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Section 7.3.1

The Barlow-Proschan importance measure for repairable
systems
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The Barlow-Proschan importance measure
Consider a repairable binary monotone system (C,φ). For all i ∈ C we let:

Uij = The j th lifetime of the i th component, j = 1, 2, . . .

Dij = The j th repair time of the i th component, j = 1, 2, . . .

For all i ∈ C we assume that:

Ui1,Ui2, . . . are identically distributed with mean value 0 < µi < ∞

Di1,Di2, . . . are identically distributed with mean value 0 < νi < ∞

All lifetimes and repair times are assumed to be independent random
variables.

For all i ∈ C we also let Tij denote the point of time of the j th event affecting
component i . Thus, the points of time when component i fails are
Ti1,Ti3,Ti5, . . ., where:

Ti,(2m+1) = Ui1 +
m󰁛

j=1

[Dij + Ui,(j+1)], m = 0, 1, 2, . . .
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The Barlow-Proschan importance measure (cont.)
MAIN IDEA: A component is said to cause a system failure, if it fails at
the same time as the system. Thus, the most important component is the
one that causes most system failures.

I(i)B−P is the asymptotic fraction of system failures caused by component i .

We then let:

Ni(t) = The number of times component i fails in [0, t ], i ∈ C.

The first failure of component i occurs at time Ui1, the second failure occurs
at time Ui1 + Di1 + Ui2, and so on. The expected time between the j th and the
(j + 1)th failure is:

E [Dij + Ui,(j+1)] = νi + µi , j = 1, 2, . . . , i ∈ C.

By the strong law of large numbers it follows that with probability one:

lim
m→∞

1
m

m󰁛

j=1

[Dij + Ui,(j+1)] = νi + µi , i ∈ C.
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The Barlow-Proschan importance measure (cont.)

We then note that:

N(Ti,(2m+1)) = Ni(Ui1 +
m󰁛

j=1

[Dij + Ui,(j+1)]) = m + 1, m = 1, 2, . . .

Hence, with probability one:

N(Ti,(2m+1))

Ti,(2m+1)
=

Ni(Ui1 +
󰁓m

j=1[Dij + Ui,(j+1)])

Ui1 +
󰁓m

j=1[Dij + Ui,(j+1)])

=
m + 1

Ui1 +
󰁓m

j=1[Dij + Ui,(j+1)])

=
1
m + 1

1
m Ui1 +

1
m

󰁓m
j=1[Dij + Ui,(j+1)])

→ 1
νi + µi

when m tends to infinity.
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The Barlow-Proschan importance measure (cont.)

More generally, it can be shown that:

lim
t→∞

Ni(t)
t

=
1

νi + µi
, i ∈ C.

with probability one.

If component i fails at time t , this only causes a system failure if i is critical at
time t .

In order to take this into account we let:

Ñi(t) = The number of times a failure in component i causes
system failure in [0, t ], i ∈ C.
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The Barlow-Proschan importance measure (cont.)

The probability that i is critical at time t is I(i)B (t).

When t is large, the fraction of component failures that result in system
failures in the interval [0, t ] is approximately I(i)B (t), Thus, we have:

Ñi(t) ≈ I(i)B (t) · Ni(t), i ∈ C.

Using this, it can be shown that:

lim
t→∞

Ñi(t)
t

= lim
t→∞

I(i)B (t) · Ni(t)
t

=
I(i)B

νi + µi
, i ∈ C.

with probability one.
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The Barlow-Proschan importance measure (cont.)

We then let:

Nφ(t) = The number of times the system fails in [0, t ]

Since the probability that two or more components fail at the same time is
zero, each system failure is almost surely caused by the failure of a single
component.

Thus, it follows that:

Nφ(t) =
n󰁛

r=1

Ñr (t), almost surely.
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The Barlow-Proschan importance measure (cont.)

Hence, it follows that:

lim
t→∞

Nφ(t)
t

= lim
t→∞

n󰁛

r=1

Ñr (t)
t

=
n󰁛

r=1

I(r)B
νr + µr

, almost surely.

By combining these results we get:

lim
t→∞

Ñi(t)
Nφ(t)

= lim
t→∞

Ñi(t)/t
Nφ(t)/t

=
I i
B/(νi + µi)󰁓n

r=1 Ir
B/(νr + µr )

, almost surely.
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The Barlow-Proschan importance measure (cont.)

