Importance as a function of time")
plt.legend()
if save_plots:
plt.savefig("birnbaum_02/birnbaum_02.pdf")
plt.show()
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Estimating Birnbaum measure using simulation (c.)

Importance as a function of time
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MC simulation using sorted component lifetimes (c.)

EXAMPLE: Let (C, ¢) be a threshold system with component set
C ={1,2,3,4,5} with structure function:

5

¢(X) =1>_wiX; > 5.0)

i=1
where the component weights wy, .. ., ws are:
Wy = 2.07 Wo = 4.07 w3 = 2.3, W4 = 3.5, Wy = 1.9

The lifetime of component i, T; is Weibull-distributed with parameters «; and
Bi, for all i € C where:

a1 = 2.0, Qo = 2.5, a3 = 3.0, Qg4 = 1.07 a5 = 1.5,
B4 =500, pB>=60.0, p[3=70.0, ps=40.0, ps=>50.0.

The Birnbaum measures 1§)(t), ..., I¥)(t) for t > 0, are estimated by running
a Monte Carlo simulation with N = 100000 simulations.
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Estimating Birnbaum measure using simulation (c.)

from math import *

from random import *

import matplotlib.pyplot as plt
import numpy as np

save_plots = True

# Time parameters
max_t = 120
steps = 120

# Number of simulations
num_sims = 100000

# Weibull-parameters for the components
alpha = [2.0, 2.5, 3.0, 1.0, 1.5]
beta = [50.0, 60.0, 70.0, 40.0, 50.0]

# Threshold system weights and threshold
w = [2.0, 4.0, 2.3, 3.5, 1.9]
threshold = 5.0

# Number of components and minimal paths
num_comps = 5

# Birnbaum measures
IB = np.zeros((num_comps, steps))

np.zeros (num_comps.

A component is identified as critical when t is in [L, U)
= np.zeros(num_comps)

crw

=

Component state vector
= np.zeros(num_comps)

x

# The structure function of the threshold system
def phi(xx):
wsum = 0.9
for i in range(num_comps):
wisum += wli] * xx[i]
if wsum >= threshold:
return 1
else:
return @

iv. of Oslo) STK3405 — Lecture 1

A. B. Huseby




Estimating Birnbaum measure using simulation (c.)

# The structure function of the threshold system
def phi(xx):
wsum = 0.0
for i in range(num_comps):
wsum += wli] * xx[i]
if wsum >= threshold:

else:
return @

# Calculate the system lifetime given the component lifetimes
def sys_lifetime(tt):
# Initialize component states
for i in range(num_comps):
x[i] = 1
# Initialize system state and lifetime
sys_state = phi(x)
sys_life = 0.0
# Determine the ordering of the failure times
order = tt.argsort()
# Initialize failure counter
c=90
# Switch off one component at a time in the order of the failure times
while (sys_state == 1) and (c < num_comps):
x[orderlc]l] = @
sys_life = ttlorder[c]]
sys_state = phi(x)
c+=1
if sys_state == 0:
return sys_life
else: # This happens only for trivial systems where phi(e,...,0) = 1.
return np.inf
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Estimating Birnbaum measure using simulation (c.)

A. B. Huseby

# The simulated lifetimes of the components
t = np.zeros(num_comps)

# Time steps
time = np.linspace(0.0, max_t, steps)

# Run simulations
for k in range(num_sims):
for i in range(num_comps):
t[i] = weibullvariate(betali], alphal[il])
for i in range(num_comps):
= tli

np.inf
sys_lifetime(t)

sys_lifetime(t)
t[i] = temp
step in range(steps):
for i in range(num_comps):
if L[i] <= time[step] and time[step] < U[i]:
IB[i] [step] += 1

fo

S

# Calculate average importance values
for step in range(steps):
for i in range(num_comps):
IB[i]l[step] = IB[i][step] / num_sims

fig = plt.figure(figsize = (7, 4))
for i in range(num_comps):
plt.plot(time, IB[i], label='IB(' + str(i+l) + ", t)")
plt.xlabel('Time')
plt.ylabel(' Importance')
plt.title("Importance as a function of time")
plt.legend()
if save_plots:
plt.savefig("birnbaum_03/birnbaum_03.pdf")
plt.show()
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Exact Birnbaum measures using ROBDD

Instead of using MC simulations, we could use an ROBDD-representation of
the system, and then calculate the Birnbaum importance measures as a

functions of time, Ig)(t), N I,(;’)(t) analytically.

