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Exercise 1.3

We have

Pr(C = Xz,C = B,P1 = B,P2 = B)
Pr(C = B,P1 = B, P2 = B)

_Pr(C = Xz, Pl = B,P2=B)

" Pr(C=B,Pl=B,P2=B)

Pr(C = Xz|C = B,P1=B,P2=B) =

due to that C' = Xz implies C' = B (brown eyes). Further,

Pr(C =Xz, Pl = B, P2 = B)
=Pr(C =Xz, P1=Xz,P2=Xz)+Pr(C =Xz,Pl=Xz,P2=XX)+
Pr(C = Xz,P1=XX,P2= Xz)+Pr(C = Xz,P1=XX,P2=XX)
=Pr(C = Xz|P1 = Xz, P2 = Xz)Pr(Pl = Xz, P2 = Xa)+
Pr(C = Xz|P1 = Xz, P2 = XX)Pr(Pl = Xz, P2 = XX)+
Pr(C = Xz|P1 = XX, P2 = Xz)Pr(Pl = XX, P2 = Xz)+
Pr(C = Xz|P1 = XX,P2=XX)Pr(Pl=XX,P2=XX)
=0.5%2p(1 — p)2p(1 — p) + 0.5 % (1 — p)?2p(1 — p) + 0.5 % (1 — p)?2p(1 —p) + 0
=2p*(1 - p)* + 2p(1 - p)°

while
Pr(C=B,P1=B,P2=B)=Pr(C =Xz,P1=B,P2=B)+Pr(C=XX,Pl1=DB,P2=B)
where now

Pr(C =XX,P1=B,P2=B)
=Pr(C = XX,Pl =Xz, P2=Xz)+Pr(C=XX,Pl=Xx,P2=XX)+
Pr(C=XX,Pl=XX,P2=Xz)+Pr(C=XX,Pl=XX,P2=XX)
=Pr(C = XX|Pl = Xz,P2 = Xz)Pr(Pl = Xz, P2 = Xx)+
Pr(C = XX|P1 = Xz,P2= XX)Pr(Pl= Xz, P2=XX)+
Pr(C = XX|P1 = XX,P2=Xz)Pr(Pl=XX,P2=Xz)+
Pr(C = XX|P1=XX,P2=XX)Pr(Pl=XX,P2=XX)
=0.25 % 2p(1 — p)2p(1 — p) + 0.5 % (1 — p)*2p(1 — p) + 0.5 % (1 — p)*2p(1 — p) + 1(1 — p)*
=2p*(1 = p)* +2p(1 - p)> + (1 —p)*

which combined gives

2p

Pr(C = Xz|C =B,P1=B,P2=B) = )
P




Exercise 1.7

Consider two possible outcomes: Y which corresponds to that the contestant choose the right box

in the first place and N the complement. Then Pr(Y) =1/3,Pr(N) = 2/3.
Now, if the outcome is N, then the price must be one of the not chosen boxed. Monty then
has to choose the other box which means that the other box that the contestant did not choose

must be the one with the price.
Therefore, if the contestant choose to switch, the probability for getting the price is 2/3, so

this is the best strategy!

Exercise 2.14

e We have

p(Oly) oxexp (=5 (U527 + )
xcexp (—4 [ L (v = 20y + 6%) + 5 (6% — 200 + 113) | )
e (4 ()23 9)1])

Y4
o exp <_;(;2+;§) <92—2:12+:1;9>>
—exp (=5 (62— 2m0) )
xexp (— 5k (62 = 200+ 113) )
=exp (—ﬁ(e—u&)
o< N(p,77)

e Assume now a prior N (u1,7¢) and a new observation y». Then we can update to the posterior
by replacing g with 1 and 79 with 71 in eq (2.10) and obtain

1 1 Bo oY1 o4 1 Bo 4 yityz
i Sty Etoatal: mA e
2 = =

1 1 = 1 1 ) 1
=+ = =+ T =+ =
T1 o o Tg+; (e TO

1 1 1 12
T po}

T2 T 2 7'70 o
and we can show the general formula by induction
In general we have for conditionally independent data
P(0ly1, y2) ocp(0)p(y1]0)p(y2|0) o P(0ly1)p(y2|0)
and more generally
PO1Y1; Y2, -5 Yn) POy oo Yn—1)P(yn|0)

showing that we can recursively update our posterior as new data arrive.



3.1
e Marginal distribution for (64, ...,0;_2): We have

p(01, ..., 0k—2) =/ (01, .., Op—1)dO) 1

Ok—1

k—2
<[] 9?”'_1/ 0 T 1 =00 — = O — Op—) T Oy
j=1 O

-1
k—2
=05 (=01 = — Gpg)rrter 2

j=1

Or—1 agp_1—1 1—0; — —0p_9 — 051 ap—1
dOx—1
o \T= 01— = O [ T—

k—2
x H 0;%’—1(1 —h = — ak_g)ak_2+ak_172

j=1

where we have used that the integrand is proportional to a Beta density. The last expression
is proportional to a Dirichlet distribution for (61, ...,0k—2).