Hence, it follows that the Barlow-Proschan importance measure of
component i ∈ C in a repairable system, denoted I(i)B−P , can be computed by
the following formula:

I(i)B−P =
I i
B/(νi + µi)󰁓n

r=1 Ir
B/(νr + µr )

, i ∈ C.

NOTE: Just as in the case of non-repairable components, we have:

n󰁛

i=1

I(i)B−P =

󰁓n
i=1 I i

B/(νi + µi)󰁓n
r=1 Ir

B/(νr + µr )
= 1 (1)
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Section 7.4.1

Estimating availability and importance
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Estimates of availability and importance

Goal: Estimate Aφ(t) and I(1)B (t), . . . , I(n)B (t) for 0 ≤ t ≤ tN

Solution: Pointwise estimates of Aφ(t) and I(1)B (t), . . . , I(n)B (t) for
t ∈ {t1, . . . , tN}, and use interpolation between these points.

In each simulation we sample the values of φ and ψ1, . . . ,ψn at each sampling
point t1, . . . , tN . We denote the sth simulated result of the component state
vector process by {X s(t)}, s = 1, . . . ,M, and obtain the following estimates:

Âφ(tj) =
1
M

M󰁛

s=1

φ(X s(tj)), j = 1, . . . ,K .

Î (i)B (tj) =
1
M

M󰁛

s=1

ψi(X s(tj)), j = 1, . . . ,K .
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Estimates of availability and importance

We are also interested in the mean values of the availability and importance
measures in the interval [0, t ], where 0 ≤ t ≤ tK , denoted respectively
Aφ([0, t ]) and I(1)B ([0, t ]), . . . , I(n)B ([0, t ]), and defined as follows:

Aφ([0, t ]) =
1
t

󰁝 t

0
Aφ(t)dt , 0 ≤ t ≤ tK

I(i)B ([0, t ]) =
1
t

󰁝 t

0
I(i)B (t)dt , 0 ≤ t ≤ tK , i = 1, . . . , n.
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Estimates of availability and importance

These mean values can be estimated using the following estimators:

Âφ([0, t ]) =
1
M

M󰁛

s=1

1
t

󰁝 t

0
φ(X s(t))dt , 0 ≤ t ≤ tK

Î(i)B ([0, t ]) =
1
M

M󰁛

s=1

1
t

󰁝 t

0
ψi(X s(t))dt , 0 ≤ t ≤ tK , i = 1, . . . , n,

where the integrals of {φ(X s(t))}, {ψ1(X s(t))}, . . . , {ψn(X s(t))} are calculated
using the formula for integrals of pure jump processes.
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Estimates of Barlow-Proschan importance

We let Ñis(t) denote the number of times a failure in component i causes
system failure in [0, t ] in the sth simulation, s = 1, . . . ,M, i = 1, . . . , n.

Similarly, we let Nφs(t) denote the number of times the system fails in [0, t ] in
the sth simulation, s = 1, . . . ,M.

The fraction of system failures caused by component i in [0, t ] converges
towards I(i)B−P as t tends to infinity.

Thus, we propose the following estimate for I(i)B−P :

Î(i)B−P =

󰁓M
s=1 Ñis(tK )󰁓M
s=1 Nφs(tK )

, i = 1, . . . , n.
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Estimates of availability and importance

Alternatively, we may use the following estimator:

Ĩ(i)B−P =
1
M

M󰁛

s=1

Ñis(tK )
Nφs(tK )

, i = 1, . . . , n.

When tK is large, the two estimators will be approximately equal.

In fact, if we use a different stopping rule for the simulations, where we run
each of the simulations until a predefined number, Nφ, of system failures have
occurred, the two estimators are equal.

We let Ñis denote the number of times component i causes system failure in
the sth simulation, s = 1, . . . ,M, i = 1, . . . , n, and get:

Î(i)B−P =

󰁓M
s=1 Ñis

MNφ
=

1
M

M󰁛

s=1

Ñis

Nφ
= Ĩ(i)B−P , i = 1, . . . , n
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Discrete event simulation – Event model

Let (C,φ) be a binary monotone system with component state processes:
{X1(t)}, . . . , {Xn(t)}.

Ei1,Ei2, . . . are the events affecting the process {Xi(t)}

Ti1,Ti2, . . . are the corresponding points of time for these events

Assuming that all lifetimes and repair times have absolutely continuous
distributions, all the events happen at distinct points of time almost surely, i.e.,
all the Tijs are distinct numbers.