RECALL: By using an ROBDD-representation we can calculate the reliability
function h(p) analytically for any p.

We then choose a sufficiently dense set of t-values, 0 = fp < t < --- < Ik,
and calculate I,(g’)(t), for these t-values.

The importance curve for t € [0, tx] is then obtained by drawing a curve
through the points:

(to, 19(10)), (11, 19(11)), -, (t, 19 (tx)).

If K is sufficiently large, a nice smooth curve is obtained.
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Exact Birnbaum measure using ROBDD

A. B. Huseby

from math import exp

import matplotlib.pyplot as plt
import numpy as np

from c_robdd import ROBDDSystem

from c_threshold import ROBDDThreshold

save_plots = True

# Time parameters
max_t = 120
steps = 120

# Weibull-parameters for the components
alpha = [2.0, 2.5, 3.0, 1.0, 1.5]
beta = [50.0, 60.9, 70.0, 40.0, 50.0]

# Number of components in the system
num_comps = len(alpha)

# Threshold system weights and threshold
a=[2.0, 4.0, 2.3, 3.5, 1.9]
b=5.0

# Calculate the weight sum

asum = @

for 1 in range(num_comps):
asum += a[i]

# The ROBDD representation of the threshold system
sys = ROBDDSystem(ROBDDThreshold(a, asum, b))

# The reliability function of the system
def reliability(pp):
result = sys.calculateReliability(pp)
return result[1]
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Exact Birnbaum measure using ROBDD (c.)

# The survival function of a Weibull-distribution
def weibull(aa, bb, t):
if to>=0:
return exp(- (t / bb) ** aa)
else:
return 1.0

# Component reliability vector
p = np.zeros(num_comps)

# Time values and Birnbaum measures
time = np.linspace(0.0, max_t, steps)
18 = np.zeros((num_comps, steps))

# Calculate the Birnbaum measures
for step in range(steps):
for 1 in range(num_comps):
p[i] = weibull(alpha[i], beta[i], time[step])
for i in range(num_comps):
temp = p[i]
plil = 1
hl = reliability(p)
p[il = @
h@ = reliability(p)
p[i] = temp
IB[i][step] = h1 - he

# Plot the results
fig = plt.figure(figsize = (7, 4))
for 1 in range(num_comps):

plt.plot(time, IB[i], label="IB(" + str(i+l) + ", £)")
plt.xlabel( 'Time")
plt.ylabel( 'Importance")
plt.title( "Importance as a function of time™)
plt.legend()
if save_plots:

plt.savefig( "birnbaum_03b/birnbaum_03b.pdf™)
plt.show() = =
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Estimated Birnbaum measures

Importance as a function of time
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Exact Birnbaum measures

Importance as a function of time
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Estimating Birnbaum measure using simulation (c.)
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Estimating Birnbaum measure using simulation (c.)

EXAMPLE: Let (C, ¢) be an undirected network system with component set
C={1,...,7}. The structure function of this system is given by:

P(X) = Xa - p(14, X) + (1 = X4) - ¢(04, X),
where:
d(14,X) = (X3 IL X5) - (X1 II X2) - (X5 IT X7)
+ (1= X3 1L Xs) - (X1 X6) L (X2X7))

?(04, X) = (X1 X3) I Xz2) - ((XsXs) 11 X7)
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Estimating Birnbaum measure using simulation (c.)

The lifetime of component i, T; is Weibull-distributed with parameters «; and
Bi, for all i € C where:

aq = 2.0, Qp = 2.5, ag = 30, Q4 = 1.0,
a5 = 1.5, Qg — 2.0, a7 = 2.57

B4 =500, p,=060.0, p[3=70.0, ps=40.0,
Bs =50.0, B =550, p[7=65.0.