Exercise 3.7

e Poisson distributions:

0% exp(—0y) 0° exp(—0,

x020° exp(— (6 + 6,))

e Binomal distribution:

b+
p(blb+ v, . 6) :( ”)pbu )

“(atn) (@)
O + 0, 0y + 0,

=0,02 (0 + 0,) x b+

oty exp(—65)05 exp(—6,)

These likelihoods are different!

In order to make them equal, we must for the binomial distribution take into account that
also b + v is stochastic. Assuing b + v follows a Poisson distribution with intensity 8, + 6,,
we get

(b, 0|0y, 6,) =p(b + 0|6, 6,)p(b]b + v, 0, 6)

(B0 ( 0y )b( 0, )
(b + ’U)' exp(f(eb + 01)) 0{; + 01; ab + 91,

0403 exp(—(0y + 0,)).




Exercise 3.13
We have that

pply, %) o< exp —% (u —110) NG (1= p0) + D (wi — )= (i — u))

Now
g(w) =" A = 2p0Ag A np ST =2 STt C
=1

= A S = 2ud AT+ uf ST u+ C
=1
=u" At +nE 7 = 2ug Agt + g2+ C
= A S A o S )T AT 4 8
(=M + S A o + nE 7 ) + €
=(p = pn) " AL (1 = pin)

showing the required result.

Exercise 3.15

e Denote by y_; all observations except ¢t. We have (assuming 1 < ¢t < T))

p(yt|y—t) op(Ye, Y—t)
T

=p(y1) [ [ pwslys—1)

s=2
ox<p(Ye|ye—1)p(yesr1|ye) ignoring all terms not depending on y;

which shows that the distribution of y; only depend on y;—1 and ;1.
e We have

log p(yelyi—1, ye41) =C + log p(ys|yi—1) + log p(ye+1|ye)
1 1
=C — §(yt —0.8y;-1)% — i(yt-i-l —0.8y:)?

1
=C = S[(1+0.8%)y7 — 2 0.8(yu1 + vi-1)ye]

1
=C — 51.64[% _ %ﬁzyt—l)ﬁ

showing that

PWYe|Ye—1, Y1) = N(ﬁ(ytﬂ +yi—1),1/1.64).

The reason why we do not get a mean that is exactly the average of y;11 and y;—; is due to
that we have a prior on y; that is centered at zero.



Exercise 4.1

e We have

log p(0y) C+Zlog 1+ (yi — 6)?]
i=1
5

9 =
5 logp(0ly) = —2 Z M

0? 1+ (y; — 0 yi — 0)?
aGQIOgPGIy —22 y )]_9)5 )

5

_ 1 (yz—H)
22 Wi (w077

Exercise 4.15
(a) Define the 50% interval to be [0, 6"]. We have
Pr(f' <0 <6'ly) =05
Then

Pr(f < 6 < 6% :/Pr(él <0 < 0"y)p(y)dy

/05p )dy = 0.5
y

2
b) For the model, we have, using equations (2.9)-(2.10) that p(f|y) = N(2y, /% ) which gives
5

5
a 50% credibility interval of [%y — 2075 \/g, %y + 20.75 \/%]
If § = 6y, we have

Pr(dy — 20.75\/2 <bp < 3y+ Zo.75\/§|9 =)
=Pr(y — Zo.75\/§ <86y < y+Zo.75\/§|9 = 0o)
=Pr(y — 6 — 20.75\/§ <100 <y—0+ 20.75\/%9 =0o)
r(360 — Zo.75\/§ <y—0 < 300+ 20.75\/%9 = 0o)
:‘I’(ieo + 20.75\/5) - @(%90 - 20.75\/%

For 0y = 1 we get coverage 0.535

(¢) See Exer4_15.R

Execise 7.3

(a) Under Hy, all observations are independent with marginal distributions y; ~ N (0, A% + ¢%)
giving

p(y|H1) = 7 exp [ —= ) ————
(2m)7/2 [T, (A% + 02) 2 ;1 A2y g2



Under Hy we have

p(yHs) = /@ p(y]0)p(0] Hy)dd
J
/ (01122) [T plu 0)a6

1
= 7 exp
/9 (2m)TI2ATT, o)

1 1 J J J
:/ (27) oo —5[(14_2 + 20;2)92 — 220;2% + Z o 2y7] | db

(J+1)/2 4 H;-le ;

_ J — 2
_(A 2+Z] 1% ) exp —1[ s o2yt — 2=, Kz 1] x
- 25707 U2t sl

(2m)7/2AT]]_, o; =
- S J
/ 1 exp AT 2)[9_ 252195 i 2\ as
0 2m)V2(A2+ 5T 077) 12 2 (A2 + 57, 077
J 2 J —92 2
1 1 _9 9 (A Z’:l O-j yj)
T@n) ROt AT o T (_2[2% CRTITE s ey
j=1%j j=1%J J=1 Lo )