We assume that the events are sorted with respect to their respective points
of time, so that Ti1 < Ti2 < · · · .
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Event model (cont.)

At the system level the event set is the union of all the component event sets.

Let E (1),E (2), . . . denote the system events sorted with respect to their
respective points of time

Let T (1) < T (2) < · · · be the corresponding points of time

Each system event corresponds to a unique component event, organised in a
dynamic queue sorted with respect to the points of time of the events:
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Program flow

Event
queue

{X (t)}1

{X (t)}2 {φ(t)}

{X (t)}n

•
•
•

The components post initial events to the event queue

The event queue processes events in chronological order, and notifies
the components when the events occur. As soon as an event is
processed, it is removed from the queue.

The component updates its state, posts a new event to the queue, and
notifies the system about the state change
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Sampling events

Although the system state and component states stay constant between
events, it is of interest to sample the state values at predefined points of time.
Thus, we introduce yet another type of event, called a sampling events
spread out evenly on the timeline.

Let e1, e2, . . . denote the sampling events

Let t1 < t2 < · · · are the corresponding points of time

Typically tj = j ·∆ for some suitable ∆ > 0, j = 1, 2, . . ..

The sampling events are placed into the queue in the same way as for the
ordinary events.
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Discrete event simulation in Python
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The Distribution class
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The Event class
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The EventHandler class
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The EventQueue class
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The EventSystem class
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The EventSystem class (cont.)
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The EventSystem class (cont.)
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The EventSystem class (cont.)
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The EventSystem class (cont.)
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The EventSystem class (cont.)
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The EventSystem class (cont.)
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The EventSystem class (cont.)
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The EventSystem class (cont.)
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The EventComponent class
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Example – A bridge structure

The lifetimes of component i ∈ C, i.e., Ui1,Ui1, . . ., are Weibull-distributed with
parameters αu

i and βu
i , where:

αu
1 = 1.5, αu

2 = 1.5, αu
3 = 1.5, αu

4 = 1.5, αu
5 = 1.5,

βu
1 = 30.0, βu

2 = 60.0, βu
3 = 20.0, βu

4 = 40.0, βu
5 = 50.0.

The repair times of component i ∈ C, i.e., Di1,Di1, . . ., are Weibull-distributed
with parameters αd

i and βd
i , where:

αd
1 = 1.0, αd

2 = 1.0, αd
3 = 1.0, αd

4 = 1.0, αd
5 = 1.0,

βd
1 = 15.0, βd

2 = 30.0, βd
3 = 10.0, βd

4 = 20.0, βd
5 = 25.0.
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Estimates of availability and mean availability

Figure: Estimated availability and mean availability of a bridge system
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Estimates of Birnbaum importance

Figure: Estimated Birnbaum importance of components in a bridge system
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Estimates of mean Birnbaum importance

Figure: Estimated mean Birnbaum importance of components in a bridge
systemA. B. Huseby (Univ. of Oslo) Lecture 17 39 / 53



Estimates of Barlow-Proschan importance

Figure: Estimated Barlow-Proschan importance of components in a bridge
systemA. B. Huseby (Univ. of Oslo) Lecture 17 40 / 53



Example – A threshold system
The threshold value is 5.0, while the component weights ω1, . . . ,ω5 are:

ω1 = 2.0, ω2 = 4.0, ω3 = 2.3, ω4 = 3.5, ω5 = 1.9

The lifetimes of component i ∈ C, i.e., Ui1,Ui1, . . ., are Weibull-distributed with
parameters αu

i and βu
i , where:

αu
1 = 1.5, αu

2 = 1.5, αu
3 = 1.5, αu

4 = 1.5, αu
5 = 1.5,

βu
1 = 30.0, βu

2 = 60.0, βu
3 = 20.0, βu

4 = 40.0, βu
5 = 50.0.