The Birnbaum measures 1§)(t), ..., I(t) for t > 0, are estimated by running
a Monte Carlo simulation with N = 100000 simulations.
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Estimating Birnbaum measure using simulation (c.)

from math import *

from random import *

import matplotlib.pyplot as plt
import numpy as np

save_plots = True

# Time parameters
max_t 120
steps

120

# Number of simulations
num_sims = 100000

# Weibull-parameters for the components
alpha = [2.0, 2.5, 3.0, 1.0, 1.5, 2.0, 2.5]
beta = [50.0, 60.0, 70.0, 40.0, 50.0, 55.0, 65.0]

# Number of components
num_comps = 7

# Birnbaum measures
IB = np.zeros((num_comps, steps))

np.zeros(num_comps)

A component is identified as critical when t is in [L, U)
= np.zeros(num_comps)

#
L
u

*

Component state vector
X = np.zeros(num_comps)

# The coproduct function
def coprod(xl, x2):
return x1 + x2 - x1 * x2
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Estimating Birnbaum measure using simulation (c.)

# The structure function given that component 3 is functioning
def phi_3_1(xx):
return coprod(xx[2], xx[4]) * coprod(xx[0], xx[1]) = coprod(xx[5], xx[6]1) \
+ (1 - coprod(xx[2], xx[4])) * coprod(xx[0] * xx[5], xx[1] * xx[6])

# The structure function given that component 3 is failed
def phi_3_0(xx):
return coprod(xx[0] * xx[2], xx[1]) * coprod(xx[4] * xx[5], xx[6])

# The structure function of the network system (using pivotal decomposition
def phi(xx):
return xx[3] % phi_3_1(xx) + (1 - xx[3]) * phi_3_0(xx)

# Calculate the system lifetime given the component lifetimes
def sys_lifetime(tt):
# Initialize component states
for i in range(num_comps):
x[i] =1
# Initialize system state and lifetime
sys_state = phi(x)
sys_life = 0.0
# Determine the ordering of the failure times
order = tt.argsort()
# Initialize failure counter
c=90
# Switch off one component at a time in the order of the failure times
while (sys_state == 1) and (c < num_comps):
x[order([c]] = @
sys_life = tt[order[c]]
sys_state = phi(x)
c+=1
if sys_state == 0:
return sys_life
else: # This happens only for trivial systems where phi(@,...,0) =1
return np.inf
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Estimating Birnbaum measure using simulation (c.)

# The simulated lifetimes of the components
t = np.zeros(num_comps)

# Time steps
time = np.linspace(0.0, max_t, steps)

# Run simulations
for k in range(num_sims):
for i in range(num_comps):
t[i] = weibullvariate(betalil, alphalil)
for i in range(num_comps):

temp = t[i]

tlil p.inf

ulil ys_lifetime(t)
tli]

L[i] ys_lifetime(t)
tli] = temp

for step in range(steps):
for i in range(num_comps):
if L[i] <= time[step] and time[step] < U[i]:
IB[i] [step] += 1

# Calculate average importance values
for step in range(steps):
for i in range(num_comps):
IB[i] [step] = IB[i] [step] / num_sims

fig = plt.figure(figsize = (7, 4))
for i in range(num_comps):
plt.plot(time, IB[i], label='IB(' + str(i+l) + ", t)")
plt.xlabel('Time")
plt.ylabel(' Importance')
plt.title("Importance as a function of time")
plt.legend()
if save_plots:
plt.savefig("birnbaum_04/birnbaum_04.pdf")
plt.show()
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Estimating Birnbaum measure using simulation (c.)

Importance as a function of time
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Section 7.1.4

The Barlow-Proschan measure of reliability importance
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The Barlow-Proschan measure

Definition (Barlow-Proschan measure)

Let (C, ¢) be a non-trivial binary monotone system where C = {1,...,n}.
Moreover, let T; denote the lifetime of component i, i € C, and let S denote
the lifetime of the system.

The Barlow-Proschan measure of the reliability importance of component
i € C is defined as:
Igl p = P(Component i fails at the same time as the system)
=P(T;=S).
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The Barlow-Proschan measure (cont.)

Theorem (Probability of system failure)

Let (C, ¢) be a non-trivial binary monotone system where C = {1,..., n}.
Moreover, let T; denote the lifetime of component i, i € C, and let S denote
the lifetime of the system.

Assume that Ty, . .., T, are independent and absolutely continuously
distributed.