Exercise 7.4
p(yl0) = H N(y;16;,07),

Hy : p(y|0) = H N(y;10,03),
j=1

(a) Consider first model H;. Then marginally y; ~ N(0, sz + A?) and all y;’s are independent

so that the marginal density becomes

(y‘A T 202+ A2) Y )
e (0’ +A )¥J
j= 1 \/27 O' +A2

1 1
]exp 052 2+A2

:(27{_)(1/2 [H /032-+A2




Consider then model Hy. In that case

J
1 2 1 1 2
p(ol) = [ = exp(— ) exp(— 5t (y; — 0)2)d0
o V2rA A E V2mo, 207397
J J .2
1 1 Y;
= exp(—3 =) x
1;[1 V2mo; 2 ; 032
J J
| A ep 4G + 3 2~ 23 B
le J ]:1 J
J J 2
1 1 Y;
= exp(—3 Z —5)X
]:1—[1 V 27T0j = a5
Y %
| Ao+ Y B - 2=
j=1 (F + Z]*l 072)
J Yi
| (A S E— EREL
= XPl—3 23 Pl 5 J
=1 27TUJ j=1 U] A Alz + ijl 0_71? 2 (ﬁ + Z =
1 g L J Z‘] Yi
A2 +EJ:1 o2 1/ 1 1 j=1 o2 2
Sexp(—3(Hz + D> H)0 - T )7)do
/0 \/27 j=1 J (% + Z]:l UL‘?)
J Yi
) G PR o SR— oo [ L2
= CXP\—=3 2 3 i I 7
i 1\/27mj leaﬁ A ﬁ_kz;f:l:l? 2 (%4_2,7
This gives the Bayes factor
p(y|Hz
BF HQ;Hl)
( Pyl H)
()1 52
J y2 1 =1 g=
HJ:1 ﬁexp(—% Dim1 oF) T ———=exp <1J1>
J 270 J E s, % 2(gz+2, 7_’;‘)
- J J Y3
e [ S exp(-05 Y, )
J
=Y — ____x
/ J A2
(1, 42
S Lexp(-iy L _Zmep
ngl - exp( 2 Zg:l o‘?)exp (2(,412""2;]:1 %)
J
J J v
Hj:l exp(—0.5 Zj:l m)
J Y2
A large J-1 1 J 1 1 ! y]2 (Ej:l 0712)
~ A =7 1 1 Hf exp(—§ fQ)eXp Jil
ZJ_ 0-732 Jj=1 O-J Jj=1 0] 2(2]: 0-7]2)



Exercise 7.5
Model
y(¢) NN(/“’? 02)

o =¥l
¢
with prior p(u, o, ¢) = p(d)o
(a) We have that (assuming ¢ > 0)

-1

9 (@

1Y = 4)_1
0yi Yi Y

1 1
p(yilp, o, @) Zﬁ eXP(—ﬁ

Further,

n

e n o o
[T ptiln. 0,0) oo™V exp(—— 508 I
i=1 i=1

1
Vino/m exp(— 20%n (n—y

where §(®) =n—1 S yl@) and Sé‘m =n1 Z?Zl(ygds)fg(‘b))z. This gives (using p(u, 02, ¢) =
p(¢)/o)

. n .
p(11,0%, 0ly) cp(@)o " exp(—5 555" [[ v ™'
i=1

o . exp( 5oz (0 = 7)),

_n n . —
p(0. 9ly) op(@)o " exp(—5 555" [ [ ™),
i=1

1
[S{#](n=1)/2 3

K2

p(dly) xp(9) !
=1

Now if g; = ky; we obtain
Sécb) =k¢S£¢)

n

Lo =k [ w
=1

=1

p(615) <p(®) L

X pen-1)/2

1
[S{P)(n=1)/2

n
—1
vy
=1
giving a very different posterior.

(b) We have in this case

1 ($=1)(1-1/n)
p(¢|y) X [S§¢)]("_3)/2 Hyv

Further, for g; = ky; we obtain
$1-0 — gl-epl=o

which will eliminate the k#~! factor from earlier (but what about the denominator?).



Exercise 10.2

(a) Define p = E(0|y). Then

A 1<
HMC 2582:;95

For S = 100, we get sd[jirpc] = 0.4.

(b) We want % = 0.1, giving S = 402 = 1600.

Exercise 11.5

(a) Since all quantities involved are differences, we can without loss of generality assume E[v);;] =
0. Let 0% = var[¢);;] and 72 = Var[¢).;]. We then have

1
n—1

W] =Es}] = — B> v} — i)

1
=7 [no? — nr?]

Further, we directly obtain F[B] = nr giving

n—1 1 9
n n—1

Elvar [y]y]] =

which leads to the result.

(b) We need that 72 is finite, that is, since

o0

r=n"to%+n"to? Z p(h)
h=1

we need ;- p(h) to be finite.

Execise 11.6

(a) We have, since we are running m independent chains that

mnvar () = nvar(e.;) (1)
Further,
1 n n
var(¢.;) =3 Z Z cov(Viz, Yirj)
i=1 /=1

For i,4' large we have cov(v;;, ;) =~ o?p(|i — i'|) giving (assuming n is large enough to
ignore the larger errors for the first elements)

var(t:;) o S 0%p(li — 1) = —go?[1 423 (n — )p(t)]

i=14'=1

S0l 2 3 mplt)] = 0?14 D p(t)]
t=1 t=0