The repair times of component i ∈ C, i.e., Di1,Di1, . . ., are Weibull-distributed
with parameters αd

i and βd
i , where:

αd
1 = 1.0, αd

2 = 1.0, αd
3 = 1.0, αd

4 = 1.0, αd
5 = 1.0,

βd
1 = 15.0, βd

2 = 30.0, βd
3 = 10.0, βd

4 = 20.0, βd
5 = 25.0.
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Estimates of availability and mean availability

Figure: Estimated availability and mean availability of a threshold system
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Estimates of Birnbaum importance

Figure: Estimated Birnbaum importance of components in a threshold system
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Estimates of mean Birnbaum importance

Figure: Estimated mean Birnbaum importance of components in a threshold
systemA. B. Huseby (Univ. of Oslo) Lecture 17 44 / 53



Estimates of Barlow-Proschan importance

Figure: Estimated Barlow-Proschan importance of components in a threshold
systemA. B. Huseby (Univ. of Oslo) Lecture 17 45 / 53



Section 7.5

Exercises
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Exercise 7.3.
Consider a binary monotone system (C,φ) with minimal path sets P1, . . . ,Pp
and minimal cut sets K1, . . . ,Kk . We assume that the components cannot be
repaired, and let Ti denote the lifetime of component i ∈ C. Moreover, we let
S denote the lifetime of the system. Prove that:

S = min
1≤j≤k

max
i∈Kj

Ti = max
1≤j≤p

min
i∈Pj

Ti .

SOLUTION: Let Vj denote the lifetime of the j th minimal cut parallel structure.
Then Vj equals the lifetime of the longest living component in Kj . That is, we
have:

Vj = max
i∈Kj

Ti

Moreover, the lifetime of the system equals the lifetime of the shortest living
minimal cut parallel structure. That is, we have:

S = min
1≤j≤k

Vj = min
1≤j≤k

max
i∈Kj

Ti
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Exercise 7.3 (cont.)

Let Uj denote the lifetime of the j th minimal path series structure. Then Uj
equals the lifetime of the shortest living component in Pj . That is, we have:

Uj = min
i∈Pj

Ti

Moreover, the lifetime of the system equals the lifetime of the longest living
minimal path series structure. That is, we have:

S = max
1≤j≤p

Uj = max
1≤j≤p

min
i∈Pj

Ti
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Exercise 7.4.

Assume that the component lifetimes have so-called proportional hazards,
that is the survival function is given by:

F̄i(t) = 1 − Fi(t) = exp(−λiR(t)), λi > 0, t ≥ 0, i = 1, . . . , n,

where R is a strictly increasing, differentiable function such that R(0) = 0,
and limt→∞ R(t) = ∞. Prove that for a series structure, we have:

I(i)B−P =
λi󰁓n
j=1 λj

.
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SOLUTION: By the definition of F̄i(t) we have:

fi(t) = −dF̄i(t)
dt

= λiR′(t) exp(−λiR(t)) = λiR′(t)F̄i(t)

Furthermore, since we are considering a series system, we have:

I(i)B (t) =
󰁜

j ∕=i

pi(t) =
󰁜

j ∕=i

F̄j(t)
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I(i)B−P =

󰁝 ∞

0
I(i)B (t)fi(t)dt =

󰁝 ∞

0

󰁜

j ∕=i

F̄j(t)λiR′(t)F̄i(t)dt

=

󰁝 ∞

0

n󰁜

j=1

F̄j(t)λiR′(t)dt = λi

󰁝 ∞

0
R′(t)e−(

󰁓n
j=1 λj )R(t)dt

=
λi󰁓n
j=1 λj

󰁝 ∞

0
(

n󰁛

j=1

λj)R′(t)e−(
󰁓n

j=1 λj )R(t)dt

=
λi󰁓n
j=1 λj

NOTE: (
󰁓n

j=1 λj)R′(t)e−(
󰁓n

j=1 λj )R(t) is the density of a distribution with
cumulative failure rate function (

󰁓n
j=1 λj)R(t).
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Exercise 7.5.

Consider a binary non-repairable monotone system (C,φ), and assume that
the i ’th component is irrelevant for the system φ. Then, what is I(i)B (t) and
I(i)B−P?
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SOLUTION: By pivotal decomposition we get that:

I(i)B (t) =
∂h(p(t))
∂pi(t)

= h(1i ,p(t))− h(0i ,p(t))

= E [φ(1i ,X(t))− φ(0i ,X(t))]

=
󰁛

(·i ,x)

(φ(1i , x)− φ(0i , x))P(X(t) = x) = 0

since the i ’th component is irrelevant.

Moreover, since I(i)B (t) = 0 for all t > 0, it follows that:

I(i)B−P =

󰁝 ∞

0
fi(t)I

(i)
B (t)dt = 0

Thus, according to both these measures, the reliability importance of an
irrelevant component is 0 (which is intuitive).
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