Then S is absolutely continuously distributed as well, and we have:

n .
ST =1
i=1
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The Barlow-Proschan measure (cont.)

PROOF: Since we have assumed that the system is non-trivial, the lifetime of
the system, S can be expressed as:

S = max min T},
1<j<pieh;

where Py, ..., P, are the minimal path sets of the system. This implies that:

P(ULTi=sh=1.

i=1
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The Barlow-Proschan measure (cont.)

Since Ty,..., T, are absolutely continuously distributed, the probability of
having two or more components failing at the same time is zero.

This implies e.g., that P({T; = S} n {T; = S}) = 0 for i # j. Thus, when
calculating the probability of the union of the events {T; = S},i=1,...,n, all
intersections can be ignored as they have zero probability of occurring.

Hence, we get:

n

n n
1=P(Ti=SH= Y P(Ti=8)=>_ I,
i=1 i=1 i=1
where the second equality follows by ignoring all intersections of events
{Ti=S8}i=1,...,n

The last equality follows by the definition of /,(3"1,3, and hence, the proof is
complete.
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The Barlow-Proschan measure (cont.)

Theorem (Integral formula for the Barlow-Proschan measure)

Let (C, ¢) be a non-trivial binary monotone system where C = {1,...,n}, and
let T; denote the lifetime of componenti, i € C.

Assume that Ty, ..., T, are independent, absolutely continuously distributed
with densities fi, . . ., f, respectively. Then, we have:

8. [ Koo,
0

where Ig)(t) denotes the Birnbaum measure of the reliability importance of
component i at time t.
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The Barlow-Proschan measure (cont.)

PROOF: From the definitions of the Barlow-Proschan measure and the
Birnbaum measure, it follows that:

/,(3’)_,3 = P(Component i fails at the same time as the system)

:/ P(Component i is critical at time t) - f;(t)dt
0

= [ e
0
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Estimating Barlow-Proschan measure using simulation

In order to compute the Barlow-Proschan measure the integral formula is not
always easy to use. For this purpose it is actually better to use the original
definition.

Using Monte Carlo simulation it is easy to estimate the probability that a given
component fails at the same time as the system. By running N simulations we
simply count the number of times this happens for each of the components.

For all i € C we let:
W; = Number of times comp. i fails at the same time as the system

The Barlow-Proschan measure of importance can then be estimated by the
following unbiased estimator:

0 _ Wi

B_P:W’ ieC.
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N
Estimating Barlow-Proschan measure (c.)

EXAMPLE: Let (C, ¢) be a bridge system with C = {1,2,3,4,5} and minimal
path sets:

Pr={1,4}, P={1,3,5}, P3={2,3,4}, P,={25}.

The lifetime of component i, T; is Weibull-distributed with parameters «; and
Bi, for all i € C where:

aq = 2.0, Qp = 2.5, a3z = 30, Q4 = 1.07 a5 = 1.5,
B4 =500, pB>=60.0, p[3=70.0, ps=40.0, pgs=>50.0.

The Barlow-Proschan measures I,(;_)P, R /g5_>,, for t > 0, are estimated by
running a Monte Carlo simulation with N = 100000 simulations.
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BN @4
Estimating Barlow-Proschan measure (c.)

from math import *

from random import *

import matplotlib.pyplot as plt
import numpy as np

save_plots = True

# Number of simulations
num_sims = 100000

# Weibull-parameters for the components
alpha = [2.0, 2.5, 3.0, 1.9, 1.5]
beta = [50.0, 60.0, 70.0, 40.0, 50.0]

# Number of components and minimal paths
num_comps 5
num_paths

4

# Minimal path sets
paths = [{1,4}, {1,3,5}, {2,3,4}, {2,5}]

# Calculate the system lifetime given the component lifetimes
‘def sys_lifetime(tt):
sys_life = 0.0
for j in range(num_paths):
path_life = np.inf
for i in paths[jl:
if tt[i-1] < path_life:
path_life = tt[i-1]
if path_life > sys_life:
sys_life = path_life
return sys_life
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BN @4
Estimating Barlow-Proschan measure (c.)

# The simulated lifetimes of the components
t = np.zeros(num_comps)

# The number of times the components are critical when failing
¢ = np.zeros(num_comps)

for k in range(num_sims):
for i in range(num_comps):
t[i] = weibullvariate(beta[i], alphal[il)
s = sys_lifetime(t)
for i in range(num_comps):
if t[i] == s:
c[i]l += 1

bp_imp = np.zeros(num_comps)
for i in range(num_comps):
bp_imp[i] = c[i] / num_sims

comp = np.linspace(1, num_comps, num_comps)

fig = plt.figure(figsize = (7, 4))

plt.bar(comp, bp_imp, color ='gray', width = 0.4)

plt.xlabel("Components")

plt.ylabel("Importance")

plt.title("Barlow-Proschan importance")

if save_plots:
plt.savefig("b_p_imp_01/importance_BP1.pdf")

plt.show()
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Estimating Barlow-Proschan measure (c.)

Barlow-Proschan importance
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N
Estimating Barlow-Proschan measure (c.)

EXAMPLE: Let (C, ¢) be a threshold system with component set
C ={1,2,3,4,5} with structure function:

H(X) = Zw,X >5.0)

i=1
where the component weights wy, ... ,ws are:
Wy = 2.07 Wo = 4.07 w3 = 2.3, W4 = 3.5, Wy = 1.9

The lifetime of component i, T; is Weibull-distributed with parameters o; and
Bi, for all i € C where:

a1 =20, a»=25, a3=30, as=10, a5=1.5,

p1 =500, B=600, pB3=70.0, pB4=40.0, ps5=230.0.

The Barlow-Proschan measures I,(;_),,, RN I,(BS_),, for t > 0, are estimated by
running a Monte Carlo simulation with N = 100000 simulations.
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Estimating Barlow-Proschan measure (c.)

from math import *

from random import

import matplotlib.pyplot as plt
import numpy as np

save_plots = True

# Number of simulations
num_sims = 100000

# Weibull-parameters for the components
alpha = [2.0, 2.5, 3.0, 1.9, 1.5]
beta = [50.0, 60.0, 70.0, 40.0, 50.0]

# Threshold system weights and threshold
w = [2.0, 4.0, 2.3, 3.5, 1.9]
threshold = 5.0

# Number of components and minimal paths
num_comps = 5

# Component state vector
X = np.zeros(num_comps)

# The structure function of the threshold system
rdef phi(xx):
wsum = 0.0
for i in range(num_comps):
wsum += wli] * xx[i]
if wsum >= threshold:
return 1
else:
return @
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BN @4
Estimating Barlow-Proschan measure (c.)

# Calculate the system lifetime given the component lifetimes
def sys_lifetime(tt):
# Initialize component states
for i in range(num_comps):
x[i] =1
# Initialize system state and lifetime
sys_state = phi(x)
sys_life = 0.0
# Determine the ordering of the failure times
order = tt.argsort()
# Initialize failure counter
c=9
# Switch off one component at a time in the order of the failure times
while (sys_state == 1) and (c < num_comps):
x[order[c]] = @
sys_life = tt[order[c]]
sys_state = phi(x)
c+=1
if sys_state == 0:
return sys_life
else: # This happens only for trivial systems where phi(®@,...,0) = 1.
return np.inf
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BN @4
Estimating Barlow-Proschan measure (c.)

# The simulated lifetimes of the components
t = np.zeros(num_comps)

# The number of times the components are critical when failing
= np.zeros(num_comps)

for k in range(num_sims):
for i in range(num_comps):
t[i] = weibullvariate(betal[i], alphalil)
s = sys_lifetime(t)
for i in range(num_comps):
if t[i] == s:
clil +=1

bp_imp = np.zeros(num_comps)
for i in range(num_comps):
bp_imp[i] = c[i] / num_sims

comp = np.linspace(1, num_comps, num_comps)

fig = plt.figure(figsize = (7, 4))

plt.bar(comp, bp_imp, color ='gray', width = 0.4)

plt.xlabel("Components")

plt.ylabel("Importance")

plt.title("Barlow-Proschan importance")

if save_plots:
plt.savefig("b_p_imp_02/importance_BP2.pdf")

plt.show()
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Estimating Barlow-Proschan measure (c.)

Barlow-Proschan importance
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Estimating Birnbaum measure using simulation (c.)
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Estimating Barlow-Proschan measure (c.)

EXAMPLE: Let (C, ¢) be an undirected network system with component set
C={1,...,7}. The structure function of this system is given by:

P(X) = Xa - p(14, X) + (1 = X4) - ¢(04, X),
where:
d(14,X) = (X3 IL X5) - (X1 II X2) - (X5 IT X7)
+ (1= X3 1L Xs) - (X1 X6) L (X2X7))

?(04, X) = (X1 X3) I Xz2) - ((XsXs) 11 X7)
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Estimating Birnbaum measure using simulation (c.)

The lifetime of component i, T; is Weibull-distributed with parameters «; and
Bi, for all i € C where:

aq = 2.0, Qp = 2.5, a3 = 30, Qg4 = 1.0,
as =15, ag=20, a7=2.5,

81 =50.0, B>=60.0, B3=70.0, pB4=40.0,
B85 =50.0, B¢ =550, p(7=65.0.

The Barlow-Proschan measures Iglp, ceey Iglp for t > 0, are estimated by
running a Monte Carlo simulation with N = 100000 simulations.
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Estimating Barlow-Proschan measure (c.)

from math import *

from random import *

import matplotlib.pyplot as plt
import numpy as np

save_plots = True

# Number of simulations
num_sims = 100000

# Weibull-parameters for the components
alpha = [2.0, 2.5, 3.0, 1.0, 1.5, 2.0, 2.5]
beta = [50.0, 60.0, 70.0, 40.@, 50.0, 55.0, 65.0]

# Number of components
num_comps = 7

# Component state vector
= np.zeros(num_comps)

# The coproduct function
‘def coprod(x1, x2):
return x1 + x2 - x1 * x2

# The structure function given that component 3 is functioning
rdef phi_3_1(xx):
return coprod(xx[2], xx[4]) * coprod(xx[0], xx[1]) = coprod(xx[5], xx[6]) \
+ (1 = coprod(xx[2], xx[4])) * coprod(xx[0] * xx[5], xx[1] * xx[6])

# The structure function given that component 3 is failed
‘def phi_3_0(xx):
return coprod(xx[0] = xx[2], xx[1]) * coprod(xx[4] = xx[5], xx[6])

# The structure function of the network system (using pivotal decomposition)
def phi(xx):
return xx[3] % phi_3_1(xx) + (1 - xx[3]) * phi_3_0(xx)
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Estimating Barlow-Proschan measure (c.)

# Calculate the system lifetime given the component lifetimes
‘def sys_lifetime(tt):
# Initialize component states
for i in range(num_comps):
x[i] =1
# Initialize system state and lifetime
sys_state = phi(x)
sys_life = 0.0
# Determine the ordering of the failure times
order = tt.argsort()
# Initialize failure counter
c=90
# Switch off one component at a time in the order of the failure times
while (sys_state == 1) and (c < num_comps):
x[order[c]] = @
sys_life = tt[order([c]]
sys_state = phi(x)
c+=1
if sys_state == 0:
return sys_life
else: # This happens only for trivial systems where phi(@,...,0) = 1.
return np.inf

A. B. Huseby (Univ. of Oslo) STK3405 — Lecture 15



BN @4
Estimating Barlow-Proschan measure (c.)

# The simulated lifetimes of the components
t = np.zeros(num_comps)

# The number of times the components are critical when failing
¢ = np.zeros(num_comps)

for k in range(num_sims):
for i in range(num_comps):
t[i] = weibullvariate(beta[i], alphal[i])
s = sys_lifetime(t)
for i in range(num_comps):
if t[i] == s:
cli] +=1

bp_imp = np.zeros(num_comps)
for i in range(num_comps):
bp_imp[i] = c[i] / num_sims

comp = np.linspace(1, num_comps, num_comps)

fig = plt.figure(figsize = (7, 4))

plt.bar(comp, bp_imp, color ='gray', width = 0.4)

plt.xlabel("Components")

plt.ylabel("Importance")

plt.title("Barlow-Proschan importance")

if save_plots:
plt.savefig("b_p_imp_03/importance_BP3.pdf")

plt.show()
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Estimating Barlow-Proschan measure (c.)
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